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PREFACE

The present thesis entitled “Scattering of elastic waves from a corrugated
interface” is an outcome of the research carried out by me under the supervision
of Dr. S. Sarat Singh, Department of Mathematics & Computer Science, Mizoram
University, Aizawl - 796 004, Mizoram, INDIA.

This thesis studies the reflection and transmission of elastic waves from a cor-
rugated interface using Rayleigh’s technique. The existence of regular and irregular
waves have been observed in our analysis. We have obtained the amplitude and en-
ergy ratios of the regularly and irregularly reflected and transmitted waves. These
ratios have been analyzed for a particular type of interface, z = d cos pr and they are
computed numerically.

It consists of six chapters. The first chapter is the general introduction. It contains
basic definitions, different types of anisotropic symmetry, stress-strain relationship
with generalized Hooke’s law, conservation of linear momentum, Spectrum theorem,
Rayleigh’s method of approximation, importance of wave propagation and review of
literature.

In the second chapter, the problem of reflection and transmission of ¢SV /qP-wave
due to incident plane ¢SV-wave at a corrugated interface between two dissimilar
monoclinic elastic half-spaces has been investigated. The reflection and transmis-
sion coefficients of the reflected and transmitted waves are obtained using Rayleigh’s
method of approximation. These coefficients are computed numerically for a partic-
ular type of model, z = d cos py and results are represented graphically.

The third chapter deals with the problems of reflection and transmission of elastic
waves at a corrugated interface between two dissimilar nematic elastomer half-spaces,
separately for the incident ¢P and ¢SV-waves. We find the amplitude and energy
ratios of the reflected and transmitted waves using suitable boundary conditions.
In the fourth chapter, we have discussed the phenomena of reflection and transmis-

sion of ¢S H-wave at a corrugated interface between two different nematic elastomer



half-spaces. Here also we have analyzed the effects of corrugation and frequency
parameters on the amplitude and energy ratios. We come across that these ratios
are functions of the angle of incidence, elastic constants, coupling constants, the
characteristic time of rubber relaxation, the director rotation-times, frequency and
corrugation parameters.

In the fifth chapter, the problem of elastic waves at a corrugated interface be-
tween two different incompressible transversely isotropic fibre-reinforced half-spaces
has been investigated. There exist two reflected and transmitted quasi shear waves
in certain angular range of propagation, in which the outer slowness is re-entrant.
We have found the amplitude and energy ratios using Rayleigh’s technique.

Chapter six is summary and conclusions. A list of references has been given at

the end of the thesis.

vi
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Chapter 1

Chapter 1

General Introduction

1.1 Basic definition

The theory of elastodynamic wave scattering is based on two foundations -
continuum mechanics of elastic media and the general principles of scattering the-
ory. Continuum Mechanics is a branch of mechanics that deals with kinematics and
mechanical behavior of materials modeled as continuous mass rather than discrete
particles. If a body contains a sufficiently large number of molecules, so that the
distances between two neighboring molecules are negligible in comparison with the
dimensions of the body, then the body is said to be a continuous body and it behaves
in accordance with the laws of mechanics. The study of deformation behavior of mat-
ter can be approached fundamentally by considering the bulk material as continuous
medium. In such a study, we assume that the matter in the body is continuously
distributed and fills the entire region of the space it occupies, without gaps or empty
spaces. Continuum mechanics also deals with the deformation of matter under the
action of forces and thermal effects. The treatment is given for all the forms of
matter, i.e., solids, liquids and gasses in a unified framework. The framework of
continuum mechanics is developed by assuming fundamental laws of mechanics and
thermodynamics as axioms. The theory is based upon the basic concept of stress,

motion and deformation, upon the laws of conservation of mass, linear momentum,
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moment of momentum and energy, and on the constitutive relations. The constitutive
relations characterize the mechanical and thermal response of a materials, while the
basic conservation laws abstract the common features of all mechanical phenomena
irrespective of constitutive relations. From the view of continuum mechanics the
body is idealized as a continuous medium and the physical phenomena are described
in mathematical terms by introducing appropriate mathematical abstractions, which
leads to a system of partial differential equations with boundary and initial condi-
tions. The system of differential equations will be solved by employing the techniques
of applied mathematics to obtain analytical expression for some of the field variables
in terms of position and time as well as in terms of the geometrical and material
parameters.

An elastic body is a continuum solid when subjected to external loads get de-
formed and return to its original shape and size after the removal of external forces.
If the external forces are applied on the continuous body, the relative positions of its
constituent particles get altered, then the continuous body is said to be strained body
and the change in the relative positions of the particles is known as deformation. At
this stage, the particles resist to change their positions but the external force makes
them to change their positions up to some extent and when the external forces are
withdrawn, these particles at once regain their original shape and size. The elastic
property of a continuum body depends on the strength of resistance, so greater the
resistance of a body to deform the more is the elasticity. The measure of intensity of
internal forces generated in a body is called stress, and the deformation of the body
due to application of stress is called strain, so the strain indicates local deformation
in a body. Stress and strain are simultaneously occurring, the strain set up in a body
in such a way that there is a change in volume but no change in shape, is called di-
latation. There are two kinds of dilatation, ‘compression’ and ‘rarefaction’, in which
volume is reduced and increased respectively. Another elastic deformation is called

shear if there is a change in shape and size but not in a volume (Love, 1892).
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If the elastic constants are same for all points of the medium, then the body is
called elastically homogeneous, but if they are functions of the position, then the
body is said to be elastically inhomogeneous. The material is elastically isotropic if
there are no preferred directions in the material and the elastic constants must be
the same whatever the orientation of the cartesian coordinate system in which the
components of stress (7;;) and strain (e;;) are evaluated. The isotropic material has
infinite number of axis of symmetry, that means the isotropic materials have identical
values of physical properties in all direction. In other words, a material is said to be
isotropic if the rotation of particle in the un-deformed state, has no influence on the
stress tensor. There are materials in which certain physical properties vary with di-
rection from which they are measured. For instance, the refractive index or density of
a material is different when measured along certain different axes, such materials are
said to be anisotropic materials. The general elastic constitutive model formulated to
describe the mechanical behavior of material is anisotropic model. This kind of mate-
rials has no material symmetry. Orthotropic materials are the subclass of anisotropic
materials, which has material properties that differ along three mutually-orthogonal
axes of rotational symmetry. Glass and metals are examples of isotropic materials
while wood and composites are the common examples of anisotropic materials. In
wood, we can define three mutually perpendicular directions at each point in which
the properties along axial direction, radial direction and circumferential direction are
different.

A wave can be described as a disturbance or variation that transfers energy pro-
gressively from point to point in a medium and that may take the form of an elastic
deformation or of a variation of pressure, electric or magnetic intensity, electric po-
tential, or temperature. The medium through which the wave travels may experience
some local oscillations as the wave passes, but the particles in the medium do not
necessarily travel with the wave. The disturbance may take any of a number of

shapes, from a finite width pulse to an infinitely long sine wave. Mainly there are
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two types of waves -Mechanical and Electromagnetic waves. Mechanical waves propa-
gates through medium, deforming the substance of the medium and are characterized
by the transport of energy through motions of particles about an equilibrium position.
Deformability and inertia are essential properties of a medium for the transmission
of mechanical wave motions. All real materials are of course deformable and possess
mass and thus all real materials transmit mechanical waves. While electromagnetic
waves do not require a medium to propagate and can travel through vacuum, such as
light waves traveling from sun to the earth. A wave propagated by a medium having
inertia and elasticity, in which displaced particles transfer momentum to adjoining
particles, and are themselves restored to their original position is known as elastic
wave.

When elastic waves propagate, the energy of elastic deformation is transferred in
the absence of a flow of matter, which occurs only in special cases, such as during an
acoustic wind. A special feature of elastic wave is that their phase and group veloci-
ties are independent of the wave amplitude and the wave geometry. An elastic wave
may be a plane, spherical or cylindrical wave. They are longitudinal and shear waves.
Only longitudinal /compressional waves can propagate in liquids and gases, which are
elastic with respect to volume but not with respect to shape. The phase velocity of
waves in fluids and gases is given by ¢ = \/K_/p, where K is the bulk modulus and p
is the density of the medium. In longitudinal waves, the particle motion is parallel to
the direction of wave propagation, and the deformation is a combination of uniform
compression or extension and pure shear. In shear waves, the particle motion is per-
pendicular to the direction of wave propagation and the deformation is pure shear.

For isotropic solids in bulk form, the phase velocity of longitudinal and shear waves

in isotropic medium are respectively given by /(K + 4/3G)/p and \/G/p, where G
is the modulus of elasticity.
Seismic waves, sound waves and ultrasonic waves in liquids and gases are good

examples of elastic waves. Seismic waves are of two types - Body waves and Surface
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waves. Body waves travel through the interior of the medium and these waves are
known as Primary waves (P-waves) and Secondary waves (S-waves). The P-waves
are compressional waves and longitudinal in nature, and S-waves are shear waves and
transverse in nature which can be polarized into vertical (SV-waves) and horizontal
(S H-waves) directions. Surface waves travel along the surface of the medium, the
amplitude or strength of these waves fades exponentially from the boundary surface
of the medium. Rayleigh waves, Love waves, Stoneley waves, Lamb waves etc. are
examples of surface waves. Rayleigh waves can propagate at the boundary between a
solid half space and a vacuum, liquid or gas and such waves are taken as a combination
of non-uniform longitudinal and shear waves whose amplitudes decrease exponentially
with distance from the free boundary surface. Propagating disturbances confined to
the neighborhood of a surface occur not only in the vicinity of a free surface but also
at the interface of two half-spaces filled with different materials. Thus, there can be
surface waves at the interface of a solid and a fluid and also at the interface of two
solids. Such waves are called Stoneley waves. Love waves are horizontally polarized
surface waves and it is a result of the interference of many shear waves (S-waves)
guided by an elastic layer, which is welded to an elastic half-space on one side while
bordering a vacuum on the other side. Love and Rayleigh waves are guided by the
free surface of the Earth. They follow along after the P and S-waves have passed
through the body of the medium. Both Love and Rayleigh waves involve horizontal
particle motion, but only the latter type has vertical ground displacements. As Love
and Rayleigh waves travel, they disperse into long wave trains and cause much of the
shaking felt during earthquakes at substantial distances from the source. Lamb waves
are a specific case of surface-guided waves that propagate in solid plates or spheres and
their particle motion lies in the plane that contains the direction of wave propagation
and the plane normal. An infinite medium supports just two wave modes traveling
at unique velocities, but plates support two infinite sets of Lamb wave modes, whose

velocities depend on the relationship between wavelength and plate thickness.
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1.2 Stress and Strain

Let us consider, in a continuous medium, a region of volume V' surrounded by
a closed surface AS, in such away that there is matter on both sides of the surface
with unit normal vector, n. The force acting on this surface per unit surface area is

called the traction and is given by (Pike and Sabatier, 2002)
T=7-n, (1.1)

where 7 is the stress.

T]"!

Figure 1.1: The stress, strain and displacement in an elastic medium

For each point inside V', we define elastic stresses, strains and displacements as
a continuous functions of the spacial coordinates and time (Fig. 1.1). Stresses at a
point inside V' are the limits of the quotients of the forces that act at this point per
unit surface through a plane with a certain orientation. The stress through a plane

with unit normal n represented by a vector T" is given by

T"(xin) _AI}S‘IEOA_S’ (1.2)

where F is the force acting on AS.
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Stress is represented by a second order tensor 7 with nine quantities, 7;; (Sokol-
nikoff, 1956; Udias, 2000) which are the stresses through three orthogonal planes. In
Cartesian co-ordinates system, the stress vectors (T™), unit normal (n) and stress

tensors (7;;) are shown in Figs. 1.2 and 1.3.

T2z

v

T3

Figure 1.2: The stress tensors, 7;; and stress vector, 7" in a tetrahedron.

X3 A
AT33 7 Tt
l/4?732
T21 T31 T23
> T2
'-‘-'22'e = T22
yd :l: O E >X 2
/ T23 T13 Y B T21

Ti12

X1

Figure 1.3: The stress tensors, 7;; and the stress vector, 7" in a rectangular parallelepiped.
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The state of stress at any point of a medium is completely characterized by these
nine quantities. If T™ be the stress vector acting at a point of a surface to which n

is normal, then the stress tensor is represented by
Tn = Tl‘jnj, (Z, ] = ]_, 2, 3) (13)

where 7;; is the j* components of stress vector acting on a surface element to which
T;-axis is normal.
The strain tensor, e;; in terms of the components of displacement vector, u =

(u1, us,ug) is given by (Sokolnikoff, 1956)
1 .
€ij = §<Ui’j + lbjﬂ;), (Z, ] = 1, 2, 3) (14)

The relationship between the stress tensor (7;;) and the strain components (e;;)
for an elastic continuum is given by generalized Hooke’s Law which states that for
sufficiently small strain, each component of stress tensor is a linear combination of

the components of strain tensor as
Tij = Cijklekb <Z7 ja kv | = 17 2a 3) (15)

In matrix notation, it may be represented by

T11 Cllll 01112 01113 C’1121 C’1122 01123 C’1131 C’1132 C’1133 €11
T12 C'1211 C'1212 01213 01221 C’1222 C’1223 C’1231 01232 C1233 €12
T13 01311 01312 CY1313 CY1321 01322 C’1323 C’1331 C’1332 C’1333 €13
T21 C(2111 C(2112 02113 02121 C’2122 C’2123 C’2131 02132 02133 €21
T22 = C’2211 C12212 CY2213 C2221 C12222 02223 02231 C’2232 C’2233 €22
T23 C(231 1 02312 CY2313 CY2321 02322 02323 02331 02332 C’2333 €23
731 C(3111 C’3112 C’3113 C(3121 C’3122 C’3123 C’3131 C’3132 C’3133 €31
T32 03211 03212 CY3213 CY3221 CY3222 C’3223 C’3231 C’3232 03233 €32
733 0331 1 03312 03313 03321 03322 03323 C’3331 03332 C’3333 €33

where Cjj; are the elastic coefficients. We know that Cjji; is a fourth order tensor
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and they are 81 in total. These coefficients are independent of e;; but may vary from
point to point of the body. The number of these constants may be reduced due to
the symmetry and nature of the material body, i.e., general anisotropy, monoclinic,
orthotropic, transversely isotropic, cubic and isotropic materials.
(i) Stress symmetry

Since the stress tensors are symmetric, 7;; = 7;; and we have six independent
stress tensors, viz. Ti1, Te9, 733, T12, T13 and To3.
We have

Tij = CijriChi, and Tji = CjikiChi- (1.6)

On subtracting these two equations, we get Cjji = Cjip.
Now there are six independent choices to express ¢ and j together and still nine
independent ways to express k and [ taken together. Thus with this symmetry, the
number of independent elastic constants reduce to 6 x 9 = 54.
(ii) Strain symmetry

There are six independent strain components, i.e., €11, €29, €33, €12, €13 and es3 due
to e;; = €j;.

From Eq. (1.5), we have
Tij = Cigmen and 7y = Cijigery, (1.7)

which give Cjj, = Ciji. With this symmetry, there are six independent choices
to express both ¢ and j as well as k and [ taken together. Thus, the number of
independent elastic coefficients reduce to 6 x 6 = 36. Thus, the Hooke’s law takes

the form

Tij = Cymen, (4,,k,1=1,2,3) (1.8)

where Cijr = Cjire = Car, = Cijig-

This Hooke’s law may also be expressed in a compact form of equation as

T, = C’ijej, Z,] = 1,273,4, 5,6 (19)
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(iii) Strain energy function

The strain energy density function () is a quadratic function of strain given as

1
W = 502']'62'6]', (110)

with the property
ow
861-

— 7, i=1,2,3,4,5,6. (1.11)
On differentiating Eq. (1.10) with respect to ey, we get

ow 1 1

Since ¢ and j are the dummy suffixes, the above equations give
1
Tk = §(C'ik + Chi)ei, (1.13)

and resulting Cy; = Cj; V4, J.

Thus, the number of elastic coefficients reduce to 21. These 21 independent
constants represent the characteristics for a general anisotropic or aelotropic material.
(iv) Symmetry with respect to a plane

Consider an elastic solid having symmetry with z;xo-plane. We have transformed
the axis of the Cartesian co-ordinate as x; — 2}, o — 5, x3 — —x% and Cj;’s are

invariant under this transformation. The direction cosines for this transformation is

Ty Ty T3
zp |1 0 0
z, |0 1 0
|0 0 -1

Table 1.1: Direction cosines

We know that

T(;,B = lailﬁjTijy and 6;5 = lailgjeij, (114)

where [;; is the direction cosine.

10
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We have
r r_ r_ r_ r_ r_
(1.15)
d I r_ r_ r r_ _
aln 61 = 61,62 = 62,63 = 63,64 = —64765 = —€5,€E = €4.
Hence, we have
T = 01161 —+ 01262 + 01363 — 01464 — 01565 + 01666' (116)

Using Eqs.(1.15) and (1.16), we get Cy4y = C15 = 0.

Similarly, we get

C(24 = CV25 = CV34 = C’35 = 064 = C165 = 041 = 042

= C'43 = C'46 = C’51 = C52 = C53 = C56 = 0.

Thus, the number of elastic constants reduce to 13 and such anisotropic materials
are known as monoclinic medium. Lithium tantalate, Lithium neobate, Beta-sulfur,
gypsum, borax, orthoclase, kaolin, muscovite, clinoamphibole, clinopyroxene, jadeite,
azurite, and spodumene crystallize show the monoclinic symmetry.

Similarly by considering the symmetry with respect to xoz3-plane, we can get

Cio = Uz = C36 = Cy5 = C54 = C1 = Cgo = Cg3 = 0.

In this case, the number of independent elastic coefficients reduce to 9 and such
anisotropic materials are known as orthotropic elastics. Unidirectional fibrous com-
posites and woods are an example of orthotropic materials. We may note that if we
consider elastic symmetry with respect to xix3-plane, there is no further reduction
in the number of elastic coefficients. Thus, if there are two orthogonal planes of
elastic symmetry, then the third orthogonal plane is automatically a plane of elastic
syminetry.

(v) Symmetry with respect to axis
We transform the Cartesian co-ordinates by rotating xi, zs and xs-axes through

a right angle about zi-axis. The table of direction cosines for this transformation is

11
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Ty Ty T3
zp |1 0 0
|0 0 1
20 —1 0

Table 1.2: Direction cosines

Using these direction cosines into Eq. (1.14), we obtain
Cip =Ch3, Cs3=Co, Cs5 = Ces.

Thus, the number of elastic coefficients reduce to 6.

Next, we consider the rotation of axes through a right angle about z3—axis and we

obtain

Cl3 = 0237 Cll = 0227 C44 = 055-

In this symmetry, the number of elastic coefficients reduce to 3 and such anisotropic
materials are said to be cubic symmetry.
If we transform the Cartesian co-ordinates by rotating x1, ro and xz-axes through

an angle # about x3-axis. The direction cosines for this transformation is

x X2 €3

x} | cos@  sinf 0

xh | —sinf cosf O

zh | 0 0 1

Table 1.3: Direction cosines

Using these direction cosines into Eq. (1.14), one may obtain
1
Cu = 5(011 - 012) =p and Cip = A

as the only two elastic constants. Such materials are said to be isotropic elastic body

12
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and Hooke’s law, in this case, is given by
Tij = )\6”@ + 2,&6@', 7’7.] = 17273 (117)

where © = e;;,i = 1,2,3. The strain components (e;;) may be represented as

P B 1.18
i 2@(3)\+2u)y+ 2,uTj (1.18)

where v = (3\ 4+ 21)© with A and p as Lamé parameters.

1.3 Linear momentum and the stress tensor

Consider a continuum body with volume V' and boundary S. This boundary
surface is subjected to the distribution of surface traction T(x,t) per unit area acting
on every point and each mass element of the body may be acted with a body force,
F(x,t) per unit volume. The principle of balance of linear momentum states that
the instantaneous rate of change of the linear momentum of a body is equal to the
resultant external force acting on the body at the particular instant of time which

may be written as

/ST(x,t)ds—i—/VpF(x,t)dv:/Vpiidv. (1.19)

Inserting Eq. (1.3) into Eq. (1.19), we have

/Tz‘jnjdé“l'/ PFidUZ/PdidU- (1.20)
s v v

Using Gauss’s divergence theorem, the surface integral can be transformed into a

/Tijnde:/TideU. (121)
S \4

Using Egs. (1.21) and (1.20), we get

volume integral as

/(Tij,j + pFi — pii;)dv = 0. (1.22)
\%

13
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Since the integrand is continuous and V' is arbitrary, we can take

This equation is also known as Cauchy’s first equation of motion.

1.4 Spectrum theorem

Let AB and CD be two incident plane waves with wave front BF' on a periodic
surface whose wavelength BD is 27 /np. Suppose BF and DG are the reflected waves.
The incident and reflected waves make angles a and «,, respectively with the vertical

on the periodic surface as shown in Figure 1.4.

Figure 1.4: Incident and reflected plane waves.

The wave front meets the surface at B and that point starts radiating reflected
waves before the wave front of the incident wave arrives at the point D of the surface.
Hence, there is a difference between the length of the paths of two reflected waves.

Let BE and DF be normal to CD and BF respectively. The wave emerging from B

14
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covers a distance which exceeds that covered by the wave emerging from D by

2
|BF| — |DE| = “~(sina,, — sina)
np

Thus, the phase difference between the two waves is %(

sin o, — sin «v), where k
is wavenumber. For the constructive interference, the phase difference between these

waves must be a multiple of 27. Hence, we have

sina,, —sina = :I:ln—kfﬂ. (1.24)

This equation may be written as

:{:sina—i—%, sin o, :sina—%, (1.25)

sin «

where o;F and «;; are respectively angles of the scattered waves to the right and left

sides of the plane wave as shown in Figure 1.5.

Figure 1.5: The angles of reflected waves ;) and «;, with incident angle, «.

15
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1.5 Rayleigh’s method of approximation

Rayleigh (1907) was the first who had studied the problem on the scattering of
light or sound waves. In his method, the function defining the corrugated interface
in the boundary condition is expanded in Fourier series and the unknown coefficients
in the solutions are determined in terms of small parameter up to any given order of
approximation, which is the characteristics of the corrugated interface.

In order to explain this method, let us take a corrugated interface given by z =
((x) separating two media. This function is periodic in z and independent of y whose

mean value is zero. The Fourier series expansion of {(z) is

[e.9]

(@) = S (Chne™ 4 ¢pem ) (1.26)

n=1

= (1 COS PX + Co €OS 2px + S9 8in 2px + ... 4+ ¢, cosnpx + S, sinnpx + ...,

where (411 = (1 =¢1/2, (o = (Cn F8n)/2.

