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PREFACE

The present thesis entitled “A Study of Elastic Wave in Different Thermoelas-
tic Materials” is an outcome of the research carried out by me under the supervision
of Dr. S. Sarat Singh, Department of Mathematics & Computer Science, Mizoram
University, Aizawl - 796 004, Mizoram, INDIA.

This thesis consists of problem related with the propagation of elastic waves in
different thermoelastic materials. The amplitude and energy ratios of body waves
and the dispersion relations of surface waves are derived with the help of appropriate
boundary conditions of the materials. It consists of six chapters. The first chapter
is the introduction of the thesis which includes the basic definitions, elastic waves,
thermoelasticity and theories, application of wave propagation and review of litera-
ture.

Second chapter deals with the propagation of surface waves (Stoneley and Rayleigh
waves) in thermoelastic materials with voids. The frequency equations of the Stone-
ley waves at the bonded and unbonded interfaces between two dissimilar half-spaces
of thermoelastic materials with voids were obtained. The numerical values of the de-
terminant for bonded and unbonded interfaces are calculated for a particular model.
We also derived the frequency equation of Rayleigh wave in thermoelastic materials
with voids. The phase velocity and attenuation coefficients have shown that there
are two modes of vibration. These two modes are computed and they are depicted
graphically. The effect of thermal parameters on these surface waves are also dis-
cussed.

Third chapter studied the reflection/transmission of elastic waves in initially
stressed transversely isotropic thermoelastic materials. Three quasi type coupled
longitudinal(Q L), transverse(Q7T') and thermal waves were found to propagate in ini-
tially stressed transversely isotropic thermoelastic materials. For incident QL and
QT-waves at a plane interface, boundary conditions were implemented for obtaining

the coefficients of reflection/transmission, the distribution of energy in the reflected



and transmitted waves are also discussed. We have observed that the results vary
with direction of incidence as well as the parameters due to elasticity, thermal and
initial stresses. Numerical computations have been performed and analyzed the im-
pact of initial stresses on the results. We have observed critical angles at 6, = 30°
and 58 for the reflected and transmitted QL-waves for incident QT-wave.

In Chapter 4, we have investigated ‘how do Rayleigh waves propagate on the
surface of heat conducting saturated porous materials?’. There exist three couple
longitudinal and a shear wave in such materials. The phase velocities of these body
waves are obtained and used for calculating the numerical results of phase velocities
of the Rayleigh type waves and attenuation coefficients. The dispersion relation for
Rayleigh type waves is obtained with the help of boundary conditions. We have
observed that two modes of Rayleigh waves, i.e., Type - I and II exist in the thermoe-
lastic saturated porous medium. The phase velocity and attenuation coefficients of
these waves are computed to verify the model. We have presented the results through
velocity curves. We have observed that the velocities depend upon the porosity, voids,
elastic and thermal parameters of the materials.

Chapter 5 discuss the problem of reflection /transmission of elastic waves in incom-
presssible transversely isotropic thermoelastic materials. Due to the incompressibility
condition, two coupled quasi-shear waves are found to propagate in such materials.
At the plane interface, appropriate boundary conditions have been implemented to
obtain the amplitude ratios of the reflected and transmitted quasi-shear waves. It
has been observed that these ratios are functions of angle of incidence, elastic and
thermal parameters of the material. To analyze the effect of thermal expansion and
specific heat of the material, we have depicted the results graphically.

Chapter 6 is summary and conclusions of the thesis.

A list of references has been given at the end.
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Chapter 1

General Introduction

1.1 Basic definition

Let R = (X1, X5, X3) and r = (x1, 29, z3) be the position vector of a particle in
the undeformed body V} at time ¢y, and deformed body V' at time ¢y + t respectively.
This vector R refers particles of the body, while vector r describes the motion of the

particles. Thus
r =r(R,1), (1.1)

represents the deformation (motion) of all the particles in V4 as shown in Figure 1.1.

In component form, we can write

Vo

V
x3‘

T u(R)

R
=
—» X2

0

X1

Figure 1.1: Deformation of a body.
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r, = I; = I’i(Xl,XQ,Xg,t), 1= 1,2,3. (12)

It is possible to write R in terms of r (See Pujol, 2003)

R =R(r,t) (1.3)

if the Jacobian is different from zero, i.e.,

8 (.’171, X2, 1'3)
a (X17 X27 XS)

J= £0.

Equations (1.1) and (1.3) corresponds to the Lagrangian and FEulerian description
of motion respectively. This deformation is caused due to an external force, which
is either a body force that acts at a distance within a body or between bodies or a
surface force which acts upon a surface element of the body, regardless of whether
that element is a part of the boundary surface or an arbitrary element of surface
within the body.

If the distance between two neighborhood particles of a body is negligibly small in
comparison to its dimension, then the body is called continuum body. When an elastic
continuum body which is in equilibrium is subjected to some external forces, then
the body undergoes deformation. In this process, the particles act against internal
resistive forces of the material, that exist even in the absence of external forces. The

force per unit area set up inside the body to resist the deformation is called stress.

fi X3 Jr

» X2

Xy

Figure 1.2: Stress vector.
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Consider a surface element AS, inside or on the boundary of a material having
volume V' as shown in Figure 1.2. Let the force acting on the surface element AS be
denoted by F. The stress vector T which represents the surface force per unit area

acting at the point (z;) across the surface element with outward unit normal vector

f is given by (Sokolnikoff, 1946)

R . F
TR = x5 -

If T™ is the stress vector acting at a point of surface to which f is normal, then
Tn = Tijnj,

where 7;; is a stress tensor and it represents the 4" component of the stress vector
acting across a plane to which z;-axis is normal.