The direction cosines of the normal, v to z = ((z) are < 1/4/1 + (2,0, C’2/\/TC’2 >
and those of tangent, t are < —C’Q/m, 0, 1/\/TC’2 >, where (' = d(/dz. The
normal (IV,) and tangential stresses (T,,Y,) in the vyt-system are connected to those

Xy, Zy, Z, in the xyz-system by the following relation as

N, = [(Z. = X))+ Zo(1 = )]/ (1 + (P,

T, =12.+(*X, —20'Z,) /(1 +¢?), Y, =Y. = {Va]/V/ (14 7). (1.27)

The total displacements for SH-waves in the two half-spaces after dropping the

common factor (e™') are given by (Assano, 1960)

e
. . . » . _ +
v = ez\/Elhlxsma[Aoez\/glhlzcosa + Ale iy/o,h1zcosa + E /‘Aiez(inp:c \/Elhlzcosan)],

n=1

v = ei\/Elhlxsina[Bleiﬁ2h2,zcosﬂ + Z B;i:ei(:tnpx—l-\/Ethzcosﬁf)]’ (128)

n=1
where A; and B; are amplitude constants, h? = p;w?/(\; + 2u;), w is the angular

frequency, p; is the density and o; = (A\; + 2p;) / ;.-

16
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There are continuity of displacements and tangential stress at z = ((x). These
conditions are given by

00
Aoei\/EliuCcosa+Ale—i\/31hlgcosa_I_ZA:tei(:tnpx—\/Elhﬁcosa?f)
n

n=1

— B,eiVoahalcosp 4 Z Bfei(inpiﬂrﬁghz(cos,@’%)’ (1.29)

n=1

plAov/a hi(cosa — (' sin a)ei‘/‘;lhlccosa — Aj/o hi(cosa + (' sin a)e’i‘/‘;lhlgcow

- Z AZeFmre (/o by cos at + (Vo hysina & np)¢' e VoG eos %i;]

n=1

= W [Bi(Vosha cos B — /o 1y (! sin a)e! Vo cosP

+ Z BEermrr L, /o, hy cos BE — (Vo hisina + np)(”}eiﬁ?h?gcosﬁs]. (1.30)
n=1

Note that slope and amplitude of the corrugated interface are small enough so that

erivaihiCeosa — 1 4 /5ihCcosa — oph3C costa + . ete. (1.31)

Using Eq.(1.31) into Egs.(1.29) and (1.30), we may find the amplitude ratios
corresponding to regular and irregular waves of any order (n) of approximations.
Homma (1940) used this method for the first time in the Seismic waves. Sato (1955)
solved the problem of the reflected waves at a corrugated free surface by Rayleigh’s

technique.

1.6 Importance of wave propagation

Wave propagation and their phenomena of reflection and transmission from a
boundary surface is an elegant and fascinating subject that deals with numerous
problems in various fields, i.e., Seismology, geophysics, Earthquake engineering, tele-
communication, medicines (echography), metallurgy (non-destructive testing) and
signal processing. These waves are useful in detection of notches and faults in different

types of materials such as in railway tracks, buried land-mines, etc. Seismic waves

17
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are useful tool for investigating the internal structure of the earth and also used for
exploration of valuable materials such as minerals, crystals, fluids (oils, water) etc.
beneath the earth surface.

The nature of the composition of matters in the Earth’s crust plays an important
role in changing the characteristics of the seismic signals recorded on the surface of
the Earth. These seismic signals carry a lot of information with them about the
internal structures of the Earth’s interior and their dynamic characteristics can be
carried out up to a large extent. The surface waves are very helpful for the study
of crustal and upper mantle structures. The knowledge about the upper structure
of the Earth helps the seismologists in studying the nature of the possible sources of
Earthquakes and which, in turn, further help in the prediction.

The Earth is approximated by various models in the study of Seismic waves.
These models are mathematical frameworks within which observed seismograms are
related to the Earth’s interior via model parameters. To achieve a better study of
Earth’s structures, especially for deep interior, the studies of wave propagation in
Earth’s models become more important. It is proved that S-waves can not travel
through the interior of the core. This leads to the conclusion that the Earth core is
composed of material which is non-viscous liquid like and is believed to be in liquid
form at high temperature and harder than the solid. Earth’s strata has different
layers and there are many experimental evidences that the discontinuities/interfaces
between these layers are not perfectly plane, but they are of corrugated and hence
irregular in nature. These irregular natures of the interfaces affect in the reflection
and transmission phenomena of the elastic waves. Thus, it is important to take into
account the problems related with the effects of irregular interfaces. If the structure
of the earth were simple enough like uniform and homogeneous, it would be easy to
grasp the nature of the Earthquake motion. The geophysical exploration methods
such as seismic, gravity and other prospecting and also geodesic measurement have

revealed the existence of roughness/corrugation in many parts of the world. Thus,

18
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it is necessary to study the effect of the undulation of the boundary surface on the

propagation of elastic waves.

1.7 Review of literatures

The theory of wave propagation is an interesting area of research since long.
Lamb (1881) examined into the nature of the fundamental modes of vibration of an
elastic sphere and discussed the vibrations of an elastic solid having finite dimensions.
Rayleigh (1885) investigated the behavior of waves on the plane free surface of an infi-
nite homogeneous isotropic elastic solid, their character are such that the disturbance
confined to a superficial region of thickness comparable with the wave-length. Love
(1892) discussed the general Mathematical theory of the elastic properties of the first
class of bodies. Cosserat and Cosserat (1909) explained the statics and dynamics of
deformable media. Aki and Richards (1930) explored the propagation of seismic waves
in realistic Earth models including the theories of fracture and rupture propagation.
Christie (1955) showed that an incident dilatation wave on a free surface produces
reflected dilatation and distortion waves. Brekhoviskikh (1960) presented a system-
atic exposition on the theory of propagation of elastic and electromagnetic waves in
layered media. Mindlin (1964) formulated a linear theory of a three-dimensional elas-
tic continuum which has some of the properties of a crystal lattice. Fedorov (1968)
adopted the theory of elastic waves in crystals.

Gurtin (1981) introduced the linear and nonlinear theories of elasticity in the con-
tinuum mechanics for an ideal compressible viscous fluids. Spencer (1984) studied
numerous problems related with deformation and stress of fibre-reinforced compos-
ite anisotropic materials. Chadwick (1985) investigated the basic characteristics of
surface waves in an anisotropic elastic body which depend crucially on the transonic
states defined by the sets of parallel tangents to a centered section of the slowness
surface. Kielczynski and Pajewski (1987) analyzed the validity of an approximate

reflection coefficient for an obliquely incident S H-wave at a plane interface between
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an elastic solid and a viscoelastic liquid. Doyle (1989, 1997) discussed the subject
of wave propagation in structures using the fast Fourier transform (FFT) and dis-
crete Fourier transform (DF'T') based spectral analysis methodology. Golubovic and
Lubensky (1989) analyzed the structural phase transitions in amorphous solids associ-
ated with vanishing bulk and shear modulus. Dowaikh and Ogden (1990) investigated
the propagation of surface waves on the half-space of incompressible isotropic elas-
tic material. Hosten (1991) discussed a method of characterizing orthotropic and
viscoelastic behavior of some composite materials. Chattopadhyay and Choudhury
(1995b) studied the problem of reflection/transmission of magneto-elastic shear waves
in two infinite self-reinforced elastic half-spaces. Ogden and Sotiropoulos (1997) il-
lustrated the influence of pre-stress and finite strain on the reflection of plane waves
from the surface free boundary of an incompressible isotropic elastic solid. Anderson
et al. (1999) developed a continuum theory for the mechanical behavior of rubber-
like solids that are formed by the cross-linking of polymeric fluids containing nematic
molecules as elements of their main-chains or as pendant side-groups. Gebretsad-
kan and Karla (2002) investigated the propagation of linear waves in relativistic
anisotropic magneto-hydrodynamics and plotted the Fresnal ray surface. Singh and
Singh (2004) studied the problem of plane waves in fibre-reinforced elastic media and
showed that the phase velocities of quasi P and SV-waves depend on the angle of
propagation.

Zhu and Tsvankin (2006) developed a consistent analytic treatment of plane wave
for transversely isotropic media. Chattopadhyay and Venkateswarlu (2007) obtained
the phase velocities of quasi P and quasi SV-waves in terms of propagation vector
of plane waves in the fibre reinforced medium. Ota (2009) examined the singularities
of the scattering kernel for incident transverse wave. Vinh and Giang (2011) derived
the velocity of Stoneley waves propagating along the loosely bonded interface of two
isotropic elastic half-spaces using the complex function method. Singh (2011a) stud-

ied the effect of initial stresses on incident ¢SV -waves at a plane interface of two
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dissimilar pre-stressed elastic half-spaces and derived the reflection and refraction
coefficients. Singh (2017) investigated the problem of plane waves propagation in
anisotropic nematic elastomers and obtained the phase velocity and attenuation co-
efficients for the plane harmonic waves. The problems based on waves and vibrations
have been analyzed by many researchers with different elastic models and they are
in several books and research papers such as Lamb (1917a, 1917b), Love (1911),
Carlson and Heins (1946), Sokolnikof (1956), Ewing et al. (1957), Toupin, (1962),
Scott (1975), Achenbach (1976), Ben-Menahem and Singh (1981), Sobczyk (1985),
Bullen and Bolt (1985), Abeyaratne (1988), Bowen (1989), Graff (1991), Lai et al.
(1993), Sheriff and Geldart (1995), Chattopadhyay et al. (1997), Xia et al. (1999),
Udias (1999), Singh (1999), Singh and Khurana (2002), Pujol (2003), Zarutskii and
Podilchuk (2006), Muller (2007), Reddy (2008), Nair (2009), Shearer (2009), Wilman-
ski (2010), Blum et al. (2011), Clive and Irving (2013), Rose (2014), Zhang et al.
(2019), Malla et al. (2019), Saed and Terentjev (2020) and Ohzono et al. (2019,
2020).

Chattopadhyay and Choudhury (1995a) discussed the reflection of P-waves at the
free and rigid boundaries in a medium of monoclinic type and obtained phase velocity
of Rayleigh wave and reflection coefficients of the reflected waves. Chattopadhyay
and Saha (1996) investigated the phenomena of reflection and refraction of incident
P-waves at a plane interface between two monoclinic half-spaces. Chattopadhyay et
al. (1996) discussed the problem of incident SV-wave in the monoclinic elastic half-
space and derived the reflection coefficients for P and SV-waves. Chattopadhyay
and Saha (1999) investigated the problem of reflection/refraction of incident quasi
SV-wave at a plane interface of two monoclinic half-spaces. Sotiropoulos and Nair
(1999) examined the reflection of plane elastic waves from a free surface of mono-
clinic incompressible materials under plane strain conditions. Singh and Khurana
(2001, 2002) studied the problems of reflected and transmitted P and SV-waves at

an interface of two monoclinic elastic half-spaces and obtained the reflection and
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transmission coefficients using suitable boundary conditions. Singh et al. (2003)
obtained the closed form analytical expression for the horizontal displacement due
to a long inclined strike-slip fault situated in a monoclinic elastic half-space. Chat-
topadhyay and Rajneesh (2006) derived the reflection and refraction coefficients of the
plane waves at an interface between isotropic and anisotropic triclinic crystalline half-
spaces. Singh (2010) discussed the reflected waves from a thermally insulated stress
free thermoelastic solid of monoclinic type and observed the effects of anisotropy and
thermal relaxation times. Chattopadhyay et al. (2013) obtained the closed form
expressions for the amplitude ratios of ¢P, ¢SV and ¢S H-waves from the interface
between two distinct generally anisotropic half-spaces. Kumari et al. (2014) studied
the phenomena of reflection and refraction of incident quasi (P/SV')-waves in dissim-
ilar monoclinic media separated by an isotropic layer of finite thickness.
Liquid-crystalline elastomers (LCESs) represent a novel and exciting physical sys-
tem that combines the local orientational symmetry breaking and the entropic rubber
elasticity. Nematic elastomers (NEs) are soft materials, rubbery solids made up of
cross-linking of nematic crystalline molecules called mesogens either incorporated into
the main chain or pendant from them (Finkelmann et al., 1981). The mesogens are
rigid rod-like molecules attached to the polymeric backbone. They are randomly
oriented at high temperature but upon cooling through the isotropic-nematic tran-
sition temperature, they align along a common direction described by the nematic
director (Warner and Terentjev, 1996). One of the characteristic property of NEs
is the presence of long macromolecules with rare intermolecular transversal bonds.
There is an interplay between elastic and orientational order which is responsible for
many fascinating properties that are different from elastic solids and liquid crystals
(de Gennes and Prost, 1993). It’s soft matter properties lead to growing interest
in the field of microelectronics, biomechanics, nanomechanics and device applicable
in mechanical damping, optics or acoustics, where there are possibility of accoustic

polarization. These materials also display many unusual mechanical properties in-
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cluding the formation of fine-scale microstructures and fine-scale wrinkles (Xie and
Zhang, 2005; Ohm et al., 2012).

Mitchell et al. (1987) described the preparation of a range of acrylate-based
side-chain liquid crystal elastomers and showed that materials containing upto 13
mol percent of cross-linking units exhibit a nematic-isotropic transition. Semenov
and Kokhlov (1988) studied the conditions for phase equilibrium of liquid-crystalline
polymers. Kupfer and Finkelmann (1991) introduced an approach for alignment of
elastomers and liquid crystal polymers with more permanent and macroscopically
uniform. Kupfer et al. (1993) synthesized a series of liquid single-crystal elas-
tomers with different cross-linking densities. Terentjev (1993) derived the general
phenomenological free energy for a liquid crystalline elastomer under arbitrary strain
and orientational distortions. Using the group representations method, he obtained
all invariants describing the coupling of translational and orientational deformations
and/or external electric field. Bladon et al. (1994) showed that monodomain nematic
networks formed by cross-linking polymer liquid crystals in ordered states retain a
memory of their anisotropic cross-linking conditions. Kundler and Finkelmann (1995)
investigated the strain-induced director reorientation process in nematic liquid single
crystal elastomers for the case of an arbitrary angle between the original director and
the external stress axis. Verwey et al. (1996) studied the elastic and orientational re-
sponse of a uniform nematic elastomer subjected to an extension perpendicular to its
director. Finkelmann et al. (1997) presented an experimental and theoretical investi-
gation of the critical formation of stripe domains in monodomain nematic elastomers.
Clarke and Terentjev (1998) discussed the dynamics of stress relaxation before, during
and after the polydomain-monodomain transition. Teixeira and Warner (1999) stud-
ied analytically and numerically the dynamics of ‘how does an anisotropic nematic
elastomer respond elastically and orientationally to an imposed strain?’. Terentjev
(1999) examined the unusual mechanical properties of nematic and smectic rubbers,

their randomly disordered equilibrium textures, some aspects of dynamics and me-
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chanical relaxation.

Uchida (2000) investigated the properties of disordered nematic elastomers and
gels emphasizing on the roles of nonlocal elastic interactions and cross-linking condi-
tions. Long and Morse (2000) described the linear viscoelastic response of mon-
odomains of unentangled nematic liquid crystalline polymers using a generalized
Rouse model. Clarke et al. (2001) presented a combine theoretical and experimen-
tal study of linear viscoelastic response in oriented monodomain nematic elastomers.
Selinger et al. (2002a) showed that the molecules in a nematic liquid-crystal cell can
be realigned by an ultrasonic wave leading to the change in the optical transmission
through a cell. Fradkin et al. (2003) investigated the problem of viscoelastic the-
ory of nematic elastomers in the low-frequency limit and discussed the spectral and
polarization properties of acoustic waves. Cermelli et al. (2004) derived a supple-
mental evolution equation for an interface between the nematic and isotropic phases
of a liquid crystal neglecting the liquid flow. Brand et al. (2006) analyzed the se-
lected macroscopic properties of side chain liquid crystalline elastomers focusing on
the influence of relative rotations between the director and the strain field. DeSimone
and Teresi (2009) discussed several elastic energies for nematic elastomers with small
strain expansions both for the cases of large director rotations and small director
changes. Ericksen (1960), Leslie (1966), Mitchell et al. (1993), Bladon et al. (1993),
Brand and Plenier (1994), Alexe-Tonescu et al. (1994), Verwey et al. (1996), Ander-
son et al. (1999), Everaers (1999), DeSimone and Dolzmann (2000), Schmidtke et al.
(2000), Schonstein et al. (2001), Finkelmann et al. (2001), Terentjev and Warner,
(2001), Fried and Todres (2002), Conti et al. (2002), Selinger et al. (2002b), Warner
and Terentjev, (2003), Ohm et al. (2011), Wim (2012), Guin et al. (2018), Gattinger
et al. (2019) and Ditter et al. (2020) also discussed different problems related with
nematic elastomers.

Othman and Song (2008) established the equations of motion for the generalized

magneto-thermoelastic materials with two relaxation times and discussed the effects
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of reference temperature, the applied magnetic field and thermal coupling on the
reflection coefficient of the reflected waves. Zakharov (2011) investigated the local-
ized waves near the stress-free surface or the free edge of a solid with a thin nematic
coating. Matteis (2012) introduced and analyzed a variational theory proposed on
the interaction of acoustic fields and the nematic texture of a liquid crystal. Yang et
al. (2014) studied the characteristic equations for Rayleigh wave propagation in NEs
based on viscoelastic theory at low frequency limit and obtained the dispersion equa-
tion. Plucinsky and Bhattacharya (2017) showed analytically and numerically that
nematic elastomer sheets can suppress wrinkling by modifying the expected state of
stress through the formation of microstructures. Urbanski et al. (2017) investigated
the liquid crystals in micron-scale droplets and documented their extraordinary re-
sponsiveness and large diversity of self-assembled structures of liquid crystals. Zhao
and Liu (2018) studied the problem of transverse wave dispersion in an NE beam by
considering anisotropy and viscoelasticity in the low frequency limit.

Green (1982) obtained the phase velocity of flexural waves (Lamb waves) in a
plate of transversely isotropic material with the axis of transverse isotropy lying in
the plane of the plate. Belfield et al. (1983) revealed about the anisotropic behavior
of fibre-reinforced elastic plates in such away that the reinforcement are continu-
ously distributed in concentric circles. Baylis and Green (1986) used a continuum
model to explain the mechanical properties of flexural waves in fibre-reinforced lam-
inated plates. Rogerson (1991) investigated various dynamic properties of trans-
versely isotropic incompressible elastic medium and obtained the wave speeds in
explicit form. Dowaik and Ogden (1991) examined the propagation of an interfa-
cial (Stoneley) waves along the boundary between two half-spaces of pre-stressed
incompressible isotropic elastic materials. Payton (1992) developed a model on a
transversely isotropic elastic solid whose slowness surface has two conical points on
the symmetry axis. Rogerson (1992) examined the dynamic response of a six-ply

fibre-reinforced laminated plate to an impulsive line load acting on the upper sur-
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face. Chadwick (1993) concluded that exceptional transonic states arise only when
the direction of transverse isotropy is either in the reference plane or at right angles
to the reference vector. Nair and Sotiropoulos (1997) examined the propagation of
elastic plane waves in orthotropic incompressible materials under plane strain condi-
tions. Rogerson and Sandiford (2000) derived the dispersion relation associated with
small amplitude waves propagating along a common principal direction in a two layer
perfectly bonded elastic structure. Destrade (2001) obtained the secular equation for
surface acoustic waves traveling in an orthotropic incompressible half-space using the
first integral method. Chattopadhyay and Rogerson (2001) studied the problem of
reflection of plane waves from a traction-free boundary of incompressible elastic ma-
terial. Itskov and Aksel (2002) studied elastic constants and their admissible values
for incompressible and slightly compressible anisotropic materials.

Kossovich et al. (2002) derived the dispersion relation associated with harmonic
waves in an incompressible transversely isotropic elastic plate. Ogden and Vinh
(2004) obtained the characteristic equation for the Rayleigh wave in an incompress-
ible orthotropic material. Prikazchikov and Rogerson (2004) investigated the problem
of surface wave propagation in the transversely isotropic incompressible pre-stressed
half-space. Spencer and Soldatos (2007) showed that the stress and couple stress
are direct and successive functions of first and second dimensional differentials of the
displacement. Singh (2007b) assumed a suitable boundary conditions to obtain the
amplitude ratios at free surface of transversely isotropic incompressible elastic half-
space. There are many other papers on fibre-reinforced and transversely isotropic
materials such as Pipkin (1979), Payton (1983), Lauke and Schultrich (1983), Chad-
wick (1989a,1989b), Chattopadhyay and Choudhury (1990), Tomar et al. (2002),
Rouison et al. (2004), Kumar and Hundal (2007), Munch et al. (2011), Chen et al.
(2011), Komijani et al. (2013), Chabaud et al. (2013), Mohammed et al. (2015),
Koniuszewska and Kaczmar (2016), Abhemanyu et al. (2019), Sanjay et al. (2019)

and Mahanty et al. (2020).

26



Chapter 1

Ogden and Singh (2011) derived the general constitutive equation for a trans-
versely isotropic hyper-elastic solid in the presence of initial stress based on the the-
ory of invariants. Abd-Alla et al. (2013) investigated the propagation of surface
waves in fibre-reinforced anisotropic elastic medium subjected to gravity field. They
derived the frequency equations of Stoneley waves, Rayleigh waves and Love waves.
Singh et al. (2014) analyzed reflection and refraction patterns of elastic waves due
to incident plane wave at an interface of two dissimilar incompressible transversely
isotropic fibre-reinforced elastic half-spaces. Chatterjee and Chattopadhyay (2015)
investigated the propagation of S H-waves in slightly compressible finitely deformed
elastic half-spaces. Zak and Krawczuk (2018) analyzed certain aspects related to the
dynamic behavior of isotropic shell-like structures by using an approach known as the
time-domain spectral finite element method (T'D — SFEM). Kumari et al. (2019)
investigated S H-wave propagating in a visco-elastic fibre-reinforced layer resting over
a porous half-space and obtained the displacement components using method of sep-
aration of variable. Verma et al. (2019) examined the issue of versatile plastic change
in transversely isotropic spherical shell with the condition of uniform internal pres-
sure.

The study of scattering waves from a rough or corrugated surface is interesting
and useful in a number of fields. Blake (1950) applied probability theory to study the
reflected radio waves from a rough sea. Rice (1951) dealt with the reflection of plane
electromagnetic waves from a surface z = f(z,y) using the perturbation method.
Miles (1954) examined the reflection of a plane wave at a rough interface separating
two fluid media. Kuo and Nafe (1962) investigated the problem of Rayleigh wave
propagation in a solid layer overlying a solid half-space separated by a sinusoidal in-
terface. Abubakar (1962a) obtained an approximate solution of the two-dimensional
problem of reflection of plane harmonic P and SV -waves at an irregular boundary by

using modified Rice’s perturbation method. Dunkin and Eringen (1963) showed that
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the magnetic field has been much more effective than the electric field in the cou-
plings between the elastic and electromagnetic waves. Levy and Deresiewicz (1967)
studied the behavior of the reflected and transmitted waves from a layered medium
whose internal interfaces are irregular. Kennet (1972) discussed the scattering of seis-
mic waves using the first-order perturbation theory. Gupta (1978) studied the two
dimensional model of reflection and refraction phenomena of waves from the curved
surface. Gupta (1987) studied reflection and transmission coefficients of plane SH-
waves at a corrugated interface between two laterally and vertically heterogeneous
media by using Rayleighs method of approximation. Paul and Campillo (1988) an-
alyzed the problem of the effect of small scale irregularities on the reflected elastic
waves using a discretized form of boundary integral equations.

Nayfeh (1991) derived analytical expressions for the reflection and transmission
coefficients of the elastic waves from the interface of liquid/anisotropic half-spaces.
Korneev and Johnson (1993) described the complete and exact solution for the prob-
lem of an incident P-wave scattered by an elastic spherical inclusion. Zhang and Shi-
nozuka (1996) investigated the effects of irregular boundaries on the propagation of
seismic waves in a layered half-space. Kumar et al. (2003) investigated the problem of
reflection and transmission of S H-waves at a corrugated interface between two differ-
ent transversely isotropic and vertically heterogeneous elastic solid half-spaces. Kaur
and Tomar (2004) investigated the problem of reflection and transmission of shear
wave incident upon a corrugated interface between two monoclinic elastic half-spaces
using Rayleigh’s technique. Kaur et al. (2005) obtained the reflection and transmis-
sion coefficients due to incident plane S H-waves at a corrugated interface between two
isotropic, laterally and vertically heterogeneous viscoelastic solid half-spaces. Tomar
and Singh (2006) derived the expressions of reflection and refraction coefficients for
first and second order approximation of the corrugation due to incident plane har-
monic S H-wave at a corrugated interface between two different perfectly conducting

self-reinforced elastic half-spaces. Dravinsky (2007) analyzed anti-plane strain and
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plane strain models for scattering of harmonic waves by a sedimentary basin with cor-
rugated interface using an indirect boundary integral equation method. Singh and
Tomar (2007a, 2008a) investigated the problem of gP-waves at a corrugated inter-
face between two dissimilar monoclinic elastic half-spaces and obtained the reflection
and transmission coefficients of the irregular waves. Tomar and Kaur (2007b) ob-
tained the reflection and transmission coefficients due to incident plane SH-wave at
a corrugated interface between a laterally and vertically inhomogeneous anisotropic
and isotropic viscoelastic solid half-space. Singh and Tomar (2008b) studied a plane
qP-wave incident at a corrugated interface between two dissimilar pre-stressed elastic
solid half-spaces and obtained the reflection and transmission coefficients correspond-
ing to regular and irregular waves.

Yu and Dravinsky (2009) investigated the scattering of plane harmonic P, SV
or Rayleigh waves from corrugated cavity completely embedded in an isotropic half-
space or full-space by using a direct method of boundary integral equation. Chat-
topadhyay et al. (2009) investigated the problem of reflection and transmission of
plane quasi P-waves at a corrugated interface between distinct triclinic elastic half-
spaces. They obtained the closed form expressions for reflection and transmission
coefficients using Rayleigh’s method of approximation. Singh and Singh (2013) ex-
plained the effect of corrugation for incident ¢SV -wave in pre-stressed elastic half-
spaces with the help of Rayleigh’s method and obtained the reflection and trans-
mission coefficients of the regularly and irregularly reflected and transmitted waves.
Singh et al. (2016) investigated the effect of sandiness, heterogeneity and gravity on
phase velocity and attenuation of SH-waves propagating in a corrugated interface
of heterogeneous elastic and viscoelastic half-spaces. Kumhar et al. (2019) investi-
gated the traversal of torsional wave at a corrugated interface between viscoelastic
sandy medium and inhomogeneous half-space. They employed the variable separation
method to obtain analytical solution of displacement components. The scattering of

acoustic and electromagnetic waves from irregular surface has been dealt by several
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investigators, notably Rayleigh (1877, 1893), Feinberg (1944), Brekhovskikh (1952),
Elliott (1954), Asano (1960, 1961, 1966), Dunkin and Eringen (1962), Abubakar
(1962b, 1962c¢), Deresiewicz and Wolf (1964), Gupta (1987), Lakhtakia et al. (1993),
Voronovich (1994), Tomar and Saini (1997), Tomar and Kaur (2003, 2007a), Benerjee
and Kundu (2006), Singh and Tomar (2007b, 2007¢), Tong and Chew (2009), Singh
(2011b, 2013), Singh et al. (2015), Kumar et al. (2016).
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Chapter 2

Response of corrugated interface

on incident ¢SV -wave in

monoclinic elastic half-spaces!

2.1 Introduction

The propagation of elastic waves and their reflection and transmission from dis-
continuities and interfaces are great concerned of many researchers. Chattopadhyay
and Saha (1996, 1999) obtained the reflection and transmission coefficients of P and
qSV-waves at a plane interface between two different monoclinic media. Singh and
Khurana (2001) also investigated the reflection and transmission of P and SV-waves
at the interface between two monoclinic elastic half-spaces. Singh (2013) studied
the problem on reflection and transmission of plane waves at an imperfect interface
between two dissimilar monoclinic elastic half-spaces.

This chapter is concerned with the problem of reflection and transmission of elastic
qSV and gP-waves due to incident plane ¢SV -wave at a corrugated interface between
two dissimilar monoclinic elastic half-spaces. There exist regularly and irregularly re-
flected and transmitted elastic waves due to corrugated interface. Using Rayleigh’s
method of approximation, the expressions of the reflection and transmission coeffi-

cients of regular and irregular waves are obtained for the first order of approximation.

! International Journal of Applied Mechanics and Engineering, 23(3), 727-750 (2018)
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These coefficients are derived and computed numerically for a special type of inter-
face, z = dcospy and discussed the effects of corrugation and frequency parameter.
We come to know that these coefficients are functions of elastic constants, angle of

propagation, frequency and corrugation parameters.

2.2 Basic equations

The constitutive relation in a homogeneous monoclinic elastic material with

yz-plane as the plane of symmetry are given by Singh and Khurana (2001)

Ti1 = C11€11 + C12€22 + C13€33 + 2C14€93,Taa = C12€11 + C22€22 + C23€33 + 2C24€23,
Tog = C14€11 + C24€22 + C34€33 + 2C44€93,T33 = C13€11 + Ca3€22 + C33€33 + 2C34€23,

T12 = 2(cp5€13 + Cs6€12),T13 = 2(cs6€13 + Co6€12), (2.1)

where u = (uq, ug, uz) are components of displacement, 7;; are stress tensor, ¢;; (1,7 =

1,2,3,...,6) are elastic constants and e;; is the strain tensor given by

613—2 alL‘j 8@ .

The equations of motion in such anisotropic materials without body forces are given

by

aTij (92u7; L.
= =1,2,3 2.2
xj P t2 ) (Zv.] ) &y ) ( )

where p is density of the medium.

Let us consider two-dimensional wave propagation in yz-plane so that

0

Oy

0,

o 2 -9 9 49 _9
Y70 92, T ox dy Oxs 0z

The equations of motion in terms of displacements components can be written as

8QUQ 82uQ (92U3 8QU3 82u2 62U3 82uQ

2 — = 2.3

273 teug gy tou a7 tesg g+ Uy 5 + (023+C44)8y6z P (2.3)
d%u 0%us 9%u 9%us 0%us 0%us 0%us

2 3
2034 ——— — = . (24
g Ty Tty fanTgy Fmg gt ety 5o =g (24)
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It may be noted that Egs. (2.3) and (2.4) are the equations of motion for the coupled

qSV and gP-waves. The solution of these equations may be taken in the form
< ug,uz >= A(dy, d3) exp{ek(ct — poy — p32)}, (2.5)

where ¢ is the phase velocity, k the wavenumber, p = (0, p2, p3) is the unit propagation
vector, d = (0, ds, d3) is the unit displacement vector.

Using these expressions of us and usz into Egs. (2.3) and (2.4), we have
(X —pct)dy +Yds =0, Ydy+ (W —pc®)ds =0, (2.6)
where

X = 02219% + C44p§ + 2coupops, Y = 02429% + C34p§ + (Ca3 + C44)P2ps,

W = caap5 + C33p5 + 2¢34P2D3- (2.7)

Using Eq. (2.6), we get

2065, = X + W T /(X —W)? 4472, (2.8)

where (—wve) sign represents for the phase velocity of ¢SV-waves (cz) and (+ve) sign

represents for that of ¢P-waves (cq).

2.3 Problem formulation

Consider the cartesian coordinates with x and y-axis lying horizontal and z-
axis as vertical with positive direction pointing downward. Suppose two dissimilar
homogeneous monoclinic half-spaces, given by M = {(y,2) : y € R,z € [(,00)} and
M ={(y,z) :y € R,z € (—00,()} are separated by z = ((y), which is a periodic
function of y independent of x whose mean value is zero. We will denote all elastic
constants, stress tensors and displacement components in medium, M without prime
and those of M’ with primes. The complete geometry of the problem is given in

Figure 2.1.
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Figure 2.1: Geometry of the problem.
The Fourier series expansion of ((y) is given as
o0
CY) =D (Cone™ + ¢ e ™), (2.9)
n=1

where (., and (_,, are the coefficients of series expansion of order n, p is the wavenum-

ber and : = v/—1.

Introduce constants d, ¢, and s,, as

d Cn F 15,
Ce1 = b} Cin = %, (n=2,3,4,...)
so that
C(y) = dcos(py) + Y _[en cos(npy) + s, sin(npy)]. (2.10)
n=2

If the interface is represented by only one cosine term, i.e. ((y) = d cos(py), then the
wavelength of corrugation is 27 /p and d is the amplitude of corrugation.

We shall now discuss the reflection and transmission of elastic waves due to inci-
dent plane ¢SV-wave at the corrugated interface, z = ((y). Suppose a plane ¢SV-

wave propagating in the half-space, M with an angle 6, and amplitude constant A
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be incident at the corrugated interface. This incident wave give rises regularly and
irregularly reflected and transmitted ¢SV and ¢P-waves (Asano, 1961).
The full structures of reflected and transmitted waves are given by:

(for the half-space, M)

wp = Agel + Ael + BeQ + Y {AfeP 4 BEed), (2.11)
n=1

us = Do + DeP + Ee? + S {DEel 4 Efe?), (2.12)
n=1

where (A, D) are amplitude constants of the regularly reflected ¢SV -wave at angle
0, (AL, D) are amplitude constants of the irregularly reflected ¢SV -waves at angles
6=, (B, E) are amplitude constants of the regularly reflected gP-wave at angle ¢,
(BE, E¥) are amplitude constants of the irregularly reflected gP-waves at angles

¢ and the expressions of P, P, P¥ Q,QF are given by P} = wu{t — ¥sinfo—zcosboy

n co

inf 0 i 97:‘12 GT:NL: .
P = wit — W}, P = wit — %}7 Q = wit — ysmqﬁjlzcow}

. + +
and QF = wit — ysindn +2c0s éu ZZCOS% }.

These amplitude constants satisfy the following relations (Singh and Khurana, 2001)

Ay =FyDy, A=FD, B=FE, Af=FDF Bf=FfE* (213)

Inn>

where

Yo Yio Yoo " Vit
Fp=—2"  F=_"10  po=_"%0  pr__ T
" pd - Xo pc; — Xio 7 et — X pc3 — X5,

+
Yon

Ft—=—__"2n
in 2 +
pcr — Xy,

2068 = Xo + Wo =/ (Xo — Wo)? + 42,

2pcs = X0 + Wig — \/(Xlo — Who)? + 4Y7,

2pct = Xog + Wag + \/(Xzo — Wap)? + 4Y3.
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(for the half-space, M)

uy = Gef+ He®+ Z{Gfe}% + Hffes’f}, (2.14)
n=1
uy = ITe®+Jed + Z{IfeRf + er‘ﬁ}, (2.15)
n=1

where (G, I) are amplitude constants of the regularly transmitted ¢SV-wave at

angle a, (G, IF) are amplitude constants of the irregularly transmitted ¢SV-waves

n»n

at angles o=, (H,J) are amplitude constants of the regularly transmitted gP-wave at

angle 8, (HE, J¥) are amplitude constants of the irregularly transmitted qP-waves

at angles 3T and the expressions of R, RE, S, ST are given by
. . :l: i
sinav — z cos « sina;, — 2z cos a
R:zw{t—y - } Rﬁzzw{t—y - ~ 1
G2 G
. . i :l:
sinf — z cos sinf- — z cos
S = wft — ysinf - B} and SF = ww{t — ysing, - b }.

€1 €1

These amplitude constants also satisfy the following relations

G=Fyl, H=Fy, Gi=F:It Hf=F,JF (2.16)
where
Y- Y, Y \
onz—,,230 ) F3O:—,/240 ) in;:—,,gg P F:’fl:—,,24 I
ples — Xso p'er — Xao pley — Xz, pley — X,

20'¢ = Xao+ Wag — \/(X3o — Wao)? + 4Y3,

2p,C/12 = X4() + W40 + \/(X40 — W40)2 + 4}/;120

The expressions of X, Y and W with corresponding suffixes are obtained from
Eq.(2.7) by inserting (pa, p3); for incident ¢SV -wave : (sin g, — cos 6), for regularly
reflected ¢SV-wave : (sin 6, cos ), for irregularly reflected ¢SV-wave : (sin 6, cos 6F),
for regularly reflected gP-wave : (sin ¢, cos @), for irregularly reflected gP-wave :
(sin =, cos ¢F), for regular transmitted ¢SV-wave : (sina, —cos ), for irregularly

+

transmitted ¢SV-wave : (sin at, — cos a), for regularly transmitted g P-wave : (sin 3,

—cos 3), for irregularly transmitted qP-wave : (sin 8, — cos 53).
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The Snell’s law of this problem is given by Asano (1960)

sin 6 sin 6 sing  sina

_sing 1
) @0)  alo) b)) aB) (2.17)

where ¢, is apparent velocity.

Moreover, Spectrum theorem gives the relations between the angle of regular wave

and those of irregular waves (Abubakar, 1962a)

( 3\ ( 3\ ( )
0; 0 Co
Qﬁ ¢ C1
sin 4 — sin 4 — 4P Con=1,2,.. (2.18)
at a Yl g
+ /
\ 6" J \ 6 Y, \ 1 Y,

where (4-ve) signs of the right hand side correspond to (+wve) signs of the left hand
side, while (—ve) signs of the right hand side correspond to (—wve) signs of the left

hand side of the equation.

2.4 Boundary conditions

The component of displacements and tractions (normal and shear) are continuous
at the corrugated interface. Mathematically, these conditions at z = ((y) can be

written as

Uy = U, uz = uy, (2.19)
T2 + (733 — T22)¢' — 723C" = Thy + (785 — Tho)C' — T33(", (2.20)
T3z — 2793C + T2 = Tig — 2793C + T£2§/2> (2.21)

where (’ is the derivative of { with respect to y.

Inserting Eq. (2.1) into (2.20) and (2.21), we get

(e — s’ + ena(1 = ¢ G2+ {lewm = ex) + cua(d = Y2+ {(em = card
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Ouy 0O ou

+ea(l = CHGE + 50 = {lehs — o)+ (1 = CF 52+ (= )
oul Ouy — Ou

(1= G2+ (s — ¢+ a1 = NG+ 50, (2.22)

ou ou
{cas + C22C/2 - 2024(’}8—; + {cs33 + C23CI2 — 2034(’}8—; + {css + 624C/2 — 2¢44C"}

ou ou p r / / ! Ou;
X (F2 + 52) = {dhy + hal — 265, ¢’ } + {chs + chs(? — 265’ } :
0z dy
, oul,  ou
+ {y + chy¢? — 2¢), ¢ }< 2+ ('9y3)' (2.23)

Using Egs.(2.11), (2.12), (2.14), (2.15), (2.17) and (2.18) into Egs.(2.19), (2.22) and

(2.23), we get

oo
+ +
DOeZCKo 4+ De K L pe%l Z{Dieijpy*lCKn _‘_EjlteﬂFmpy*ZCLn}

n=1

:]ech+J€Z<N+Z{]fe:':znpy+sz$ _f_Jq:li:e:Fmpy-&-z(jNEf}7 (2'24)

n=1

o0
+ +
AoelCKo + Ae 8K 4 BewL 4 Z{Aieﬁnpyﬂclfn _,_Bizeﬁnpyﬂ@n}

n=1

= GeM 1 HeN N {GireFmputoMi 4 [eFmprticNicy, (2.25)

n=1

[(ca3 = €22)¢" + €aa(1 = )| [PoAge’® + PyAe™ N + PyBe ™!+ “{(Pyknp) A

n=1

X eiFmpy—zCKff + (P():l:np)Bi:e:anpy_chf }] + [(033 — ng)C/ + 034(1 — CQ)H—KQDO

x <Ko 1 K De™K 4 LEe™F N [ KEDFeFmiv—ehn 4 [ petmmmchiny)

n=1

+ [(C34 - 024)4/ + C44(]. - </2)][—K0A0€1<K0 + KAe_ICK + LBe_ZCL + PoDoezéKO

+ PyDe K + pyFe L 4 Z{KfAfeﬂ"py_ch’% + LfB,feijpy_lCL% + (Potnp)

n=1

X DECTPIEIT L (Pykp) BT Y] = [(chy — )+ (1= CIIIRG
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x M L pyHe N + Z{(Pozlznp)Gfeijpy“CM’% + (Pginp)erijpyﬂcN% H

n=1

— [(chy = cha) '+ chu(1 = CHIMIEDM 4+ NN 4 3 (M pEesmmrni

n=1

+ NEJESF NI [y — )¢+ (1 = D) [MGeM + NHeN

0o
+ +
. P()]GZCM . P()J@ZCN + Z{MT:LI:GY:IZ:G—mpy—HCMn + N;ZI:H;::e:Fmpy-f—mNn

n=1

— (Poj:np)lfeﬂ"pyﬂcM’% — (Poj:n]o)J,jfejF“””yJ”w”i H, (2.26)

[023 + CQQC/Q — 2024C/] [P0A0€Z<K0 + P()AG_ZCK + P()Be_lCL + Z{(PQ:ETL]))A?L:

n=1

eijpy_lCKﬁ + (PoinP)Bieqcmpy_lgble }] + [033 + 023CI2 - 2034(’] [—KoDoelCK0

+ KDe K 4 LBt 4 Y {KEDEeTmm ke 4 [*pkevmm—liy)

n=1

—f- [034 —f- CQ4C,2 — 2644C,] [—K()AQéLCKO —|— KAG_ZCK + LBe_’CL + PQD()€ZCKO

+ PODe_ZCK + POEe—zCL + Z{KfAieﬁnpy—ZCKf + Li:Bi:einnpy—zCLf

n=1

+ (Pyenp) DE P =<K 4 (Pydenp) BT~ E0 Y] = [y + € — 20h, (]

[PyGe"M 4 PyHe" N + Z{(Pozl:np)GfeijpyﬂcM’% + (Pozl:np)erijpy“CN% }H

n=1

— [ + o€ = 2, CNIMIN 4+ NJEN 3 (M LTeF M 4 N

n=1

x eFnpyHCNy V) = [chy + haC?* — 20, IMGeM + NHeN — Pyle™ — pyJe sy

oo
+ Z { Mf(;?fe?mpyﬂcMni +NE erﬂFmperZCN?f — (Pytnp) ITﬂl:eﬂFmpyHCM?f

n=1
+
— (Pyknp).JEeFmomsievit ) (2.27)
where
w sin 6 w cos By wcosf . wecosOF w CoS ¢
([ ) 0= ) = ) Kn = ) L= )
Co Co C2 Co C1
w cos ¢t W COS (v wcos ot w cos [ wcos fF
+ n + n + n
Lry=—"" M= , M>¥=——2 N= , N> = ——1,
/ n / / n /
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2.5 Solution of first order approximation

We assume that the amplitude of the corrugated interface is very small so that

higher powers of ( are neglected such that
T H0 = 1 £9CKy —0(¢?), eF =1+1(K —0(¢?). (2.28)

Using Egs. (2.9), (2.13), (2.16) and (2.28) into Eqs.(2.24)-(2.27) and collecting terms

independent of ( and y, we obtain a set of equations

RS =T, (2.29)
where
1 1 -1 -1 D/ D, 1
R— F FlO _FQD _F3O 7 S: E/DO ’ T — _FO
ll lg —l3 —l4 ]/DO —lo
my; Mo —M3g —1My J/D() —Myo

lo = (Focos + caa)Po — (Focga + c34) Ko, 11 = (Fegg + c4q) Py + (Fegy + c34) K,

lo = (FioCoa + caa) Py + (FroCas + c34) Ly, 13 = (FaoChy + ) Po — (Faoclyy + hq) M,
ly = (F30¢h, + cyy)Po — (F30Cyy + c5)N,  mo = (Focas + c34) Po — (Focsa + c33) Ko,
my = (Fegs + c34) Po + (Fesa +e33) K, mag = (Flocas + ¢34) Po + (Frocsa + c33) L,

mg = (Faochy + ¢iy) Po — (Faochy + chg) M, my = (F3ochs + cby) Py — (F30¢3y + ch3) N.

On solving Eq.(2.29), we get

D Ap E Ag I A J A (2.30)
Dy A’ Dy A’ Dy A’ D, A’ '
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where

my Mo —M3g —My

and the values of Ap, Ag, A; and A are obtained by replacing first, second, third
and fourth column of A with column matrix, T" respectively. This equation gives the
ratios of the amplitude constants corresponding to the vertical components of the
displacement.

The ratios of the amplitude constants corresponding to horizontal components of

displacement is obtained with the help of Egs. (2.13), (2.16) and (2.30) as

A _FAp, B FyAy G FgAr H  Fyl,

Sl = = — = ) 2.31
AQ FQ A AO FQ A AD F() A’ AD FO A ( )
Now, the amplitude of incident ¢SV-wave is given by /A% + D2 = /1 + F¢Dy.
Similarly, we find the amplitudes of reflected and transmitted ¢SV and gP-waves.

Thus, the reflection and transmission coefficients of reflected and transmitted ¢SV

and gP-waves for the incident ¢SV -wave are given by

14+ F2Ap 1+ F3 Ag
S’U: ——7 f— —_—. 232
AT R A PENTE R A (2:32)

S VA R 2 N PN T+ A

(2.33)

We come to know that these coefficients depend on elastic constants and angle of
incidence.

Next, comparing coefficients of e™"P¥ on both the sides of those equations, we get

R¥SF = T7, (2.34)
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where
1 1 -1 -1 D#/D, 7
g R om em| o JEn) (|
95 9¢ —9f —9d I¥ /Dy 5
hi hi —hi —hg Ji /Dy 5

D E I J
F =Ko+ K= + L + M— + N,
e T PR PR

D E I J

F = nl—Fo K FK— + FigL— + FooM— + F30N—|,
fi = 1Cen[—FoKo + D0+ 10 D0+ 20 D0+ 30 Do]

D FE I J
F_ [ F F s~ 1 _ F7
fi =algd +gi Dt T, DOL

D FE I J
F _opT 4 BT = _ KT _ AT
4 Z[o"‘ 1D0+ 2D0 3D0 4D0]’

g7 = [{F(caz — coa)npPy + cos Py Ko = (34 — coa)npKy — cas K§ } Fo & (33 — c23)np Ky
— 34 K§ F (34 — coa)npPy + caa PyKo)Cm,

9 = {F(caz — co2)npPy — coa Py K F (c34 — Ccoa)npK — C44K2}F T (c33 — cog)npK

— K F (c3a — caa)npPy — caa Po K] (5n,

gSF = [{:F(CQza - Cm)”ppo — cou PO L F (034 - 024)77/Z9L - C44L2}F10 + (033 - 023)an
—eul? T (c3a — caa)npPo — caa PoL|Cn,

93 = [{F(chy — cho)npPo + chy PoM = (¢ — chy)npM — ¢y M?} Fog £ (¢ — chg)npM
— Ay M? F (cyy — chy)npPo + iy PoM ]G,

i = [{F(chs — ch)npPo + ¢4 PoN £ (chychy)npN — ciy N} Fyo %= (chy — chy)npN

— ¢y N*mp(cyy — ch)npPo + iy PoN] Gz,

g4 = —{euKE + cou(Py £ np) YFE + ey KF 4 cyu(Py £ np)],

98 = —[{casLE + cos(Py £ np)YFiE + a4 LF + cas(Py £ np)],

97 = {cuMy — chy(Po £ np)} Fsy, + ey M7 — ¢44(Po £ np),

gng = {0214Nf _0124(P01np)}F§1+034Nf —0214(P0:|:np),
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h = {(cosPoKo £ 2coumpPy — 34K — 2c4unpKo) Fy — 33K F 2c34npKy
+ 34 P Ko £ 2c44np Py} Cons

hi = {(—co3 Py K =+ 2c04npPy — 34 K? & 2c44npK ) F — c33K* + 2c34npK
— 34 Py K £ 2¢44np Py } (o,

h = [{—cPoL + 2counpPy — 34 L* & 2c4qmpL} Fig — c33L* + 2c3ymplL
— ¢34 Py L £ 2¢c44mp Po) Cn,s

hi = [{chs PoM =+ 2cynpPy — ¢y M?* F 2¢y,npM } Fag — ya M? F 2¢5,npM
+ cyy PoM =+ 2¢),np Pyl Csn,

hi = [{chz PoN + 2chnpPy — cyy N* F 2¢,,npN } Fsg — cys N? F 2¢5,npN
+ cyy PoN + 2¢,npPy|C+n,

he = —[{cos(Po £ np) + caa KEYEF + 33 K + c3a( Py & np)),

he = —[{ca3(Po £ np) + el } 5 + css Ly + cza( Py £ np)],

hi = {—chs(Po £ np) + 5, My} Fay, + iy My — ¢y (P + np),

h§ = {—ch(Po £ np) + iy N Yy, + iy Ny — yy(Bo £ mp).

Solving Eq. (2.34), we get

Df AD?E E* AE% If AI% JiE AJ% 935
Dy Af’ Dy, A*’ Dy AT’ Dy A*’ (2.35)

where
1 1 —1 —1
A
95 9§ —9f -9
hf hi —hi —h{

and the values of Ap+, Apse, Ajr and A+ are obtained by replacing first, second,
third and fourth column of A* with column matrix, 7F respectively. This equation
gives the ratios of the amplitude constants of irregular waves corresponding to the

vertical components of the displacement.
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The ratios of the amplitude constants of irregular waves corresponding to hori-
zontal components of displacement are obtained with the help of Egs. (2.13), (2.16)
and (2.35) as

Ay Frlpr By R, Ap Gy F,Ap  Hy Fy A
do " F A A, Fy AR A, Ry AE A, Ty A

(2.36)

The reflection and transmission coefficients of the first order of approximation for

irregularly reflected and transmitted ¢SV and qP-waves are
n L+ FE2 Aps n L+ F Ape
L = Tt =
s 1+ F2 A’ P+ 1+ F2 A+’
. 1—|—F2in2AIi . 1—|—F§L2AJ1
st — 4, 12 m s t s = o 2 . (237)
1+ Fy A* P 1+ Fy A*

We come to know from Equation (2.37) that the coefficients corresponding to the

irregularly reflected and transmitted ¢SV and gqP-waves are functions of the elastic

constants, angle of incidence, corrugation and frequency parameters.

2.6 Special case: An interface of 2z = d cospy

When the interface is represented by only one cosine term, z = d cos py, with d

as the amplitude of corrugation. In this case

0 if n#l,

Thus, using these values, the reflection and transmission coefficients for the first order

approximation of the corrugation are given by
2 2
S 1+ F Aps L 1+ FE* Aps
s 14+ F3 A+’ P 14+ FZ A+’
2 2
q, 1+ FE A o 1+ FE" A (2.30)
v L+ F2 A7 7 L+ Fg A '
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where values of Fif, F Ff Ff A*F, Aps, Aps, A and A+ are obtained
from Eq.(2.37) by using Eq.(2.38). We will compute these coefficients for a particular

model.

2.7 Particular case

(a) When the two monoclinic half-spaces, M and M’ reduce to transversely

isotropic half-spaces with the axis of symmetry coinciding with the z-axis, we have

Cl2 = C13, C22 = C33, Cs5 = Cg6, C23 = Co2 — 2C44, Ci14 = Coq = C34 = Cs6 = 0,

ro_ ro_ r_ ro_ / Y A B A
Clg = C13, Cgg = C33, Cy5 = Cgg, Cag = Cog — 2Cyy, Cyy = Coy = C3q = C56 = 0.

Using these values in Eqs.(2.32), (2.33) and (2.37), we may obtain the reflection and
transmission coefficients corresponding to the regular and irregular waves.

(b) If the corrugation of the interface is neglected, i.e., d = 0, the problem
reduces to the reflection and transmission of elastic waves at a plane interface between
two monoclinic elastic half-space. The reflection and transmission coefficients of the
reflected and transmitted ¢SV and ¢P-waves are given by Eqs.(2.32) and (2.33).
These results exactly match with those of Singh and Khurana (2001).

(c) If the half-space, M’ is absent, then the problem reduces to the reflection of
qSV and gP-waves for the incident ¢SV-wave. The reflection coefficients are given

by Eq.(2.32) with the following modified values
A =1limy —lomi, Ap=mgly —loyma, Ap=mily —mol;.

These results exactly match with those of Singh and Khurana (2002).

2.8 Numerical results and discussion

We will compute the angles of reflected and transmitted waves through Snell’s

law given by Eq.(2.17) in which the apparent velocity ¢, is related with dimensionless
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velocity by ¢ = . Let us find out the angles of reflected ¢SV and gP-waves in the

half-space, M. Eq.(2.8) can be written as

d-W+X)E+(WX-Y? =0, (2.40)

where X = 2 V= W= A=4/5h Cj = =L,

p5ca4 p5caq’ p5ca4

There are two roots of & corresponding to ¢SV and gP-waves for a given p = ]E,
P2

and for a given value of ¢, there are two roots of p corresponding to the angles of

reflected ¢SV and gP-waves (Singh and Tomar, 2007a). Substituting the values of

X,Y, and W into Eq.(2.40), we get

dop* + dip® + dop® + dsp +dy =0 (2.41)
where
do = Cs3— sy, dy = 2(Coslaz—C3C34), do = 1+Coplaz—+2CosCs— (14Ca3)*— (1+833)c,

d3 = 2 {CaaC34 — Co3Cos — (Coa + C34)T°}, dy = —(14C02)C +C2— T3y

1
We transform this equation with ¢ = — = P2 5o that
P DPs

d4q4 + d3q3 + d2q2 + dlq + d() =0. (242)

This equation has two positive roots, i.e., the smaller positive root (g;) and the
larger positive root (gz) which represent the directions of reflected ¢SV and g P-waves
respectively. Thus, 6 = tan"!(¢;) and ¢ = tan~1(¢y). Similarly, in the half-space M’,
the angles of transmitted ¢SV and gP-waves are obtained as a = tan™'(¢}) and
B = tan™'(gy).

For the numerical computation, the following relevant values of elastic constants
are taken (Singh and Tomar, 2008):

(for half-space, M-Lithium tantalate)
Cos = 0.11 X 10N N/m?, o3 = 0.80 x 101" N/m?, ¢34 = 0, ¢y = 0.94 x 1011 N/m?,
c33 = 2.75 X 101 N/m?, c99 = 2.33 x 101 N/m?, p = T400K g/m?>.
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(for half-space, M’-Lithium neobate)

chy = —0.09 x 10" N/m?, chs = 0.75 x 10" N/m?, &, =0, ), = 1.06 x 10" N/m?,
Chs = 2.45 X 101 N/m?, cyy = 2.03 x 101'N/m?, p' = 4700K g/m?, with corrugation
parameter, cor(pd) = 0.0001 and frequency parameter, fr(w/pcy) = 100 are taken
unless and otherwise mentioned.

We developed a program on MATLAB for the computation of amplitude and en-
ergy ratios of reflected and transmitted waves due to incident ¢SV-waves. Figures
2.4-2.11 represent the variation of reflection and transmission coefficients with the
angle of incidence for different values of corrugation and frequency parameters. Fig-
ures 2.12-2.14 represent the variation of reflection and transmission coefficients with
corrugation parameter and Figures 2.15-2.17 represent the variation of reflection and
transmission coefficients with frequency parameter at 6, = 20°.

In Fig. 2.2, all angles (0, ¢, «, 5) of the regularly reflected and transmitted waves
increase with the increase of angle of incidence (6p). It is observed that the angles of

reflection and transmission for ¢SV -waves are less than that of the g P-waves.

=—|:Reflected qSV-wave " 1
70k Il:Reflected gP-wave ]
L =—IIl: Transmitted qSV-wave \Y .
[=|V:Transmitted qP-wave

A al
o o
T —

w
(@]
T

Angles of reflection and transmission
N
o
-

[y
o
T

o

0 10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 2.2: Variation of the angle of reflection and transmission with angle of incidence.

Curve I in Fig. 2.3 shows that r,, starts from certain value which decreases to
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zero at 0y = 15° and then increases up to 8, = 51° with the increase of 6. Thereafter,

it decreases, touching zero value at 6, = 87°.

1.4

1.2

0.8

Coefficients

0.2

L L
0 10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 2.3: Variation of reflection and transmission coefficients with angle of incidence.

In the same figure, Curve II shows that 7, is parabolic in the region 0 < 5 < 35°
and then, it increases with the increase of 6,. Curve III shows the decreasing nature
of ts, up to 8y = 81% and then increases with the increase of 6, while Curve IV shows

that ¢, increases with the increase of the angle of incidence 6.

2.8.1 Effect of corrugation and frequency parameters

We are interested to see the effect of corrugation and frequency parameters on
the reflection and transmission coefficients. In Fig. 2.4, the reflection coefficient, Tiw
corresponding to the irregularly reflected ¢SV -wave starts from certain value and
decreases to zero at y = 14° making a parabolic region in 14° < 6, < 81°, which
then increases with the increase of 6y. It is observed that T;ﬁ increases with the

increase of corrugation (cor) and frequency (fr) parameters.
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Figure 2.4: Variation of T;v+ with 0 for different values of pd and w/pcy.
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Figure 2.5: Variation of 7‘;+ with 6y for different values of pd and w/pcy.
In Figure 2.5, T;J, makes two parabolic regions in 0° < ; < 34° and 34° < 9, < 90°
with the increase of 6. The values of this coefficient also increase with the increase

of cor and fr. We have observed similar nature of r; and r)_ with r], and 7,

respectively in Figures 2.6 and 2.7.
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Figure 2.6: Variation of T;U, with 6y for different values of pd and w/pcy.
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Figure 2.7: Variation of rllj_ with 0 for different values of pd and w/pcy.
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Figure 2.8: Variation of tiﬁ with 6y for different values of pd and w/pcy.

The coefficient, ¢! , in Figure 2.8 decreases initially making a parabolic region in

37° < 0y < 67° and then increases with the increase of 6. It is observed that the

values of t! , increase with the increase of cor and fr.
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Figure 2.9: Variation of t;+ with 6 for different values of pd and w/pcy.
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We see in Figure 2.9 that ¢}, makes a parabolic region in 2° < §; < 64° and
then increases with the increase of 8y. The value of this coefficient increase with the
increase of cor and fr. Similar natures of ¢}, and ¢, with ¢} , and ¢}, respectively

are observed in Figures 2.10 and 2.11.
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Figure 2.10: Variation of tiv_ with 6y for different values of pd and w/pcy.
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Figure 2.11: Variation of t}?, with 6y for different values of pd and w/pcy.
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We have seen from Figures 2.12 and 2.15 that the coefficients corresponding to

the regularly reflected and transmitted waves are independent of cor and fr.
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Figure 2.12: Variation of reflection and transmission coefficients of the regular ¢SV and
qP-waves with pd.
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Figure 2.13: Variation of reflection coeflicients of the irregularly reflected ¢SV and qP-
waves with pd.
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In Figures 2.13, 2.14, 2.16 and 2.17, the coefficients corresponding to the irreg-
ularly reflected and transmitted waves are linearly proportional to corrugation and

frequency parameters, but at different rates.
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Figure 2.14: Variation of transmission coefficients of the irregularly transmitted ¢SV and
qP-waves with pd.
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Figure 2.15: Variation of reflection and transmission coefficients of the regular ¢SV and
gP-waves with w/pco.
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Figure 2.16: Variation of reflection and transmission coefficients of the irregular ¢SV and
qP-waves with w/pcy.
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Figure 2.17: Variation of transmission coeflicients of the irregularly transmitted ¢SV and
gP-waves with w/pc.
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2.9 Conclusions

The problem of incident ¢SV -wave at a corrugated interface between two dissimilar
monoclinic elastic half-spaces has been investigated. We have obtained the reflection
and transmission coefficients for the first order of approximation corresponding to
regularly and irregularly reflected and transmitted ¢SV and gqP-waves with the help
of Rayleigh’s method of approximation. These coefficients are computed numerically
for a specific model and the effect of corrugation and frequency parameters on these
coefficients are discussed. We may conclude with the following remarks:

(i) All coefficients corresponding to regular waves are functions of angle of incidence
and elastic constants, while those of irregular waves are found to be functions of angle
of incidence, elastic constants, corrugation and frequency parameters.

(ii) Theoretically and numerically, the reflection and transmission coefficients of the
regular waves are independent of corrugation and frequency parameters.

(iii) The coefficients corresponding to irregular waves are found to be linearly pro-
portional to corrugation and frequency parameters.

(iv) It is found that the values of coefficients corresponding to irregular waves increase
with increase of pd and w/pco.

(v) The values of coefficients corresponding to irregular waves are found to be small.
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Chapter 3

Effect of corrugation on incident

qP/qSV-waves between two

dissimilar nematic elastomers?

3.1 Introduction

Nematic elastomers (NEs) are soft materials that combine the hyper-elasticity
of elastomers with anisotropy of liquid crystals, and they are synthesized by cross-
linking of liquid crystal polymers. Such materials have the properties of elastic de-
grees of freedom of ordinary rubber and orientational degree of freedom of liquid
crystals. Terentjev et al. (2002) developed a theory of elastic waves in oriented
monodomain nematic elastomers and discussed the effect of soft elasticity combined
with the Leslie-Ericksen version of dissipation function. Singh (2007a) discussed the
problem of elastic waves propagation in the linear viscoelastic theory of nematic elas-
tomer and obtained the reflection coefficients of the reflected waves. Singh (2015)
investigated the problem of reflection and refraction of elastic waves due to an in-
cident quasi-primary (qP)-wave at a plane interface between two dissimilar nematic
elastomer half-spaces.

In this chapter, the problem of reflection and transmission of elastic waves at a

corrugated interface between two dissimilar nematic elastomer half-spaces has been

2 Acta Mechanica, 230(9), 3317-3338 (2019)
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investigated separately for the incident ¢P and ¢SV-waves. The expressions of the
phase velocities corresponding to ¢P and ¢SV -waves are obtained. The closed form
expression of the amplitude ratios corresponding to the reflected and transmitted
waves for the incident ¢ P and ¢SV -waves are derived by using appropriate boundary
conditions. The energy partitions due to the corrugated interface are also obtained.
The amplitude and energy ratios of the regular and irregular waves are computed
numerically for a particular model, d cos pz; at different values of corrugation param-
eter. The results of Singh (2007a), Singh (2015) and similar results of Asano (1961)

for the relevant problems are recovered from the present work.

3.2 Basic equation

The elastic potential energy density in nematic solid is (de Gennes 1980; Warner

and Terentjev, 1996)

F=Ci(n-e-n)*+205r[e](n-e-n)+ Cs(trle])® +2Ci(n x € x n)?

+4C5(n x (e-n))* + %Dl(n X @)%+ Dyn - e-(n x ©), (3.1)

Here, the Frank elastic energy is restricted only for uniform director rotations of the
NEs. The director rotations are represented by (n x én), dn is small variation in
the undistorted nematic director, n- € = (curl u)/2 is the local rotation vector,
O = Q — (n x dn) is an independent rotational variable, €;; = e;; — tr(e]d;; /3 is the
traceless part of linear symmetric strain, e;; = (u; ; + u;;)/2 and C; are elastic con-
stants with D, and D, are coupling constants.

The Rayleigh dissipation function in the quadratic form can be written as (Erick-

sen, 1960; Leslie, 1966)

T = Ai(n-é-n)®+2Axtr[e](n - é-n) + As(tré])® + 2A44(n x € x n)?

+4A5(n x (€-n))* + %fyl(nx@)Q + o - € - (nxO), (3.2)
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where A; are viscous coefficients and superimposed dots denote derivative with re-
spect to time. This equation describes two types of dissipation - by shear flow and

by rotation of the director.
Neglecting the effects due to Frank elasticity on the director gradient, the equa-

tions of motion of viscous nematic solid are represented by (Fradkin et al., 2003)
V.1 =pu,
n X [(Dl + 'ylat)n X @ + (D2 + ’72(%)1’1 . E] = 0. (33)

The viscoelastic symmetric stress tensors of NEs with the choice of the co-ordinate

axis x3 lies in the direction of the undistorted director n are
711 = (1 + 7R0;)(cr1€11 + Cro€22 + C13€33), Too = (1 + TO;)(Cr2€11 + Cr1€22 + Cr3€33),

T35 = (1 4+ TRO.)(C13€11 + C13€22 + Ca3€33), Ti2 = To1 = 2(1 + TRO:)ce€r2,

1
T13 — 2(1 -+ TRat)C44€13 — §D2<1 -+ Tgat)@g,

1
To3 — 2(1 + TRat)C44€23 + §D2(1 + 7'28t)@1, (34)

where 7g is the characteristic time of rubber relaxation with 7; and 7 as director
rotation times. The director rotation time has been experimentally measured as
107! — 10725 (Schmidtke et al., 2000; Schonstein et al., 2001). On the other hand
Tr is expected to be much shorter, which can be as low as 10™® — 107%s. The

relations among the viscous coefficients, elastic constants and relaxation times satisfy

(Terentjev et al., 2002)
Ai =Citr, M =D, 2= Dama. (3.5)

It may be noted that the Rayleigh dissipation function is positive for

T ——5 TRT
2 X D) R'1,
D2
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where Cj is the shear modulus.

Using Equations (3.3) and (3.4), we get the components of rotational variable © as

©1 Dyl +wwry | —€23

@2 D1 1+ WT €13

where w is angular frequency.

3.3 Problem formulation

Let us consider two-dimensional wave propagation in zjx3-plane with x; and
x9-axis lying horizontally and xs-axis vertically downward. Suppose two dissimilar
anisotropic nematic elastomer half-spaces, M : ((x;) < 23 < oo and M’ : —o0 < 23 <
((xy1), are separated by x3 = ((z1), which is a periodic function of x; independent
of x5 whose mean value is zero. It may be noted that all parameters in M will be
denoted without prime, while those of M’ with prime to the corresponding parameters
of M. The Fourier series expansion of ((z1) is given by (Asano, 1961)

o0
C(@1) =) (Cone™™™ + Cpe™ ™), (3.6)
n=1
where (4, are the coefficients of series expansion of order n, p is the wavenumber and
1=+/—1.

We introduce constants d, ¢, and s,, as

d Cn F 1Sy,
= - = — =2,3,4,..
Cil 27 Cin 2 ) (n ) 3a ) )
so that
C(x1) = dcos(pry) + Z{cn cos(npxy) + s, sin(npxy)}. (3.7)
n=2

If the interface is ((x1) = dcos(pzy), then 27 /p is the wavelength of corrugation and
d is the amplitude of corrugation.

The general equations of motion in the nematic elastomer half-spaces, M and M’ are
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respectively given by

piiy = (1 4+ wrg){cr1urn + (c13 + Cﬁ)uam + Cﬁul,33}7 (3.8)

pﬁg = (1 + ZWTR){033U3733 + (Clg —+ Cﬁ)ul,lg + Cﬁu&n}, (39)
and

P% =(1+ WTII%){CIHUILH + (6/13 + Cﬁ)ug,m + Cﬁu/1,33}7 (3.10)

Pﬁg =(1+ Wﬁ%){cé?,uém + (C/13 + 021}2)“/1,13 + Cﬁug,n}a (3.11)
where

D2 1 2 DI2 1 \2
e 2(1 + wm) CdR g - (1 + wT))

4Dy (1 + wr )(1 4 wrg) 4D, (1 4 wr]) (1 + wrh)’

Suppose a plane wave (P/SV) propagating in the half-space, M be incident
obliquely with an angle aq at the corrugated interface x3 = ((z1). Due to undulated
nature of the interface, there are regularly and irregularly reflected and transmitted

waves (Asano, 1961). The geometry of the problem is given in Figure 3.1.

(@SV.a,)  (@SV,a3)

M

(@SV.a3)
(@SV,a;)

(gP/qSV-waves, a,)

k4

Figure 3.1: Geometry of the problem

61



Chapter 3

The total displacement in the half-space, M is the sum of displacement compo-
nents due to incident, regularly and irregularly reflected waves as

2
= Z Amdgm) exp(Pn) + Z Z AL (m") exp(Qm), (3.12)
m=0

m=1n=1

2
=" Andi™ exp(Pr) + Z Z AZ T exp(Qu), (3.13)
m=0

m=1 n=1
where P,, = 1(wt — kﬁ%l — kém)l'g), Qm = 1(wt — kﬁm)xl — ké’f x3), Ap is the

amplitude constant for the incident wave, A,, and AL denotes amplitude con-

stants, (4™, d™) and (d d(m")) are unit displacement vectors, (k\™, k™) and
(kgm), kérfn)) are propagation factors corresponding to regularly and irregularly re-

flected waves respectively.
Similarly, the total displacement in half-space, M’ is the sum of the displacement

components due to regularly and irregularly transmitted waves

4 oo

uy = Z Z (Amdgm) exp(Py) + AL d\m™ exp(Qm)> : (3.14)
m=3 n=1
4 o0

uy = Z (Amdém) exp(P,) + Amnd?:lm exp(Qm)> : (3.15)

3n

3
I
I

It may be noted that m = 1 and mn = 1n correspond to regularly and irregularly
reflected gP-waves at angles oy and ai,, m = 2 and mn = 2n correspond for the
regularly and irregularly reflected ¢SV-waves at angles ay and af,, m = 3 and
mn = 3n for regularly and irregularly transmitted qP-waves at angles as and oz,
and m = 4 and mn = 4n correspond for regularly and irregularly transmitted ¢SV-
waves at angles oy and o, respectively.

The Snell’s law for this problem is (Singh, 2015)
ko sin g = kq sin oy = ko sin oy = ks sin ag = ky sin auy. (3.16)

The angles of irregular waves are related with those of regular waves through the
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Spectrum theorem (Abubakar, 1962b)

;n:sinamiZ—p, m=1,2,34 and n=1,234,.. (3.17)

m

sin «

where k,, are the wavenumbers. The phase velocity (Singh, 2017) of the incident
waves, regularly reflected and transmitted waves are given by (plus for g P-waves and

minus for ¢SV-waves)

B(ai>+E<ai)i\/{Bgin—Emi)}?HDQ<ai>7 i=0,1,2
A(qy) = (3.18)

B(ai>+E<ai>ix/{B$f>7E<ai>}2+4D2<az~>7 =34

where

B(o;) = (1+ MTR){cupgim + cﬁpg)’2}, E(a;) = (1+ sz){cﬁpﬁm + 033p§i)’2},
D(a;) = (1 4+ wtr)(c13 + cﬁ)pﬁi)pg), for i =0, 1, 2,
Blas) = (1+ worg) {chupt™ + iipd™}, - Blas) = (1+ worp {fip”™ + chapt*),
D(c) = (14 wrhy)(dys + ¢E)ppl), fori = 3, 4.
It may be noted that c¢q is the phase velocity of the incident ¢P or ¢SV -wave, ¢; is
the phase velocity of regularly reflected qP-wave, ¢, is the phase velocity of regularly

reflected ¢SV-wave, c3 is the phase velocity of regularly transmitted ¢P-wave and ¢4

is the phase velocity of regularly transmitted ¢SV -wave.

3.4 Boundary conditions

The component of displacements and traction (normal and shear) are continuous at
the corrugated interface, x3 = ((z1) (Asano, 1961). Mathematically, these conditions
can be written as

(i) Continuity of displacements

up =uy, uz = uj, (3.19)
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(ii) Continuity of shear traction
Tig + (133 — T1)¢ — 1130 = 5 + (755 — )¢ — 3¢,
(iii) Continuity of normal traction
33 — 2713¢" + T11¢? = T4s — 2715 + 71,C7.

Using Eq. (3.4) into (3.20) and (3.21), we have

1-¢ )Qﬁ(ul s+ us1) + ¢ (T3u11 + Taus3)

= 1o(1 — (")} (u) 3ty )+ (mgul )+ Thusg ),
(c13 + C/2C11)U1,1 + (33 + C/2013)U3,3 - QC/Cﬁ(Ul,?, + u31)
= 7'0{(0/13 + CI2C/11)“1 1+ (033 + CI2C/13) 2C/Cﬁ(ul 3T U3 )}

where

Chapter 3

(3.20)

(3.21)

(3.22)

(3.23)

/ / / ! / /
T3 =C13—C11, T4=C33—Ci13, Tg3="T0(Ci5— ), T4 = To(cs3 —Cl3),

70 = (1 +wg)/(1 + wrr), ¢ = Zmp Pt — (e

Using Eqs.(3.12)-(3.17) into (3.19), Eqgs.(3.22) and (3.23), we get

2

3 Al 33 e
m=0

m=1n=1
4 o0
§ § ( z(k( )+A:t dli )€$mpx1 z{k(mn))7
m=3 n=1

iAmd 'Lg'k( )+ ZZA e Fmpat zCk( mn)

m=0 m=1n=1

Z <A d(m zCk(m)§+A:t d mn) :Fmpzl z(k3i )>’

n=1

iM%

2
3 A (1= ¥l + ™ + kG ) 7 ¢

m=0
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2 0o
x 1_C )\mnc44 Finpxy (mn)
S 57 5 (1= PPl I + rtfig) s

m=1 n=1
4
=3 A (1= )bt + (g™ i kém))) et
m=3
4 oo
+ mn) ! Finpxy zCk

SO Ak (1= T + (2R 4+ i ) ) € £, (3.26)
m=3 n=1

2
Z Am (<013 + 011C'2)d§m)k:£m) + (c33 + 013(’2)d§m)k(m) — 2B ) WCHG™

2 oo
+ Z Z ( 13+ en¢®)d (mn)k1i + (c33 + c13¢%)d 3n£n)k§$n) - QCﬁC/)\mn>

4
X ey"mlezckgn) = Z Ap{1o(chs + C/11C,2)(dgm)k§m) + 7o(chy + C/13C/2)d:(),m) kz(%m)

- 27(/)</Mm}€zck + Z ZA x {1o(chs + ¢11¢)d 1in)k§1m)
m=3 n=1
+ To(ch3 + 013C’2)d(m" k;(m") 270C A e TP ZCk(m), (3.27)
where

7'6 = TOCZZv Hm = dgm)kém) + d;(%m)kﬁm)a /\mn - d(mn)k(mn) + dBi klzm)

These equations will help to find out the amplitude ratios corresponding to the

regularly and irregularly reflected and transmitted waves.

3.5 Solution of first order approximation

If we assume that slope and amplitude of the corrugated interface are small

enough to neglect the higher powers of (, then

Pk — 1 Tk, Pk = Tk, ete. (3.28)
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Using Eqs.(3.6) and (3.28) into Eqs.(3.24)-(3.27) and collecting terms independent

of ¢ and z1, we get a system of simultaneous equations as

[aij}x = b, Z,] = 1, 2, 3, 4 (329)
where
dV d® —q®» g Ay/Aq by
dV d? —dP —dl) Ay /A, by
[ais] , X = , b=
Ll =3 —l Az /Ao bs
|7 e Ty Ty | _A4/A0_ _54_

b= —d", by=—d, by=—{dOk +d" K"},

by = —{cid” K + c5dVkDY, L= dPkY + dVED,

b= dPkY +dPED, 1= (dVk + dPkY), L=V + d kDY),
mi = cipd VB + ead RS, ma = ciadPEP) + epdd kY,

s = 1o chgdiRD + Gyt KD), s = rolcladiOhY + gD,

It may be noted that dﬁ‘” = sin oy and dgo) = — cos ag for the case of incident ¢P-

) — cos ap and dgo) = sin aq for the incident ¢SV -wave.

wave, while d§°
On solving Eq.(3.29), we get the amplitude ratios of the regularly reflected and

transmitted ¢P and ¢SV -waves as

rPP or rSUP — |aij|1 PSU (p pSUSY |aij’2 (3 30)
|aij| |aij| '
PP or 5P — ’ﬁ;]‘f7 1SV or 15UV — |’C;ZJ’|4’ (331)
] )

where PP and rP*¥ are the amplitude ratios of the regularly reflected waves due
to incident qP-wave, while r**? and r*"*" are the amplitude ratios of the regularly
reflected waves due to incident ¢SV -wave. Similarly ¢*? and t?* are the amplitude
ratios of the regularly transmitted waves due to incident P-waves, while ¢**7 and ¢*V*"

are the amplitude ratios of the regularly transmitted waves due to incident ¢SV -wave.
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The values of |a;j|1, |aijl2, |aij|s and |a;;|4 are obtained by replacing first, second,
third and fourth column of |a;;| with column matrix, b respectively.

Next, comparing coefficients of e¥*1 on both sides of these equations, we get

[af]a™ =b",  i,j=1,2,3,4 (3.32)
where
[ in 2n 3n 4n- [ i [
d§¥ ) d; : _d§1 : —d% : AL/ Ao bli
(In) ,(2n) _ 4(3n) _ 4(4n) F +
[a]n = dyz" dyy d3+ d3+ o A3, /Ao o by |
N U Af /Ao by
mf mf —m] —m] | AT/ A Vi

1F = d I a0 F = e 4 e,

i = (dkE 4 dSORD), I = @k + d R,

mT = csd PR 4 egd RS mE = cipdTVREY 4 egqd PUED,

mi = (013d 3n)k(3n 33d 3n)k(3n ), mf = 7'0<C/13d§in)k§in) + Cé3d§4n)k§in)):
b = il —d"H? - SV — SRR + LAY+ SR,

bE = 1y, [—dV kD — i—;d Y jZd(Q KD + %d kY + j—éd kY],

Ay o Ay 4 Ay o Ay g
_A()gl _A(]g2 +Aog3 +Aog4]7
Ay Ay A3 Ay o

b = 1len[—hi — th A—Oh A0h3 +==h

g5 = kR + &Pk £ np(rad” kY + 1ad k),

b?% = ZCin[_gO

gF = dVEVED + dP W ED £ np(rdVED 4+ rdP ),
g = AR + EOKORD & (i dH 4 KD,
9= = 7 (dPEPED + dP P D) £ np(rdPED + 71dP kD),
gt = (d VR + d RV ESY) £ np(rid Pk + 71k,

heE = cidV Ok + g5 d Ok KD F 2B np(d kY + dV k),
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hE = crsdMEVESY + cgsdlV RV RS F 2eEnp(dV kY + a5V kDY),
hy = cisdCEORS + c3adP B RS F 200mp(dP R + dY KD,
hy = 1o{cady Ik + chad kRS F 2dfinp(d kY + dP R},

he = 1o{cad PRV 1 cd R RS F 20 Bnp(dV KD + dSVED)Y

On solving Eq.(3.32), we get the amplitude ratios corresponding to the irregularly

reflected and transmitted ¢gP and ¢SV -waves as

Tpp$ or Tsvpi | |1n , TpSU? or ,r,svsvi |6L |2n ’
|a?;-|n " ]
‘Cﬁ|3 | ’ 4
T or TS o T = (3.39)
iJ i

and the values of |afj|in, al2n, [ajj[3n and |aj|sn are obtained by replacing first,
second, third and fourth column of |af;|, with column matrix, b* respectively. We
come to know that the amplitude ratios corresponding to the irregularly reflected and
transmitted gP and ¢SV -waves are functions of characteristic time of rubber relax-
ation, director rotation times, the elastic constants, angle of incidence, corrugation

and frequency parameters.

3.6 Energy partition

The energy due to the incident ¢P and ¢SV -waves are distributed to regularly
and irregularly reflected and transmitted waves. The rate of transmission of energy

per unit area is given by Achenbach (1976)
pf =< Ty > (3.34)
The energy of the incident wave, ¢P/qSV-wave is given by

E = eqwA2exp |20{wt + k02, + k’éo).fﬁg} , (3.35)
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where
eo = (1 + wrp){(c13dVk” + c55d kN + B (VK + dV k) a1

Similarly, the energy due to reflected and transmitted ¢P and ¢SV-waves are

given by

B, = epnwA? exp{21(wt + k:%m)xl + kém)$3)}+

Z et w(AL ) exp{2(wt + k:(m")xl + kéﬁ;n)ﬁg)}, m=1,2,3,4. (3.36)

n=1

. :t .
The expressions of e, and e, are given by

(for m=1, 2)
em = (1 + wrr){(c1sd™ ™ + c55dTE)dl™ + B (dT™ES™ + dS E™)al™ Y,
et = (14 1wrp){(crad TV kY™ + cagdi K™ )dS™ + e (di kST
+ d3:|: kllm )d(mn)}7
(for m=3, 4)
em = (14 wrp){(clad{™ k™ + hady™ RS )d5™ + (AT R™ + dVR™)d™ ),
€ = (1 ) {(Chadi VRS + cydly RSt + (k™

+ d3:|: 11m )d(mn)}

Energy ratios are defined as the ratios of the energy corresponding to the reflected
and transmitted waves to that of the incident wave. These ratios of the regularly and

irregularly reflected and transmitted waves for incident qP/qSV-wave are given as

EP or B = |em\| T i (3.37)

i +
Eppi or Esvpi — } Cmn ‘ ‘ Amn |2 (338)

where (E™, E?*") and (EP"*, EF*'*) are the energy ratios corresponding to the reg-

ularly and irregularly reflected waves respectively due to incident gP-wave, while

(ESP, E3vsv) and (EP%| E5U*"*) correspond to the energy ratios for regularly and ir-
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regularly reflected waves respectively due to incident ¢SV-wave. Similarly, (EY, E{*")
and (EPP*, EP*'*) are energy ratios of the transmitted waves for incident ¢P-wave
and (ES, E5'5°) and (E5P*, E3°*'*) correspond to the energy ratios of transmit-
ted waves for incident ¢SV -wave. These energy ratios depend on elastic constants,

coupling constants, characteristic time of rubber relaxation, director rotation times,

angle of incidence, corrugation and frequency parameters.

3.7 Special case: ( = dcospx;

If the corrugated interface is represented by only ((x;) = d cos pry with d as the

amplitude of corrugation, then the coefficient of Fourier series are given by

0 it n#1,
(=1 g (3.39)

Using these values into Eq.(3.33), the amplitude ratios of the reflected and transmit-

ted waves for the first order approximation of corrugation are given by

¥ ¥
rjlop:F or vap:': _ |‘a’i:]”:||11’ Tzlyqu: or /rig'uqu: _ |’az:]F|‘21’
Qjj(1 Qjjl1
at at
7T or 11T = —| Z:]F|31, T or VT = —| Zi|41. (3.40)
ladih a5

The energy ratios, in this case, are obtained from Eq.(3.38) by putting n = 1. The
amplitude and energy ratios of the regularly and irregularly reflected and transmitted

waves obtained in this section will be computed for a particular model.
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3.8 Particular case

(a) When the two nematic elastomers, M and M’ reduce to isotropic half-spaces,

we have

D1 = Dg = 0, C11 =— C33 = /\ + 2#, Ci3 = )\, Cqq4 = 044 My 05 = —

1
Dy=Dy=0, ¢y=cy=XN+2, cy=XN, dy=di=p, Ci= 5#’

In this case, the phase velocity corresponding to the longitudinal and transverse

. / / ! . .
waves are given by 2 = ¢ = ’”%, G==5 &= ’\Jr% and cf = L. This is the

result of classical elasticity (Achenbach, 1976).
The amplitude ratios of the reflected and transmitted waves are given by Eqs. (3.30),
(3.31) and (3.33) with the following modified values

my = MUEY + 4+ 20)dVED ) my = MPED + (A + 20)d P kD,

my = o NdP kY + (X + 20)d7 kY, ma = NPl + O 4 20 Y,

by = MOEY + A+ 20)dVEY, mT = Adf;)k&”) + (A + 2p)d R

mF = A% k:I; ()\+2,u)d2")k3;, mf = o{\Nd¥ + OV 2u)dP Y,
= o Nd R+ (V4 20)dS Y}

g5 = di" ks ké” + dé”ki” kY F 2pnp(dyky” — diksY),

gi = di'kVRY + VR F 2unp(d kY - dVRD),

g = APKDRD 4 PRI 5 2mpld?h — dPKD),

g5 = 7o KR + AP ROR) F 20 mp( P kY — a7 k),

g = THARORD 1 AR 2l D — D),

e = MOKOKY + (3 + 20 dOKOKD 5 2ump( O + dOK),

e = MUEVEY + (O 20)dV VRS F 20mp(dVkSY + dV kDY),

hy = MK + O+ 20)dP ROk F 20mp(dP kS + d kD),

= XD + (X + 20RO T 20 mpld KD + AR,

71



Chapter 3

he = o Nd RV ESY + (N 20)dS kSRS T 200mp (VRS 4 dSVR) Y

These results are similar with those of Asano (1961) for the relevant problem. The
energy ratios corresponding to the regularly and irregularly reflected and transmitted

waves are given by Eq. (3.37) and (3.38) with the modified values given by

eo = (1 + 1) AV EY + (A + 20)dP k1 + p(dV kL + a0 k0)dl?),
for j =1,2;
— (1 +szR)[{)\dgj)k:§j) + ()\+2M)d(j }d ( )k( 7) +d( )kgj))dgj)],
] (1—|—ZWTR)[{)\d(]n (n) ()\+2’u) }d(J”) ( ( )k( )+d(]”)k(7"))dgi)],
for j = 3, 4;

_ (1 +ZCUTI/%)[{)\/d§j)k§j) + (/\/"i‘,uz k(] }d(J + 1 (d( )k(]) —i—d(])k( ))dg )]7

ej:n (1 +ZWTR)[{)\ d(]" k,(]n) 4 ()\/ 4 2/*4) J”) Jn)}d(J” +:U' (d(J”)k.(J”) + d( )k‘(Jn))d(Jn)}

(b) If the corrugation of the interface is neglected, i.e., d = 0, the problem reduces
to the reflection and transmission of ¢ P and ¢SV -waves at the plane interface between
two dissimilar half-spaces of nematic elastomers. So, we are left with the amplitude
and energy ratios corresponding to the regularly reflected and transmitted waves,
which are given by Eqs. (3.30), (3.31) and (3.37). These results exactly match with
those of Singh (2015).

(c) If the half-space M’ is absent, then the problem reduces to the reflection of
elastic waves at the plane free boundary. The reflection coefficients are given by Eq.

(3.30) with the following modified values
|aij| = lymgy — lamy, |aij|1 = lyby — mybs, |aij|2 = mybs — [10y4.

These results exactly match with those of Singh (2007a).
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3.9 Numerical results and discussion

We will compute the angles of reflected and transmitted waves by introducing

an apparent velocity, ¢, so that ¢ = %‘ = ﬁg, where ¢ is non-dimensional velocity.

Equation (3.18) can be written as

¢t — (B+ E)é>+ (BE — D*) =0, (3.41)
where
_ B _ FE _ D i
B:2 ) E:2 ) _D:2 ’ 6: &ﬁa Ez]:C_]
P1C4q P1C44 P1C44 P C44

There are two roots of ¢ corresponding to ¢P and ¢SV -waves for a given p = p3/pi,
and for a given value of ¢, there are two roots of p corresponding to the angles of
reflected ¢P and ¢SV -waves. Substituting the values of B, E, and D into Eq.(3.41),

we get
top" + tap” + 1t = 0, (3.42)
where

ty = (1 + ZCL)TR>2(_3335£1, t1 = (1 + ZCL)TR){(EHEgg — (_3%3 — 2513554)(1 + Z(JJTR)

— (Gs3 + )}, ty =+ (1 +wrp){(cnch (1 +wrg) — (€11 + i)}

1
Transforming this equation with ¢ = — = @, we have
p D3

tog* + 1> +to = 0. (3.43)

For a given angle of incidence, there are two positive roots of ¢q. The larger
root say oy = tan~!(q;) corresponds to reflected gqP-wave, while the smaller root,
ay = tan!(g) corresponds to reflected ¢SV-waves. Similarly, we can set up for
the transmitted ¢P and ¢SV-waves and obtained az = tan~!(g3) for ¢P-wave and

ay = tan"!(qy) for ¢SV-wave.
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For the numerical computation, the following relevant values are taken (Singh, 2015):

(for half-space, M)

C1 =142 x 10°N/m?, Cy=2.25x 10°N/m? (s = 4.88 x 10°N/m?,
Cy =215 x 10°N/m?, Cs=1.06 x 10°N/m?, D;=0.12, D, =0.05,

= 1.66 x 10°Kg/m3, 7 =002, =005 7r=0.000002
(for half-space, M)

C =3.52x 10°N/m?, C}) =228 x 10°N/m? ~ C% = 1.65x 10°N/m?
C}=1.60 x 10°N/m?, CL=4.34x 10°N/m?, D), =0.15, D) =0.17,

p=126x10°Kg/m* 1 =0.04, 75=0.06, 75 =0.000003

with pd = 0.000001 and w/pcy = 80 are taken whenever not mentioned.

10.9
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0 10 20 30 40 50 60 70 80 90
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Figure 3.2: Variation of angles of reflection/transmission with angle of incidence. (Curves
I-1V for incident ¢SV -wave and Curves V-VIII for incident gP-wave).

It is Figure 3.2 which shows the increase of the angles of reflected and transmit-
ted ¢P and ¢SV -waves with the increase of angle of incidence oy except the angle
of transmitted ¢SV -wave for the incident ¢SV -wave. In this figure, Curves I-IV cor-

respond for the incident ¢SV -wave and Curves V-VIII correspond for the incident
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qP-wave. Only Curve II is magnified by multiplying with 0.75. Furthermore, we
have seen that there are critical angles for the reflected and transmitted ¢P-waves
at a; = 26 and az = 39° respectively, in the case of incident ¢SV-wave. It may
be noted that Figures 3.3-3.12 correspond for the incident ¢P-waves, while Figures

3.13-3.22 correspond for the incident ¢SV -waves.

3.9.1 For the incident ¢P-wave

In Figure 3.3, 7P corresponding to regularly reflected qP-wave starts from certain
value which increases with the increase of ay. In the same figure, r?** and "
corresponding to regularly reflected and transmitted ¢SV -wave are parabolic in the
region 0 < 6y < 90°, while t*P corresponding to regularly transmitted qP-wave starts
from a certain value and then decreases with the increase of «q touching zero at

grazing angle of incidence.

Amplitude ratios

0 10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 3.3: Variation of amplitude ratios for regular waves with ag.

In Figures 3.4 and 3.5, the amplitude ratios 7?** and 72"~ corresponding to irreg-

ularly reflected ¢P-waves increase from certain value which then decrease to zero at

ap = 85 and o = 79° respectively and thereafter they increases with the increase of
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a. While 7#*" and r#*"~ corresponding to irregularly reflected ¢SV-wave increase
to the maximum value at ag = 23° and « = 24° respectively and then they decrease
to the minimum value at the grazing angle of incidence. The amplitude ratios corre-
sponding to irregularly transmitted ¢P-wave, "% and t#*~ start from a certain value

which decrease with the increase of ag touching zero at o = 49° and o = 44° res-
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Figure 3.4: Variation of amplitude ratios for irregular waves at O‘E with ag.
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Figure 3.5: Variation of amplitude ratios for irregular waves at o; with ayp.
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pectively and then they make a parabolic region. Amplitude ratios 2*" and t£*"~
corresponding to irregularly transmitted ¢SV -wave increase and decrease with the
increase o thereby making parabolic regions at 81° < y < 90° and 76° < 6, < 90°

respectively.
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Energy ratios
© o o o o o
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Figure 3.6: Variation of energy ratios for regular waves with «g.
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Figure 3.7: Variation of energy ratio for irregular waves at ozfl with ag.
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In Figure 3.6, energy ratios E{” and EL” corresponding to regularly reflected and
transmitted ¢P-waves increase and decrease respectively with the increase of ag. In
the same figure, F5*" corresponding to regularly reflected ¢SV-wave shows a very
small rate of increase and decrease with the increase of g and E}* corresponding to
regularly transmitted ¢SV -wave increases and decreases with the minimum values at
normal and grazing angle of incidence.

The energy ratios (EY*, EY™) in Figures 3.7 and 3.8 corresponding to irregularly
reflected gP-waves start from a certain point which increase up to some extents
and then decrease with the increase of o touching zero at ag = 75° and oy = 79°
respectively. In the same figures, (E5;"", E5"7) corresponding to irregularly reflected
¢SV -waves increase to maximum values at ag = 25° which then decrease to the

minimum value with the increase of «.
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Figure 3.8: Variation of energy ratio for irregular waves at aj; with ag.

The energy ratios (E5Y", E¥'™) corresponding to irregularly transmitted g P-waves
start from a certain point which decrease to the minimum value at oy = 42° and
ap = 47° respectively, while (EZ"", EF?") corresponding to irregularly transmitted

¢SV -waves make parabolic regions at 0° < 6, < 73° and 0° < 0 < 75° respectively.
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Figure 3.9: Variation of amplitude ratios of irregular waves at ozfl with corrugation
parameter (pd).

Figures 3.9-3.12 show the variation of amplitude and energy ratios corresponding

to irregularly reflected and transmitted waves with the corrugation parameter (pd).
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Figure 3.10: Variation of amplitude ratios of irregular waves at a;; with corrugation
parameter (pd).

: : pp+  pp— psv+ | psv—  pp+ 4pp— 4psv+ psv— :
All the amplitude ratios, """, ", r{" ,r{ " 7 7, t7 " and ¢} in Fig-
ures 3.9 and 3.10 are linearly increasing with the increase of corrugation parameter

but at different rates.
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Figure 3.11: Variation of energy ratios of irregular waves at O‘E with corrugation param-
eter (pd).
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Figure 3.12: Variation of energy ratios at «;; with corrugation parameter (pd).

In Figures 3.11 and 3.12, we have noted that EY" EPP~ EDSUT pPsv= pevt pre—
EP" and EY"” increase with the increase of pd, but the modes are non-linear.
Thus, the amplitude and energy ratios corresponding to irregular waves depend on

the corrugation parameters.

80



Chapter 3

3.9.2 For the incident ¢SV-wave

In Figure 3.13, the amplitude ratios r**?, t**7 and t*”*" corresponding to regular
waves increase with the increase of g, while r***" corresponding to regularly reflected

qSV-wave is decreasing at very small rate with the increase of angle of incidence.
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Figure 3.13: Variation of amplitude ratios of regular waves with «y.
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Figure 3.14: Variation of amplitude ratios of irregular waves at aj; with ay.

The amplitude ratios ;""" ;7% and #"*** in Figure 3.14 increase with the increase
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of ap, while r"*** corresponding to the irregularly reflected ¢SV-wave decreases to

zero at oy = 9° which then increases with the increase of o).

0.016 | T T
. SVp- -tSVp-
|_r1 III.t1

0.014 |-
1V: tSVSV'

e —

0.012 |

0.01f

0.008

0.006 |-

Amplitude ratios

0.004 |-

0.002 |

0 [ L L L L L
0 5 10 15 20 25

Angle of incidence

Figure 3.15: Variation of amplitude ratios of irregular waves at a;; with ag.

The amplitude ratios r{**~ and ¢]"~ in Figure 3.15 increase, while ¢{"*"~ decreases
with the increase of . But the amplitude ratio r;"*~ corresponding to irregularly

reflected qP-wave increases and decreases with the increase of «y.
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Figure 3.16: Variation of energy ratios for regular waves with «y.
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In Figure 3.16, the energy ratios, E{"" and E3"*" corresponding to regularly re-
flected waves for the incident ¢SV increase initially and then decrease with the in-
crease of ag. In the same figure, E;"" increases with the increase of g, while Ej5vs

decreases and increases at a very small rate.
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Figure 3.17: Variation of energy ratio for irregular waves at afl with ag.

In Figures 3.17 and 3.18, the energy ratios, namely E5P", EJP™ E5P" and E5 P~
corresponding to irregular gP-waves increase to the maximum value at ay = 16°,
ap = 18°, oy = 24° and oy = 18 respectively and then they decrease. In these figures,

SUVSV—

E57*"F increases with the increase of ag, while E57*"~ decreases to zero at ag = 9°

E3v*t and E57*"~ corresponding

which then increases with the increase of «gy. But
to irregularly transmitted ¢SV -waves decreases and increases respectively with the

increase of ay.
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Figure 3.18: Variation of energy ratio for irregular waves at aj; with ap.
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Figure 3.19: Variation of amplitude ratio of irregular waves at O‘ﬁ with corrugation
parameter (pd).

All the amplitude ratios (r"7F, piVP™, pfvsot psvsv= bt ysop= gsvsut ysuso—)

in
Figures 3.19 and 3.20 are linearly increasing with the increase of pd but at different

rates.
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Figure 3.20: Variation of amplitude ratio of irregular waves at a;; with corrugation
parameter (pd).
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Figure 3.21: Variation of energy ratios at Oéﬁ with corrugation parameter (pd).
In Figures 3.21 and 3.22, we have observed that the energy ratios (E;}P", E5iP™,

B3t BT, En"T, B3P, BT, ERPYT) are nonclinearly increasing with the

increase of pd.
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Figure 3.22: Variation of energy ratios at aj; with corrugation parameter (pd).

3.10 Conclusions

The problem of incident ¢ P and ¢SV -waves at a corrugated interface between two
dissimilar nematic elastomer half-spaces have been investigated separately. We have
obtained the amplitude and energy ratios corresponding to regularly and irregularly
reflected and transmitted ¢P and ¢SV -waves with the help of Rayleigh’s method of
approximation. These amplitude and energy ratios are computed numerically for a
specific model, ¢ = dcos px; and the effect of corrugation parameters on these ampli-
tude and energy ratios are discussed. We may conclude with the following remarks:
(i) All amplitude ratios corresponding to irregular waves are functions of the angle
of incidence, elastic constants, coupling constants, characteristic time of rubber re-
laxation, director rotation times, frequency and corrugation parameter.

(ii) The amplitude and the energy ratios corresponding to the regular waves are in-
dependent of pd and w/pcy.
(iii) The amplitude and energy ratios corresponding to the regular gP-waves are

greater than those ratios corresponding to regular ¢SV-waves for the incident gP-
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wave, but it is reversed in the case of incident ¢SV -wave.

(iv) The amplitude and energy ratios corresponding to the regularly reflected and
transmitted waves are greater in magnitude than those of irregular waves. Those
ratios corresponding to irregular waves are very small.

(v) The ratios rPp, 1svp_ ¢5vp_ gsvsv, Tivar, {gusut psusu= SUPT  pbp | PSP | psvsut | psusu—
and E37*"~ increase with the increase of oy, while tPP, t{"*~ EF¥ and Ej7*"" decrease
with the increase of ay.

(vi) The amplitude ratios corresponding to irregular waves increase linearly with the
increase of pd, but at different rates.

(vii) The energy ratios corresponding to irregular waves increase non-linearly with
the increase of pd.

(viii) The sum of the energy ratio is close to unity at each angle of incidence at the

corrugated boundary.
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Chapter 4

Scattering of ¢S H-waves from a

corrugated interface between two

dissimilar nematic elastomers’

4.1 Introduction

Nematic elastomers(NEs) have many mechanical properties including the for-
mation of fine-scale microstructures and fine-scale wrinkles due to the presence of
considerable long macromolecules with rare intermolecular transversal bonds. An in-
ternal relaxation of the nematic director is responsible for its dynamic soft elasticity
(de Gennes, 1980). The soft matter property makes a subject of numerous studies in
the fields such as microelectronics, biomechanics, nanomechanics and device applica-
ble in mechanical damping, optics or acoustics. Chattopadhyay (2004) obtained the
expressions for reflection and refraction coefficients of ¢ P, ¢SV and ¢S H-waves at an
interface of two triclinic crystalline half-spaces and presented numerical results for
different types of anisotropic media. Zhao and Liu (2018) studied the transverse wave
dispersion in a nematic elastomer beam by considering anisotropy and viscoelasticity
of NEs in the low frequency limit.

This chapter aims to investigate the reflection and transmission phenomena of

elastic waves due to incident ¢SH-wave at a corrugated interface between two dif-

3 Waves in Random and Complex Media (2020)
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ferent nematic elastomer half-spaces. The expression of the phase velocity for shear
harmonic wave is derived and observed that this phase velocity depends on the angle
of propagation of the elastic waves. The amplitude ratios for various reflected and
transmitted waves are derived using boundary conditions. The energy distribution,
and hence the energy ratios due to various reflected and transmitted waves are also
obtained. A particular case, z = d cos pr has been performed to validate the present

study for the amplitude and energy ratios.

4.2 Problem formulation

Consider the cartesian co-ordinates in which y and z-axis lying horizontal and
z-axis vertical with positive direction pointing downward. Suppose two dissimilar
anisotropic nematic elastomer half-spaces, M = {(z,z) : « € R,z € [(,00)} and
M = {(z,2) : € R,z € (—00,()}, are separated by z = ((z) which is a periodic
function of x independent of y whose mean value is zero. The geometry of the problem

is given by Figure 4.1.

(A.‘Eﬂ ?ag) [‘q A FLed Z)

! , iad)

R CHTH)

gSH-wav “ (Ag.0,)

(Ag.ay) k J (A7 0)

Figure 4.1: Geometry of the problem.
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The Fourier series expansion of ((z) is given by

oo

C(2) = S (Con™ + e ), (4.1)

n=1
where (., are the coefficients of series expansion of order n, p is the wavenumber and

1 = v/—1. We introduce constants d, ¢,, and s,, as

d Cn F15p
Cx1 = CinszT, (n=2,3,4,....)
so that
((x) = dcos(pr) + Z{cn cos(npz) + s, sin(npx)}. (4.2)
n=2

If the interface is ((x) = d cos(pz), then 27 /p is the wavelength of corrugation and d
is the amplitude of corrugation.
Consider two-dimensional problem of wave propagation in zz-plane. The equa-

tions of motion for ¢S H-waves for the half-spaces, M and M’ are respectively given

by
82U2 82u2 82162
Pap = (14 wTr)(ces 92 + i 5.2 ) (4.3)
and
%! 9%u! 0!
P gp = L+ wr)(cho 5 +ii5—) (4.4)
where
D2 1 2 D/2 1 71\2
R o0, - 5(1 + wTy) R o0t 5 (1 +wry)

4D1(1 + wn)(1 + wg)’ 4D1 (1 + wt)) (1 + wTp)

p being the density of the medium, u = (uy, ug, uz) is the displacement potential, w is
angular frequency, ¢; are elastic constants with D; and D are coupling constants, Cj
is the shear modulus, 75 is the characteristic time of rubber relaxation and m and 7
are director rotation times. Note that all parameters in M will be denoted without

prime, while those of M’ with prime to the corresponding parameters of M.
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Suppose a plane ¢S H-wave propagating in the half-space M with angle «ag and
amplitude constant Ay be incident at the corrugated interface z = ((x), then the
phenomena of reflection of ¢S H-waves in the half-space, M and transmission of ¢S H-
waves in the half-space, M’ take place. Due to undulated nature of the interface, this
incident wave give rise to regularly and irregularly reflected and transmitted ¢S H-
waves (Asano, 1960). These irregular waves propagate with the same speed as the
regular waves and appear on both sides of the regular waves. The full structures of

wave field in the half spaces, M and M’ are given by

1
u = Z Ay exp(P) + Z A exp(P, (4.5)

u' = Ayexp(Ps) + Z Az exp(P5), (4.6)

n=1
where P,, = 1(wt + zk\™ + zkém)), PE = (wt + xk(mn) + zk3i ) (A, AL ) are

the amplitude constants at angles (o, o, ), (K™, &™) and (K7, k7™ are the

propagation factors. The phase velocity of the incident, reflected and transmitted
qS H-waves are given by (Singh, 2017)

2 (Urwrr)espl +ciaps) oo e _ (Lt wrp)(coept’ + chipy)
i ) — Y & 2 .

; ; (4.7)

Note that the angles of propagation (p1,0, ps) for the incident, regularly reflected
and transmitted waves are respectively (— sin ayg, 0, cos ag), (—sinay, 0, — cosay) and
(—sin ag, 0, cos as).

The Snell’s law, for this problem, is
ko sin g = ko sinag = ki sin aig, (4.8)

The relations between the angles of irregular waves to those of regular waves are given

through the Spectrum theorem (Abubakar, 1962c)

n n
sinafn:sinalik—p, sinonin:siHQQ:i:k—],?, n=12,.. (4.9)
2 2

91



Chapter 4

4.3 Boundary conditions

The component of displacement and traction are continuous at z = ((x). These

conditions are

u=u, (4.10)
T23 — 7'21C/ = 7'53 — Télc,, (411)
which can be written as
o’ ou’
(1+ ZWTR)(CMa — (e 66 ) (1+ ZWTJIQ)(CZ} G — (¢ Cee or ), (4.12)

where
= DG — )
n=1

Using Eqs.(4.5), (4.6), (4.8) and (4.9) into Eqs.(4.10) and (4.12), we get

1 00 00
(m) (1n) (2) (2n)
Z AmezCk3 + Z Ail:neqiznp:cezg‘%i _ A261Ck3 + Z A:I: e TnpT ks 7 (4 13)

1
o n (1n)
Z Am 044k; _ Cﬁﬁk( ZCk ) + Z A 44k3z|: 066]{%: )C/)eqiznp:cez(k:;i
m=0
§ n mpz (2n
= ro{ Ao (kS — cht? (') erths +ZA RhS) — k{30 eFmm ek } (4.14)

where

70 = (1 +w7g)/(1 + wTr).

These equations will help to find out the amplitude ratios corresponding to the

regularly and irregularly reflected and transmitted waves.
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4.4 Solution of first order approximation

We assume that the slope and amplitude of the corrugated interface are very

small so that higher powers of ( are neglected, then
L z§k§0), ek — 14 zCk:z(,,O), etc. (4.15)

Using Egs.(4.1) and (4.15) into Eqgs.(4.13) and (4.14) and collecting the terms inde-

pendent of ( and x, we obtain

2=
Ay A ’
A A
DAL 2 p0) 4.16
3 AO 03 AO 3 ( )

where
70 = Tocii/ .
Solving the above equations, we get the amplitude ratios corresponding to regularly
reflected and transmitted ¢S H-waves as
Y

K -k

kél) B k?()o)
Tomencl

(4.17)
t= (4.18)

Next, comparing the coefficients of e*"* on both sides of the equations, we get

A_lan — A_;Fn — b
AO AO 1>
AF VA,
REimn o dR g Zon gk 4.19
44"V3F AO ToC 44 AO 2 ( )
with
+_ g0 _ A Ay L o A Ay
b]. _ZCin[ k:g Aok Aok ] b2 _ZCin[ gO A g]_ + A 92]

90i = C44k k 0 + C66npk1 ) gf[ = Cﬁkél)k:(;l) + 06671]9/‘55

92 _7'0(044k k :|:C66npk )
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We get the amplitude ratios corresponding to irregularly reflected and transmitted

waves by solving Equation (4.19) as

o by — ek L bE— ke
"n = R 1.(1n) /R7.(2n)" tn R .(n) R.(2n) " (4.20)
Ciahzz — ToCyikygy Chykaz — ToClikqs

Here, the sign (4-ve) to the amplitude ratio represents for the irregular waves lying
on the right side of the regular waves and (—ve) sign represents for the irregular waves
lying on the left side of the regular waves. It is clearly observed that these ratios are
functions of the elastic parameters, angle of incidence, characteristic time of rubber
relaxation, director rotation times, corrugation parameter and frequency of incident

qS H-wave.

4.5 Energy partition

The energy due to the incident ¢S H-wave is distributed to regularly and irregularly
reflected and transmitted waves. The rate of transmission of energy per unit area is

given by Achenbach (1976)
pr=<Toz-u>. (4.21)
The energy of the incident ¢S H-wave is given by
Eine = fowA2 exp{2u(wt + k2 + £ 2)}, (4.22)

where fo = (14 wrg)cl k.

Similarly, the energy due to reflected and transmitted ¢S H-waves are given by
E, = fmwA? exp{2(wt + k%m)x + kém)z)}
- i FE w(AE Vexp{(wt + KTz + K2, m=1,2. (4.23)
n=1
The expressions of f,, and f= are given by
mn)

fm=00+ zwm)cﬁkém), in =(1+ szR)cﬁkéi
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The energy ratios of the regularly and irregularly reflected and transmitted ¢S H-

waves are given as

mi A

By = |1 Ae (4.24)
 ( fon [ A

Ein:;| 2| (4.25)

where E; and FE, are the energy ratios of the regularly reflected and transmitted
waves, BT, and Ej, are the energy ratios of the irregularly reflected and transmitted
waves for n'® spectrum. These ratios depend on elastic constants, the coupling con-
stants, the characteristics time of rubber relaxation, director rotation times, angle
of incidence, corrugation and frequency parameters. It may be noted that sum of

energy ratios is equal to one.

4.6 Special case

If the corrugated interface is represented by only one cosine term, i.e., ((x) =
d cos pz, then
0 if n#1,

Can = (4.26)
if n=1.

(V]IS

Then, the amplitude ratios corresponding to the irregularly reflected and transmitted

waves for the first order of approximation are given by

+ (21) :I: + (11) i
L Rk(ll /{3(21 L Rk(l) k21)7 '
443 — ToC i CyaRgx " — T0C i
where
d A A d A A
+_ Gy 40 41,(1) , 42,(2) +_ %y o+ A1+ Ji
1 —22{ kg 1 ks —|—A ks™}, by 12{ 95 AOg1 + }

(1)

(0)1,(0) (0) R = coopkl”, g5 = ro(cfi

2
ggt :Cﬁks 3 F cespky 91 :044k3 ()]‘7:(3)

+ Cg6pk§2))'
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In the normal incidence, ay = 0°, we obtain that cos af; = cosap; and cosay; =

cos ay; due to Equations (4.8) and (4.9). Hence the amplitude ratios of the irregular
waves are related as r{” = 1], ¢ =t]. These are the result of Asano (1960) for the
relevant problem.

In the grazing angle of incidence, ay = 7, the amplitude ratios are given by

Eq.(4.27) with the following modifications

4 A
bE = 22 A;,/k;? k2 + K2 — K2y, gF = tegopko,

gi = (k3 — k) & cospko, g3 = To{cii (k5 — k§) % chpko}-

The energy ratios are obtained from Eq.(4.25) by inserting n = 1.

4.7 Particular case

(a) When the two nematic half-spaces, M and M’ reduce to isotropic half-spaces,

we have

1
D1 =Dy =0, c11 =c33 = A+ 20, c13 =\, ca = chy = o6 = K, C1=C4=C5=§,u,

Di=Dy=0, gy =chg=XN+2u, ds=XN, dy=cfi=ctg=4/, O =C} =C} = SH

The phase velocity corresponding to the SH-waves become ¢35 = ‘;‘ and ¢ = ‘pi,/
which are the results of classical elasticity (Achenbach, 1976).
The amplitude ratios of the reflected and transmitted waves are given by Egs.

(4.17), (4.18) and (4.20) with the following modified values

(0)

= ' Jp, g5 = kR Fopk” ) gf = KVE Fapkl) g5 = 1/ (kDD Fopki?) /.

These results are similar with those of Asano (1960) for the relevant problem. The
energy ratios corresponding to the regularly and irregularly reflected and transmitted

waves are given by Eqgs. (4.24) and (4.25) with the following modified values
fOZk[(aO): fl :kél)a fZZM/kZ(’,Z)/Ma flin: gltn)a o2n — 2n)/,u
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(b) If the amplitude of corrugated interface is neglected, i.e., d = 0, the problem
reduces to the reflection/transmission of elastic waves at a plane interface between
two dissimilar nematic half-spaces. The amplitude and energy ratios corresponding
to the regularly reflected and transmitted ¢S H-waves are given by Eqs. (4.17), (4.18)
and (4.24). These results exactly match with those of Singh (2015).

(c) If the half-space M’ is absent, then the problem reduces to the reflection of
elastic waves at the plane free surface. The amplitude ratio given by Eq. (4.17) will
be modified as

r=—k" kW,

This is the result of Kielczynski and Pajewski (1987) for the relevant problem.

4.8 Numerical results and discussion

We will compute the angles of reflected and transmitted waves through Snell’s

law. Introducing dimensionless velocity ¢ such that ¢ = €

& — < into Equation (4.7),

we have
& = (14 wr) (€66 + c1yp”), (4.28)

where ¢, is an apparent velocity and

_ b3 _ [Caa _ Gy
=, =\ Gj=—_
yai P C44
Transforming this equation with ¢ = % = p—;, we have
1+ iwTg)ek

¢’ — (1 + iWTR)666
The Eq. (4.29) give rise to the reflected angle a; = tan™!(q) for a given «y.

Similarly, we obtained the angle of transmitted ¢SH-wave, ay = tan~!(¢') in the

half-space M’.
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For the numerical computation, the following relevant values are considered

(Singh, 2015)

Angle of incidence

98

Half-space, M Value Half-space, M’ Value Units
Ch 1.42 x 10° 1 3.52 x 10° | Nm~2
Cs 2.25 x 10° Cy 2.28 x 10° | Nm™2
Cs 4.88 x 10° i 1.65 x 10° | Nm =2
Cy 2.15 x 10° Y 1.60 x 10° | Nm~2
Cs 1.06 x 10° C’5 3.34 x 10° | Nm™2
p 1.66 x 103 o 1.26 x 103 | kgm=3
Dy 0.12 Dj 0.15 x 10°
D, 0.05 D) 0.17 x 10°
T 0.02 T 0.04
Ty 0.05 TS 0.06
TR 0.000002 TR 0.000003
Table 1: Values of the parameters
and (pd,w/pcy) = (0.00001, 60) are taken whenever not mentioned.
90 [
80 7 ——1: Angle of reflection E
S [ ——I1l : Angle of transmission
270 i b
e :
3
= 50 f 1
E 40 f 1
% 30 — ]
220 ]
< r
10 — 1
(0] i ! ! ! ! ! ! ! !
0] 10 20 30 40 50 60 70 80 90

Figure 4.2: Variation of angles of regularly reflected and transmitted waves with ay.
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We notice in Figure 4.2 that angles of reflected and transmitted ¢S H-waves are
increasing with the increase of angle of incidence, . In Figure 4.3, amplitude ratios
corresponding to the reflected and transmitted ¢SH-waves meet at oy = 63°, while

E| increases and Fy decreases with the increase of «y.

Amplitude/Energy ratio

0] 10 20 30 40 50 60 70 80 20
Angle of incidence

Figure 4.3: Variation of amplitude and energy ratios of the regular waves with «y.

e
'—I:rl
250 it

1

1

L5 ]

Amplitude ratio

05 ]

1 1 1

1

0 10 20 30 40 50 60 70 80 90
Angle of incidence

1 1

Figure 4.4: Variation of amplitude ratios of the irregular waves with «y.
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In Figure 4.4, the amplitude ratios (ry,¢;) corresponding to irregularly reflected
and transmitted waves decrease to zero at (ag = 26°, ap = 29°) and then increase with
the increase of aq attaining maximum values at (ap = 60°, g = 62°) respectively.
Thereafter, they decrease with the increase of ag. In the same figure, the amplitude
ratios (ry,¢]) decrease to zero at (g = 25°, oy = 28°) and then increase with the
increase of ag attaining maximum values at (g = 62°, ay = 64°) respectively. They

show irregular patterns making a peak at ay = 83° and then decrease with the

increase of ay.

Energy ratio
°© o o o o s
» [0} ¢4} [l N » [} [o¢]

o
N

o

(6] 10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 4.5: Variation of energy ratios of irregular waves with «g.

The variation of energy ratios of the irregular waves with angle of incidence are
shown in Figure 4.5. In this figure, Ey;, E,;, Ef} and Ej| start from certain values
which decrease to zero at oy = 26°, g = 28°, ap = 25° and oy = 27° respectively
which increase with o attaining maximum values at agy = 61°, ag = 65°, oy = 61°
and oy = 67° respectively. Then, Curves I and II show decreasing and increasing
natures with peaks at ag = 83° and ay = 80° respectively, while Curves III and IV

show the decreasing natures of Ej; and E,; respectively.
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The irregularities in the Curves I and II in the Figures 4.4 and 4.5 for (r, t])
and (B}, Ej) respectively in between the angles 75° and 85° are due to existence
of critical angles for af;, = sin™'(sina; + p/ks) and ag; = sin~*(sinay + p/k}) at

ap = 83°. The sum of energy ratios is very close to unity.

4.8.1 Effect of corrugation and frequency parameters

We are interested to see the effect of corrugation and frequency parameters on the
amplitude and energy ratios. Figures 4.6 and 4.7 show the variation of amplitude and
energy ratios with corrugation parameter pd. It is seen that amplitude and energy
ratios increase with the increase of pd. We noted that these increases are linear at

different rates for amplitude ratios and non-linear in the case of energy ratios.

0.07 [
0.06 | lry
—_—lt

1
[ + 11 1
0.05 ——II:0.9xr; | ]

|v:o.9xq

Amplitude ratios
<

0.01f ]

pd =107

Figure 4.6: Variation of amplitude ratios of the irregular waves with corrugation param-
eter.
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E I'Ell
L . +
al —IEy
3_5; —I:0.9%E]
3:, IV:O.8xE'21

Energy ratio
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05F

pd =103

Figure 4.7: Variation of energy ratios of the irregular waves with corrugation parameter.

The variation of amplitude and energy ratios with angle of incidence, aq at differ-
ent values of pd and w/pcy are depicted through Figures 4.8-4.11 and Figures 4.12-4.15

respectively.

=103

—I:pd=107", f=60
— lI:pd=2x10"°, f=62
— lll:pd=3x107°, f=64

Amplitude ratio (r'l)

(6] 10 20 30 40 50 60 70 80 920
Angle of incidence

Figure 4.8: Variation of 7| with «ag for different values of pd and w/pcy.
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In Figures 4.8 and 4.9, r; and ¢] start from certain value and decrease to zero

at ap = 26° and oy = 29° which then increase with the increase of aqy attaining

maximum values at ap = 60° and «y = 62° respectively. They decrease again with

the increase of ayg.

Amplitude ratio (t'l)

=103

——:pd=107", =60
—I:pd=2x10"°, f=62
—— lIl:pd=3x107, f=64

0 10 20 30 40 50 60 70 80

Angle of incidence

90

Figure 4.9: Variation of t; with «ag for different values of pd and w/pcy.

iy

Amplitude ratio (r

=x1073

- ——I:pd=107", f=60
I —Il:pd=2x107°, f=62
— lIl:pd=3x107°, f=64

(6] 10 20 30 40 50 60 70 80

Angle of incidence

90

Figure 4.10: Variation of rf with g for different values of pd and w/pcy.

The amplitude ratios, r and ¢{ in Figures 4.10 and 4.11 start from certain value
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which decrease to zero at oy = 25Y and ay = 28° which then increase with the increase

of o attaining maximum values at o = 63° and oy = 64° respectively. Thereafter,

they show irregular natures with ay.

-3

97><10

g —1l:pd=10", =60

[ —Il:pd=2x107, f=62
7L ——I:pd=3x107", =64

)

+
1

[0}
T

Amplitude ratio (t

(6] 10 20 30 40 50
Angle of incidence

60

70

80

90

Figure 4.11: Variation of tf with «ag for different values of pd and w/pcy.
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o 4r ]
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Figure 4.12: Variation of Efrl with «aq for different values of pd and w/pcy.

Similar natures of (E}}, E5;) with (r], ) and (E;, E5;) with (r;, ;) are observed

in Figures 4.12-4.15. We come to know that the values of amplitude and energy ratios

104



Chapter 4

increase upto certain extend with the increase of pd and w/pcy. It has been observed
that there are irregularities in the figures corresponding to r{, I, E}|, F4, between

the angles 75° and 85°, while regular for ri, t;, By, Ey.

=10

1.8 ——|:pd=107, f=60
16l —I:pd=2x10"°, f=62
[ ——Il:pd=3x107°, f=64

1.4F

¥
21)

Energy ratio (E

0.6[

0.4Ff

02Ff

(6] 10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 4.13: Variation of E;l with «aq for different values of pd and w/pcy.
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Figure 4.14: Variation of E; with ag for different values of pd and w/pcy.
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The existence of critical angles for (af}, ad;) and no critical angles for (aj,
;) through the Spectrum theorem make these differences. These irregularities and
critical angles depend on the corrugation and frequency parameter. No irregularities
and no irregular waves exist if the corrugation parameter is equal to zero. With the
increase of w/pcy, the critical angles also increase. We also see that the amplitude
and energy ratios corresponding to the regularly reflected and transmitted waves are

independent of corrugation and frequency parameters.

-4

16 7><10 ‘

14F —I:pd=10", =60 ]
[ T ll:pd=2x107°, f=62

1.2 —Ill:pd=3x107°, f=64

Energy ratio (E'21)
o o o
» [0} [o0] -

o
N
T

o/

o

10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 4.15: Variation of E;; with «ag for different values of pd and w/pcy.

4.8.2 Effect of relaxation parameters

We have seen the effects of the characteristic time of rubber relaxation (7, 7;) on
the amplitude and energy ratios through the Figures 4.16-4.21. The minimum effect
of (7g, ) on reflection and transmission coeflicients (r, t) as well as energy ratios

E, and E, due to regular waves have been observed near o = 60°.
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I-r & IV-t: (7,7 5)=(0.02,0.03)
Il-r & V-t: (TR,T' R):(0.2,0.3)
-t & VI-t: (7,7 0)=(2.0,3.0)
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Figure 4.16: Variation of r and t with aq for different values of (7g, 73).
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Figure 4.17: Variation of E; and E, with aq for different values of (7g, 73).
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Figure 4.18: Variation of r;” and ¢] with aq for different values of (1r, 7}).
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Figure 4.19: Variation of r; and ¢; with ag for different values of (7g, 7};).

The relaxation times (7, 75) on Ey;, Ey;, v and ¢ has minimum and maximum
effects near 30° and 64° respectively. It is also noticed that the minimum effect of
(TR, TR) on Eyy, F, r{ and t] is observed near ap = 30° and grazing angle of

incidence.
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Figure 4.20: Variation of Ef, and EJ] with g for different values of (g, 7).
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Figure 4.21: Variation of Ey; and Ej;; with o for different values of (7, 75;).
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4.9 Conclusions

The problem of incident ¢S H-wave at a corrugated interface between two different
nematic elastomer half-spaces has been investigated. We have obtained the amplitude
and energy ratios corresponding to regularly and irregularly reflected and transmitted
waves with the help of Rayleigh’s method of approximation. These amplitude and
energy ratios are computed numerically for a specific model, z = dcospx and the
effect of corrugation and frequency parameters on these amplitude and energy ratios
are discussed. We may conclude with the following remarks:

(i) The angles corresponding to the reflected and transmitted waves increase with the
increase of the angle of incidence.

(ii) All amplitude and energy ratios corresponding to irregular waves are functions of
the angle of incidence, elastic constants, coupling constants, the characteristic time of
rubber relaxation, the director rotation-times, frequency and corrugation parameters.
(iii) The amplitude ratios corresponding to the regularly reflected and transmitted
waves are greater in magnitude than those due to irregular waves.

(iv) The values of energy ratio corresponding to irregular waves are found to be sig-
nificantly small in comparison to those due to regular waves.

(v) Theoretically and numerically, the amplitude and the energy ratios corresponding
to the regular waves are independent of corrugation and frequency parameters.

(vi) The values of amplitude and energy ratios corresponding to irregular waves show
linearly and non-linearly increase, respectively, with the increase of corrugation pa-
rameters.

(vii) The sum of all energy ratio is approximately unity at each value of incident
angle which ensures the law of conservation of energy.

(viii) The results of Ben-Menahem and Singh (1981), Singh (2015) and Asano (1960)

of the relevant problems are recovered from the present work.

Gl

110



Chapter 5

Chapter 5

Waves due to corrugated interface
between two dissimilar
incompressible transversely

isotropic fibre-reinforced elastic

half—spaces4

5.1 Introduction

A composite material is a material made from two or more constituent materials
with significantly different physical or chemical properties but when combined pro-
duce a material with characteristics different from the individual components. The
constituent materials are of two main categories - matrix and reinforcement. The
matrix material surrounds and supports the reinforcement materials by maintaining
their relative positions. The reinforcements impart their special mechanical and phys-
ical properties to enhance the matrix properties. Reinforcement usually adds rigidity
and greatly impedes crack propagation. Fibre-reinforced composites are materials
in which a fibre made of one material is embedded in another material. They are
widely used in many structural engineering for they possess high stiffness, strength

and toughness often comparable with structural metal alloys. The strength and the

4 Mechanics of Advanced Materials and Structures (2020)
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unbendingness of the material rely on the mechanical properties of the constituents
and the process of stress transfer occurring at the fibre/matrix interface. In na-
ture, composite materials are not generally isotropic rather anisotropic and hence
the rigidness of the materials largely depend on the direction of the forces and mo-
ments applied (Spencer, 1984).

A transversely isotropic material is one with physical properties which are sym-
metric about an axis that is normal to a plane of isotropy. This transverse plane has
infinite planes of symmetry and thus within this plane the material properties are
the same in all directions. This type of material exhibits hexagonal symmetry, so
the number of independent constants in the linear constitutive relations reduced to
5. Further the presence of incompressibility constraint on the transversely isotropic
theory results in the stress-strain relationship having only three material constants.
Transverse isotropy is observed in sedimentary rocks at long wavelengths. Each layer
has approximately the same properties in-plane but different properties through the
thickness. The plane of each layer is the plane of isotropy and the vertical axis is
the axis of symmetry. At present, despite their high cost, these materials are more
and more popular in high-performance material products owing to its superiority in
strength and durability, lightweight yet strong enough to take harsh loading condi-
tions such as aerospace components, boat and scull hulls, bicycle frames and racing
car bodies. Its applicability increased in the realm of orthopaedic surgery as well
(Reid, 2018).

In this chapter, we have attempted the problem of elastic wave incident at an
irregular interface between two different incompressible transversely isotropic fibre-
reinforced medium using Rayleigh method. There can exist two reflected and trans-
mitted quasi shear waves in certain limit of propagation, the existence of which
depends on the formation of the associated slowness and in such angular range, the
outer slowness is re-entrant. The usual stress-strain relations are modified to take

into account the incompressibility constraint with pressure (Singh et al., 2014). The
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closed form expressions for modulus of coefficients due to reflection and transmis-
sion as well as the energy distribution to various waves at the irregular interface are
obtained. Numerically, these energy ratios and coefficients are computed and are
plotted in the form of graphs using MATLAB programming. The results of Singh
(2007b) and Singh et al. (2014) are obtained from this work.

5.2 Governing equation

The constitutive equation showing stress-strain relationship which is appropriate
for small deformation of an incompressible transversely isotropic elastic material has

been derived by Baylis and Green (1986)
o=—p" I+ 2ure+2(ur, — pur){e® (ee) + (ce) @ e} + 4(ug — p1,){e(ce)}e®e, (5.1)

where p* is the pressure such that tr ¢ = 0, € is an infinitesimal strain tensor, o is
the stress tensor, e is an unit vector for the transversely isotropic axis, pz, pr and

w1 are longitudinal, transverse and weighted shear moduli respectively related by

Er

== 5.2
HE ETMT’ ( )

where the longitudinal and transverse Young’s muduli are represented by F; and Er
respectively. If the material is highly anisotropic, it is observed that E; > Er so
that Eq. (5.2) implied that the order of magnitude of ug would be larger than pur.
Consider a cartesian system Ox ;2223 in which Ox, is parallel to the fibre direction
of the transverse isotropy. The stress-strain relationships given by Eq.(5.1) reduces

to the form
0ij = =D 0ij + 2ure; + 2(pr — pir)(0in€jn + €1651) + 4(pup — pr)endindn  (5.3)
The stress tensor in terms of displacement component (uq,us,u3) can be written as

o =2Q2pup — pr)ury —p*, 02 =2upugs — p*, o33 = 2upuss — p,
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o2 = pr(ure +ug1), o013 =pr(urs+uss), 093 = pr(uss + uss). (5.4)

The general equation of motion for the elastic waves in an incompressible elastic

medium without the body force is
0ijj = pii, (1,5 =1,2,3) (5.5)

where p is the density of the medium and superimposed dot is derivative with respect
to time.

Inserting Equation (5.4) into (5.5), we get

22up — pr)uran + po(uree + ug o) + prp (U s + usis) — piy = pii, (5.6)
pr(ug 12 + ug 1) + 2p7ug 00 + pir (U233 + Us23) — PTQ = plig, (5.7)
pr(uris + usar) + pr(uges + us o) + 2urusss — ply = pils. (5.8)

The incompressibility condition in the linearized form may be represented by the

relation

Uy + ug2 +uzsz =0 (5.9)

5.3 Wave propagation

Consider wave propagation in x;xs-plane such that the x; and x3-axis lies hori-
zontal while the xo-axis is vertical. Suppose two different half-spaces, Q2 = {(z1, z3) :
1 € Ryzg € [(,00)} and @ = {(z1,22) : 21 € R,x9 € (—00,()}, are separated by
x9 = ((x1) which is periodic in z; and does not dependent on x3 whose mean value
being zero. The parameters in {2 are labelled without dashes, while the parameters
in Q' are labelled with dashes. The function {(x;) is expanded by using Fourier series
as

(1) = 3 (Gone™ + G, (5.10)

n=1
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where the coefficients of Fourier series expansion (4., is of order n, the wavenumber
is represented by p and + = \/—1.

If we insert d, ¢, and s,, such that

d Cn F 18,
Cx1 = C:tn::FT, (n=2,3,4,...)
then
((z1) = dcos(pry) + Z{cn cos(npxy) + s, sin(npxy)}. (5.11)

n=2
If the interface of the wave takes only one term ((z1) = dcos(pzy), then the wave-
length and amplitude of corrugation will be 27 /p and d respectively.
The equations of motion in an incompressible transversely isotropic fibre-reinforced

elastic half-space €2 in the absence of body force reduces to

22up — pr)uran + po(ur e + uga2) — piy = piiy, (5.12)

pr(ug a2 + uga1) + 2urus 00 — p:kz = plia, (5.13)

Similarly, in half-space " we have
2(2pp — ) 1y + (U g + U 10) — P = puly, (5.14)
HIL<U/1,12 + u/2,11) + 2”&‘“/2,22 - p’S = Pd/2~ (5.15)

Suppose an elastic wave be incident with an angle o at x9 = ((z1). There exists
regular and irregular waves due to undulated nature of the interface (Asano, 1961).
The total displacement components in the half-spaces {2, 2’} with pressure fields are

given by

2
< U, Ug, Pt >= Z < Amdgm), Amdém), kB > exp(iPy,)

m=0
2 00
+3 N < AL A A A kB, > exp(iP,), (5.16)
m=1n=1
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4
<y, uh, pt >= Z < Apd™ | ApdS™ kBl > exp(iPy,)

m=3
4 00
DT < AE AV A A Bt > exp(iPE), (5.17)
m=3 n=1

where P, = km(mlpgm) + prgm) —cmt), PE = km(arlpgf") + xgpgf") —cmt), Ay and

A denote amplitude constants with phase speed ¢,,, k, denotes the wavenum-
ber, (dgm),dgm)) and (dgnﬁn),dgfn)) are unit displacement vectors, (pgm), pgm)) and
(pgrfn),pgfn)) are unit propagation vectors. Noted that m =0, m = 1,2 and m = 3,4
denote for the wave incidence, regularly reflected and transmitted waves respectively,
while mn = 1n,2n and mn = 3n,4n denote for the irregularly reflected and trans-

mitted waves respectively.

The Snell’s law (Singh, 2007b) may be represented by
kopl” = ko, q=1(1)4. (5.18)

The angles of irregular waves and those of regular ones are related through spec-

trum theorem given by Abubakar (1962¢)

= —sinap £ 2, m=1(1)4 and n=123,.. (5.19)

sin «
mn
K

Using Egs. (5.16) and (5.17) into Egs. (5.12)-(5.15), the expressions of propagation

velocity due to the incident wave, regularly reflected and transmitted waves at p =

(Pgm)a 0,p:(>)m)) and p’ = (p’l(m), 0, p;f’”)) are obtained as

HL*4(#L*HE)(p(1m))Q(Pém))z’ m=0,1,2
A = g (5.20)
P ) G2 gy

Notice that these velocities depend on the angle of propagation and hence, these

waves are quasi-nature.

116



5.4 Boundary conditions

The suitable boundary conditions for this problem at xo = ((x;) are

(i) the displacements components are continuous,
(ii) the shear tractions are continuous,
(iii) the normal tractions are continuous.

These boundary conditions can be written as

up =y, Uz = uy,
o12(1 = () + (022 — o11)¢ = 015 (1 = %) + (095 — 011,
02 — 2012(" + 011(* = 0%y — 207,¢ + 01, ¢

Using Eq. (5.4) into Eqs.(5.22) and (5.23), we have

por(ur e+ ugq)(1 — Ca) +{2ur(ur g + ugp) — dppug 1 3¢
= NIL<U/1,2 + U/2,1)(1 - C,2> + {QMIT(U,M + U,22) - 4,“357/1,1}0,

Qurug s — p* — 2ur(urg + up1 )+ {2(2up — pr)ury — p*) 2

= 2y — p* — 2pp (U + uh )¢+ {220 — pp)uh, — p*) I

where
9
r +inpry
¢ ==£) wmpine :
n=1

Using Eqs.(5.16)-(5.19) into (5.21), (5.24) and (5.25), we get

2
n)
Z Amd m) ZCIﬂmPQ + Z Z A :tlnpxl z<l<:mp2i
m=0 m=1n=1
4 ]
Z Z < 1Ckmp2 + Ai dli )eiznpwlezgkmp;:zn)) ’
m=3 n=1
- n)
3 Andse Chap{™ | Z Z A ) e ik
m=0 m=1n=1
4 oo
B P Y

m=3 n=1
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(5.21)
(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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ZAm{ 1- /2) L/\ +€’7m}k 61Ckmp2 +ZZA 1 )HL)‘mn

m=1n=1

4
(m
+ P B = 57 A1 = b € Pl

4 o)
+ Z A { )H’L)‘mn + g ,ymn}kme:l:mpm ezCkmpélln)7 (528)
m=3 n=1
2
S A l200dSpS — POV = 20 X+ {(dpi — 2000)dS ™ — FOIYCky

=0
x ki Z Z A 2ppdstpS™ — PO — 200 X+ {(dpp — 2u7)dE"

m=1n=1
4
% pgnim) _ F(mn))C/Q]k Funpay piCkmpyy ) Z ZLLTd(m — p/om QM/L)\mC/
+ {44ty — 20 ) AP — NPkt ZZA [2prdsy P

m=3 n=1

= FO) — 90 A€+ { (4l — 20 ) AT D = FOM Yl ¢

(5.29)

where

N = dpE) gy gl ) ) mn) ), ()

Vi = —A4ppds S, o = —4pdS VPN A = —AplpdSpSE

FO = 924 — o) dp™ + 210 p8" (@ pS™ + A5 ™) + 2p0rdSpy

Fm) = (2 — pr)d{Tp + 2upl TS @V P + dSTRE) + 2urdgy ply"
P =3ty — i+ A+ ) 4 A,

FOm) = 2241y — ) dT2 T 2y plm plm (@ plm) 4 dSep(e) + 2utdSe pie”

The reflection and transmission coefficients corresponding to the regular and

irregular waves will be obtained using these equations.
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5.5 Reflection and transmission coefficients

Following Rayleigh’s method of approximation, we assume that the amplitude

and slope of the irregular interfaces are small enough such that

erry” — 1 4 z(’péo), N szélin , etc. (5.30)

5.5.1 For regular waves

Using the Fourier series expansion given by Eq.(5.10) and Eq.(5.30) into Egs.(5.26)-
(5.29) and picking the terms not containing ¢ and z;, we get a system of four non-

homogeneous equations as

[Ap) X =F, d,p=1,2,3,4 (5.31)
where
) d? —d? —d’ X1/Xo fi
T A el I P2 B
dp] — ; = 3 - )
Lol =3 —l X3/ Xo I3
_m1 mo —13 —m4_ _X4/X0_ _f4_
fi==d, fo=—d, fs=—p(@d"p +d"p\"), fi=—2prdypy’ — FO),
Kk k
Iy k /AL(d(1 ) 4 d ) ly = k—juL(dgz)pf) + d§2)p§2)),
ks k4 4) (4 4) (4
b=~ )+ dP?), 1=~ )+ )
k k
mi = g Curdy s = FU) - ma = 2y = FO),
k k
s =~ D) — F9), g =~ i — )
Ko ko
It may be noted that,
d” =p’ =cosa, &) =—p” =sina; d" =pi, &) = —p{"; dP = pP,
dy) = —pi; d? =i, df) = —p{s di =, 4 = —pi?. (5.32)
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On solving Eq.(5.31), we get the reflection and transmission coefficients for the regular

shear-waves as

_ |Adp‘1 _ |Adp|2

r = N 9 = s (533)
’Adp‘ ‘Adp’
| Adpl3 | Adpls

ty = . t= . (5.34)
’Adp‘ |Adp‘

The values of the determinant |Agyl1, |Aapl2, |Adpls, |Aap|s respectively are obtained

from |Agy| by replacement of its 15¢, 274 374 4" column with F.

5.5.2 For irregular waves

+inpxy

Comparing the coefficients of e , we have a system of four non-homogeneous

equations as

AIX*=F* dp=1234 (5:35)
where
A g g g X7/ Xo fi
1in 2n 3n 4n

. déi) dgi) —déi) _dgi) + Xon/ Xo + 1
[Adp}n: , X* = , Fr = )

N Y - X3/ Xo 3

i omi omi | | X/ %o fi

k n n n n n n n
= = 1 (In) ( )—i-dl ), (1 ))’ lg: (d(2 (2n) d(2 (2 ))

1 — k_OML<d1i in k() 1+ Pot s
k3 n n k4 n n n n
= = @2+ ), = = (AR + dpE),
0 0
k ko ) (9n "
i = o Qurdy Y = PO,y = 2 Curd U - FE),

(2 Td 4TL) 4n) F/(4n))

k1 a (1)&_@d(2) 2)& k‘3d(3) X3 ks o) X

av d!
k01p2X0 k01p2X0 ko X0+k01p2X0’

k n n
i = — P ) — PO, i~ —

fE =1 {—dOp) —
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i = i~ - ’;O
fi =195 — 6 X
A
g5 = pu(d’py” + dy’p!”
gt = pu(d"py”

2
g5 = pr(dPp)

3
gx = 1y (dPpsY

4 4
g5 = py (dVpl!
hy =
hi

1 = Cund?f? — PO % 2oy ()

hi (2:qu2 Pz

hi = (2uipds ' py”

d2p

) X1 ke
Xo ko
92 X, +9g

X
hif—= 4+ pt
2 X, +

4+ X3
3X0

2) (2
dy”p

3X0+4X0
+

Chapter 5

(4) X4

Xy | ks ) X5 | Ka i
224 2dpy _d2 D Xo 5

X, k02p2f ko
Xy

L Xy

hX}

S k2 F npkodppd”p”,

+dpP SV k2 F npksdplpd

1 1 1 1 1
+dSp MV k2 T npkydpgdVpY,

+dP P k2 F npkydppdPp?,

3) (3
O

+ dy py s K F nkadyipdyVpy,
(QMngo)Pgo) — F0 )PQ ko F QManko(dg )pz + dz p1 )’

2urdVpd) — FOYpM 2 T 2 npky (dVp) + dPpiM)y,

+dyp?),

— F'O)pP k2 T 20 niphs (AP pS) + dPp),

- )p2 )k4 + 2NL”pk4<d1 pz "t d )

On solving Eq.(5.35), we get the reflection and transmission coefficients for the

irregular shear-waves as

’A ‘1n

+

n — ’A ‘n

t;:))t _ | dp|3n
" |A21tp|n ’

‘A ’271

+
5.36
2n — ‘A ’n ( )
| d |4n
=T (5.37)
! |A2ltp|n

where |A2Ep|mn and |A2Ep|n are similar representation as in Eq.(5.33) and Eq.(5.34).

We have observed that these coefficients are functions of the corrugation parameters,

frequency parameters, angles of propagation, unit displacement vectors, slowness

vectors and elastic constants of the media.
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5.6 Distribution of energy

Following Achenbach (1976), the energy due to incident wave is distributed to

regular and irregular waves. The energy distribution rate can be written as
OF =< o9 U >+ < oh U > (5.38)

The energy of incident wave is given by

(0)

(0) _
Ey = eqwX2eXkolaipr+eapy ot} (5.39)

where eq = ML(dg )Pz + dgo)p1 )d(o ko + QMT(d(O) F(O))dg))ko.

The energy of the reflected and transmitted wave are given by

( (m)

E=¢ wXQ eszm(xlplm)+mgp2 —cmt)
= Cm

(mn) )

+Zemn (X, )2e2hm w2 aan ) ent) -y — 19,34 (5.40)

where

(for m=1,2) e, = pr(d™pS™ + dS™ p{™)d™ ke + 207 (A pY™ — FO)dS ks,
e = M (T PEE + PV R+ 2pur (RS — POk,
(for m=3, 4) em = i (A" pg"™ + dg" p{"™ )d™ ks + 2 (dy™p5™ = F)d o,

e = 1 (2S4S A e+ 2 (R — FO) g R

When each corresponding energy is divided by the incident energy, we obtain the

energy ratios for the regular and irregular waves given by

B = 2|52 (541
i Xi 9

+ mn mn

E,, = }—60 H—XO . (5.42)

These energy ratios depend on unit displacement components, elastic constants of
the incompressible fibre-reinforced medium, angle of propagation, slowness vectors,

corrugation and frequency parameters.
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5.7 Special case, ( = dcospxy

If the corrugated interface is represented by ((x;) = dcospzry, d being the

amplitude of corrugation. Then the coefficient (4, become

[\CII~H

if n=1,
Can = (5.43)
it n#1.

e}

Using these values into Eqs.(5.36) and (5.37), the reflection and transmission coeffi-

cients become

Ti _ |A;zq|11 ’r’:t _ |A;;tq|21 £ _ |A;:q|31 - _ |A§q|41 (5 44)
11 ‘A;,tq‘l ; 21 ’Aﬁh ) 31 ‘A;,tq‘l ; 41 ‘A;thh

The energy ratios for this special case are obtained by assigning n = 1 in Eq.(5.42).
These coefficients and the energy ratios obtained in this section will be calculated for

a specific model and plotted in graphs.

5.8 Particular case

(a) If the corrugation of the interface is neglected, then d = 0. In this case, we
now deal with the reflection and transmission at the plane interface of two different
incompressible transversely isotropic fibre-reinforced medium. Here, the coefficients
as well as the energy ratios exists only for the regular waves, which are given by
Eqgs.(5.33), (5.34) and (5.41) respectively. The results obtained, in this case, exactly
match with the results of Singh et al. (2014) for the relevant problem.

(b) If the upper half-space €' is absent, then we are left with only the reflection
from the plane free boundary. The reflection coefficients are given by Eq.(5.33) with

the following modified values
‘Adp’ = limg — lymy, |Adp‘1 = mybs — laby, ’Adp|2 = l1by — mqbs3.

These are the same results as obtained by Singh (2007b) for the relevant problem.

123



Chapter 5

5.9 Slowness section

To study the nature of reflected and transmitted wave, we consider the slowness
section associated with the reflected and transmitted waves in the x;xs-plane. For
this, we seek the solution corresponding to equations of motion (5.12) and (5.13) in

the form
< up,ug >=< U,V > exp{uw(x151 + 2250 — 1)}, (5.45)

where the slowness vector s = (s1, $2) is defined by s, = p,/c, n =1, 2.
Inserting Eq.(5.45) into the Eqs.(5.12) and (5.13), the associated equation of slowness

section is obtained as
a(s] + s3) + csisy — (s7+53) = 0, (5.46)

where

_ b _App —2pp
a="=, c="-="T=

p p
We differentiate Eq.(5.46) with respect to s; and take Z—ii — oo provided s, # 0 for

the outer section is re-entrant and obtain

1 —cs?
2a

Sg = (5.47)
With the help of Eq.(5.47), (5.46) can be expressed as a quadratic function in s? as

(4a® — ac®)st + (2ac — 4a*)s3 —a =0 (5.48)
which has a real root for

2a > ¢ (5.49)

Notice that when s = 0, then Eq.(5.46) gives s; = ﬁ Thus Eq.(5.46) will have

two real roots of s2 provided 0 < s; < ﬁ
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Similarly, for the transmitted waves in the half-space ', we have
d (s + sh) + ssE — (s 4 s%) =0, (5.50)

where o/ = iy [/, ¢ = (44 — 24,) /4.
The range of angle of incidence for two reflected and transmitted quasi-shear waves

is

_ P
0<a<tan? [\/ ir = Br | or tan! Hr — Hr . (5.51
(2ne = pr = pr) ity 1, — iy | Y

5.10 Numerical computations

In this section, numerical illustrations for coefficients and energy ratios are
presented. We concentrate our analysis only to the possibility of having two quasi-

shear waves. There are two choices for this and they are (Singh, 2007b)
sgo) > 0, sgl) <0, séz) >0 or 350) <0, sél) > 0, 5&2) <0

and

s <0, P >0 or Y>>0, Y <o.

The following values of parameters are considered (Singh, 2007b):

(for lower half-space, )

pr = 1.05GPa, pur =0.84GPa, pup=0.63GPa, p=2.1gm/cm?,

st = —0.36, s =0.05
(for upper half-space, ')

py = 1.092GPa, py =0.882GPa, )y = 0.672GPa, p = 7.80gm/cm?,

S = 052, s\ =0.60

with pd = 0.000001 and w/pcy = 60.
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3l

N 4 4 2 02 2 2_
—C" 0.14s 1+O.14s 2+O.064s 15557 2—0

Figure 5.1: Slowness diagram for the half-space, .

The slowness diagram for the half-space 2’ is shown in Figure 5.1. There are two
reflected and transmitted quasi shear waves within the range 0 < a < 30" due to
Equation (5.51). The variation of the modulus of reflection and transmission coef-
ficients are depicted in Figures 5.2-5.4, while Figures 5.5-5.7 depict the variation of
energy ratios with incidence angle, o. Figures 5.8-5.11 show the variation of coeffi-
cients and energy ratios for irregular waves with the corrugation parameter, pd.

In Figure 5.2, the coefficient o due to regularly reflected quasi-shear wave starts
from a certain point at the normal angle of incidence which decreases to minimum
value at o = 17.5° and then increases with the increase of . In the same figure,
the coefficients r; and t3 due to regularly reflected and transmitted quasi-shear waves
start from certain point and then decrease with the increase of o while ¢, increases
with the increase of a.

In Figure 5.3, the reflection coefficients 7, r4,,77; and ry; due to irregular waves
start from certain value at the normal angle, increase initially and then decrease with

the increase of the angle of incidence.
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25— 7

Coefficients

Angle of incidence

Figure 5.2: Variation of reflection and transmission coefficients for regular waves with a.
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Figure 5.3: Variation of reflection coefficients for irregular waves with a.

In Figure 5.4, the transmitted coefficients ¢;; and t,; of the irregular waves de-
crease from certain point with the increase of angle of incidence, a. In the same
figure, ¢4, and t;; increase at a slow rate with «, attaining their highest value at

= 19Y and o = 20° respectively which then decrease with o.
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Figure 5.4: Variation of transmission coeflicients for irregular waves with «.
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Figure 5.5: Variation of energy ratios for regular waves with a.

In Figure 5.5, the energy ratio E3 of the regular wave starts from certain value at
the normal angle of incidence and decreases while the energy ratio F, increases with
the increase of angle of incidence, . In the same figure, the energy ratios £ and Es

decrease with the angle of incidence to zero at o = 20° and o = 15° respectively.
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Energy ratios
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Figure 5.6: Variation of energy ratios Eﬁ and Eécl for irregular waves with «.

In Figure 5.6, the energy ratios Ey|, Ey; of the irregularly reflected waves decrease
from certain point with the increase of a. The energy ratios F,, and E,; increase
from a certain value attaining maximum value at o = 11° and o = 8° respectively

and then decrease with «.

x 10

Energy ratios

0 : n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n
0 5 10 15 20 25 30

Angle of incidence

Figure 5.7: Variation of energy ratios E;& and E4i1 for irregular waves with a.
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In Figure 5.7, the energy ratios E3;, B3, E;; and Ejf; of the irregularly transmitted
quasi-shear waves decrease from a certain value at normal angle of incidence with the

increase of «.

0.18 r— -~~~ 1~ 1 T T T T T T T T T T T
L Lt
0.16 [ l'rll
[ o
0.14 1 [HoM
0.12 L III:O.lxr’ll
2 : . ]
3 o1f Viry, ]
o t ]
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@ r ]
@) : ]
0.06 7]
0.04 F 1
0.02 F ]
0 lg T n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n
0 0.5 1 15 2 25 3

Corrugation parameter (pd) %107

Figure 5.8: Variation of reflection coefficients rﬁ and rgcl for irregular waves with pd.

All the reflection coefficients (r{;, 757,717, 75) in Figure 5.8 and the transmission
coefficients (t3;,14;, 151, t5) in Figure 5.9 are increasing linearly with the increase of

pd.

0.045 : : : x x
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Figure 5.9: Variation of transmission coefficients t?ﬁ and tfﬁ for irregular waves with pd.
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Figure 5.10: Variation of energy ratios Eli1 and E;EI for irregular waves with pd.
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Figure 5.11: Variation of energy ratios E;El and Efl for irregular waves with pd.

In Figures 5.10 and 5.11, we observed that Ej}, Ey,, B}, Ef,, E;, By, E5 and Ej
increase with the increase of pd, but the mode of increase are non-linear. Thus, we
have noted that the coefficients as well as energy ratios due to irregular waves depend

on the corrugation parameter, but they are independent of pd for regular waves.
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5.11 Concluding remarks

The propagation of elastic wave at the corrugated interface between two dis-
similar incompressible transversely isotropic fibre-reinforced half-spaces has been in-
vestigated. The reflection and transmission coefficients due to regular and irregular
quasi-shear waves and their energy ratios are obtained. They are computed numeri-
cally for a specific model, ( = d cos px; and graphs are presented. We have following
remark points:

(i) All the coefficients and energy ratios of the irregularly reflected and transmitted
quasi-shear waves depend on the angle of propagation, unit displacement vectors,
slowness vectors, elastic constants, corrugation and frequency parameters.

(ii) The modulus of coefficients and energy ratios of the regular waves do not depend
on pd and w/pcy.

(iii) The values of the coefficients and energy ratios due to the irregular waves are
very small in comparison to those of the regular waves.

(iv) The reflection and transmission coefficients of the irregular waves increase lin-
early but the energy ratios increase non-linearly with the increase of pd.

(v) The sum of energy ratios is close to one.
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Chapter 6

Summary and Conclusions

In the present thesis, the problems of elastic wave propagation at a corrugated
interface between two dissimilar elastic half-spaces have been investigated. The ex-
pression for phase velocities of the incident wave, reflected and transmitted waves are
obtained which are dependent on the angle of propagation. The phenomena of reflec-
tion and transmission of longitudinal and shear waves are discussed with the help of
appropriate boundary conditions using Rayleigh method of approximation. Ampli-
tude and energy ratios of reflected and transmitted waves are obtained analytically
and numerically for a particular model. We also discuss the effects of corrugation
and frequency parameters on these ratios.

Chapter 1 is the general introduction. It includes basic definitions, different types
of anisotropic symmetry, stress-strain relationship with generalized Hooke’s law, con-
servation of linear momentum, Spectrum theorem, Rayleigh’s method of approxima-
tion, importance of wave propagation and review of literature.

In Chapter 2, the problem of reflection and transmission phenomena of elastic
¢SV and gP-wave due to incident plane ¢SV -wave at a corrugated interface between
two dissimilar monoclinic elastic half-spaces has been investigated. We have no-
ticed that both ¢SV and gP-waves are reflected and transmitted for the incidence of
qP/qSV-wave. We have obtained the reflection and transmission coefficients for the

regularly and irregularly reflected and transmitted waves using Rayleigh’s method
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of approximation. These coefficients are computed numerically for a special type of
interface, z = dcospy and discussed the effects of corrugation (pd) and frequency
parameter (w/pcg). We have the following concluding remarks:

(i) All coefficients corresponding to regular waves are functions of angle of inci-
dence and elastic constants, while those of irregular waves are found to be functions
of angle of incidence, elastic constants, corrugation and frequency parameters.

(ii) Theoretically and numerically, those reflection and transmission coefficients
corresponding to regular waves are independent of corrugation and frequency param-
eters.

(iii) The coefficients corresponding to irregular waves are found to be linearly
proportional to corrugation and frequency parameters.

(iv) It is found that the values of coefficients corresponding to irregular waves
increase with increase of pd and w/pcy.

(v) The values of coefficients corresponding to irregular waves are smaller than
those of regular waves.

In Chapter 3, the problem of reflection and transmission of elastic waves at a
corrugated interface between two dissimilar nematic elastomer half-spaces has been
studied separately for the incident ¢P and ¢SV-waves. The expressions of the phase
velocities corresponding to g P and ¢SV -waves are obtained. The closed form expres-
sion of the amplitude ratios corresponding to the reflected and transmitted waves
for the incident ¢P and ¢SV -waves are derived by using appropriate boundary con-
ditions. The energy partitions due to the corrugated interface are also discussed.
The amplitude and energy ratios of the regular and irregular waves are computed
numerically for a particular model, x5 = dcos pz; for different values of corrugation
parameter. We conclude the following points:

(i) All amplitude ratios corresponding to irregular waves are functions of the an-
gle of incidence, elastic constants, coupling constants, characteristic time of rubber

relaxation, director rotation times, frequency and corrugation parameter.
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(ii) The amplitude and the energy ratios corresponding to the regular waves are
independent of pd and w/pc.

(iii) The amplitude and energy ratios corresponding to the regular ¢P-waves are
greater than those ratios corresponding to regular ¢SV-waves for the incident ¢P-
wave, but it is reversed in the case of incident ¢SV -wave.

(iv) The amplitude and energy ratios corresponding to the regularly reflected and
transmitted waves are greater in magnitude than those of irregular waves. Those
ratios corresponding to irregular waves are small.

(v) The ratios r?P, psvp, tsop tsvsv, rf””, tivsv—l—’ I A ') E;Up, E;?ljs’u'i‘,
E37°~ and E37°" increase with the increase of the angle of incidence (o), while 7P,
3%~ E& and Ejy*"" decrease with the increase of ay.

(vi) The amplitude ratios corresponding to irregular waves increase linearly with
the increase of pd, but at different rates.

(vii) The energy ratios corresponding to irregular waves increase non-linearly with
the increase of pd.

(viii) The sum of the energy ratios is close to unity at each angle of incidence.

In Chapter 4, the reflection and refraction phenomena of elastic waves due to in-
cident ¢S H-wave at a corrugated interface between two different nematic elastomer
half-spaces have been studied. The expression of the phase velocity for shear har-
monic wave is derived and observed that this phase velocity depends on the angle of
propagation. The first order approximation of amplitude ratios corresponding to re-
flected and transmitted waves are obtained using Rayleigh’s technique. There exists
a critical angle at oy = 83°. The energy distribution, and hence the energy ratios
due to various reflected and transmitted waves are also obtained. A particular case,
z = d cos pr has been performed to validate the present study for the amplitude and
energy ratios. We conclude with the following points:

(i) The angles corresponding to the reflected and transmitted waves increase with

the increase of the angle of incidence.
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(ii) All amplitude and energy ratios corresponding to irregular waves are functions
of the angle of incidence, elastic constants, coupling constants, the characteristic time
of rubber relaxation, the director rotation-times, frequency and corrugation parame-
ters.

(iii) The amplitude ratios corresponding to the regularly reflected and transmitted
waves are greater in magnitude than those due to irregular waves.

(iv) The values of energy ratio corresponding to irregular waves are found to be
significantly small in comparison to those due to regular waves.

(v) Theoretically and numerically, the amplitude and the energy ratios corre-
sponding to the regular waves are independent of corrugation and frequency param-
eters.

(vi) The values of amplitude and energy ratios corresponding to irregular waves
show a linear and non-linear increase respectively with increase of corrugation pa-
rameters.

(vii) The sum of all energy ratio is approximately unity at each value of incident
angle which ensures the law of conservation of energy.

In Chapter 5, the reflection and transmission phenomena of elastic waves at an
irregular interface between two dissimilar incompressible transversely isotropic fibre-
reinforced half-spaces have been discussed. There exist two reflected and transmitted
quasi-shear waves within the range 0 < a < 30° when the outer slowness is re-
entrant. The expressions of propagation velocity are obtained for both the reflected
and transmitted waves. The reflection and transmission coefficients due to regular
and irregular quasi-shear waves and their energy ratios are obtained. They are com-
puted numerically for a specific model, ( = dcospr; and graphs are presented. We
have the following remarks:

(i) All the coefficients and energy ratios of the irregularly reflected and transmit-
ted quasi-shear waves depend on the angle of propagation, unit displacement vectors,

slowness vectors, elastic constants, corrugation and frequency parameters.
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(ii) The coefficients and energy ratios of the regular waves do not depend on pd
and w/pcy.

(iii) The values of the coefficients and energy ratios due to the irregular waves are
small in comparison to those due to the regular waves.

(iv) The reflection and transmission coefficients of the irregular waves increase
linearly but the energy ratios increase non-linearly with the increase of pd.

(v) The sum of energy ratios is close to one.

FUTURE SCOPE

We could suggest some interesting problems related with the works in this thesis.
1. Energy distribution at a corrugated interface between two dissimilar monoclinic
elastic half-spaces.
2. Scattering of elastic waves at an irregular interface between two dissimilar incom-
pressible transversely isotropic fibre-reinforced half-spaces due to incident ¢P/qSV-
waves.
3. Scholars may also look for the extension of the present problems by finding the

reflection and transmission coefficients for second order of approximation.
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ABSTRACT

The subject of wave propagation is an interesting area of research that deals with
numerous problems in the fields of Seismology, geophysics, Earthquake engineering,
tele-communication, medicines (echography), metallurgy and signal processing. It
is useful to detect the notches and faults in different types of materials such as in
railway tracks, buried land-mines, etc. The technique of wave propagation is used
in exploration of valuable materials such as minerals, crystals, hydrocarbons, fluids
(oils, water) etc. beneath the earth surface. The following objectives are taken up in

the thesis:

1. Elastic waves at a corrugated interface between two dissimilar monoclinic elastic

half spaces.
2. Elastic waves at a corrugated interface in nematic elastomers half-spaces.

3. Elastic waves at a corrugated interface between two dissimilar incompressible

transversely isotropic fibre-reinforced elastic half-spaces.

Chapter 1 is the general introduction which includes basic definitions, different
types of anisotropic symmetry, stress-strain relationship with generalized Hooke’s
law, conservation of linear momentum, Spectrum theorem, Rayleigh’s method of ap-
proximation, importance of wave propagation and review of literatures.

Chapter 2 discusses the problem of reflection and transmission phenomena of
elastic ¢SV and gP-wave due to incident plane ¢SV -wave at a corrugated interface
between two dissimilar monoclinic elastic half-spaces. We have obtained the reflec-
tion and transmission coefficients for those regularly and irregularly reflected and
transmitted waves using Rayleigh’s method of approximation. These coefficients are
computed numerically for a special type of interface, z = d cos py and discussed the
effects of corrugation (pd) and frequency parameter (w/pcy).

Chapter 3 investigates the problem of reflection and transmission of elastic waves

at a corrugated interface between two dissimilar nematic elastomer half-spaces due



to incident ¢ P and ¢SV -waves. The expressions of the phase velocities corresponding
to ¢P and ¢SV -waves depend on the angle of propagation. The amplitude and en-
ergy ratios corresponding to the reflected and transmitted waves for the incident ¢ P
and ¢SV -waves are derived by using appropriate boundary conditions. These ratios
of the regular and irregular waves are computed numerically for a particular model,
x3 = dcos pzy for different values of corrugation and frequency parameters.

Chapter 4 studies the problem of scattering of elastic waves due to incident ¢S H-
wave at a corrugated interface between two different nematic elastomer half-spaces.
The phase velocity for shear harmonic wave is obtained and it is observed that this
phase velocity depends on the angle of propagation. The first order approximation
of amplitude ratios corresponding to reflected and transmitted ¢S H-waves are ob-
tained using Rayleigh’s technique. The energy ratios due to various reflected and
transmitted waves are also presented. A particular case of the corrugated interface,
i.e., z = dcospx has been investigated to validate the present study. The effects of
corrugation, frequency and relaxation parameters on the amplitude and energy ratios
have been discussed.

The problem of elastic waves at an irregular interface between two dissimilar in-
compressible transversely isotropic fibre-reinforced half-spaces has been discussed in
Chapter 5. We come across the existence of two reflected and transmitted ¢S H-waves
in an angular range, 0 < a < 30°. The reflection and transmission coefficients due to
regular and irregular ¢S H-waves are obtained using Rayleigh’s method of approxima-
tion. Energy ratios at the corrugated interface are also presented. These coefficients
and energy ratios are computed numerically for a specific model, { = d cos pz;.

Chapter 6 is summary and conclusion.

Finally, a list of references is given at the end.
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