The deformation of the body accompanying stress is called strain. The deformation
is called dilatation when the strain set up in the body is such that there is a change in
volume of the body without change in its shape. But the deformation is called shear
if the strain setup in the body is such that the shape of the body changes without any
change in its volume. Thus, stress and strain occur simultaneously. The relationship
between stress and strain for a deformable body is given by the generalized Hooke’s
law which states that stress and strain are linearly related. The tensor form of this

law is given as
Ty = Cymews (6 J, Ky =1, 2, 3) (1.5)

where c;;p; is the elastic constant and also known as stiffness tensor. These are 81
which reduce to 54 due to symmetric nature of stress tensor and then reduce to 36 due
to the symmetry of strain tensor. The existence of strain energy function give further
reduction of these constants to 21 independent elastic constants. Such an elastic
body is called anisotropic material. For a monoclinic anisotropic materials, there are

13 independent elastic constants. The number of independent elastic constants in
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orthotropic materials and transversely isotropic materials are 9 and 5 respectively.

1.2 Elastic waves

Wave is a disturbance or variation that carries energy from one point of the
medium to another without actual transfer of particles. It may take the form of
elastic deformation, change in temperature, pressure, electric potential, electric or
magnetic intensity. The amplitude of a wave is the maximum displacement of any
particle of the medium from its equilibrium position. The time taken by any particle
of the medium to complete one vibration is called period of a wave. Wavelength is
equal to the distance between two consecutive particles of the medium which are in
the same state of vibration. It is also equal to the distance traveled by a wave by
its period. Frequency of a wave is the number of vibration made per second by any
particles of the medium. Phase or phase angle and phase difference represent the
state of vibration of the particle of a medium with respect to its mean position and
the different state of vibration of a particle at two different instants respectively. Path
difference indicates the distance between two points measured along the direction of
propagation of the wave through the medium, time difference is the time taken by
the wave to travel from one point of the medium to another.

The consequence of a rapid disturbance in an elastic material is transmitted from
one part of the body to another parts of the body. The remote parts of the body
may not be effected by the disturbance produced at a point as soon as it is produced.
This disturbance propagates through the body in the form of waves which are called
elastic waves. The elastic waves are based on the principle of restoring forces act-
ing on the particles of the medium, when the material is deformed by some external
force. Those waves found in the earth’s crust due to earthquakes are known as seismic
waves. When an elastic wave propagates in the material, the energy associated with
the deformation of the material gets transferred in the absence of a flow of matter.

The properties of elastic waves depend on the properties of the material in which



Chapter 1

they propagate. Elastic waves are mainly divided into two types: Body waves and
Surface waves.

Elastic waves which propagate through the interior of an elastic body are known
as body waves. These waves are classified into Primary waves (P-waves) and Sec-
ondary waves (S-waves) according to their modes of propagation. The primary waves
are compressional waves which are longitudinal in nature, they are associated with
pushing or pulling of the particles along the direction of the energy. These waves are
able to travel through solid as well as liquid materials and can travel through the
material with the greatest velocity. The secondary waves are shear/shaking waves
that are transverse in nature shearing the particles of the material along the direc-
tion perpendicular to the direction of the wave. These waves have different effects on
the surface of the material depending on their polarization and direction of propa-
gation. Horizontally polarized S-waves known as shear horizontal (SH ) waves move
the material from side to side relative to the direction of propagation of the waves.
Vertically polarized S-waves known as shear vertical (SV ) waves move the particle
of the material up and down relative to the direction of propagation. The velocity
of the body wave depends not only on the elastic property of the medium but also
on the density of the medium. Since it is not possible to shear or twist a liquid, the
secondary waves can travel only through solids and their speeds of propagation are
slower than those of P-waves.

Surface waves are produced at the surface of material discontinuity in an elastic
body. These waves are propagating along the direction parallel to the surface of dis-
continuity and the amplitudes of these type of waves decrease with the increase in
the distance from the free surface. Surface waves are produced by energy carried by
body waves incident at the free surface of the material. There are mainly three types
of surface waves: Rayleigh waves, Stoneley waves and Love waves.

It was Rayleigh (1885) who first found the existence of an elastic wave in the

vicinity of the free surface of a semi infinite, homogeneous and isotropic elastic solid.
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The effect of these waves decrease rapidly with depth from the free surface and these
waves are known as Rayleigh waves. These waves are the result of fusion of longi-
tudinal and transverse waves and the particle motion in these waves are confined to
the neighborhood of the free surface. It is found that the surface particles describe
an elliptical path in the retrograde fashion and the maximum displacement parallel
to the direction of transmission is about two third of that in the vertical direction.

Stoneley (1924) observed that Rayleigh type waves could be transmitted along
the interface between two semi-infinite elastic solids having almost similar elastic
properties in welded contact. These waves are known as generalized Rayleigh waves
or Stoneley waves. Later on it was confirmed that generalized Rayleigh waves do to
exist at the interface of a solid medium and a liquid medium and their phase speeds
are lesser than that of regular Rayleigh waves.

Love waves are horizontally polarized surface waves which travel along the free
surface of an elastic material. These type of waves are the result of interference of
many S- waves guided by an elastic layer between elastic material and a stress free
surface. Love wave is the fastest surface wave and causes horizontal shifting of the

particles of an elastic material at the right angle to the direction of propagation.

1.3 Thermoelasticity

The theory of thermoelasticity deals with the influence of temperature of an elastic
solid on the distribution of stress and strain, and the inverse effect of deformation
on the distribution of temperature. Let ¢ represents the first variation of a function
in terms of its variables, the first law of thermodynamics also known as Law of
Conservation of Energy, states that within an unit volume of the system, the first
variation of the heat absorbed () is equal to the difference between the differential

of internal energy U and the first variation of the work done on the system W.
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Mathematically, it can be represented by (See, Hetnarski and Eslami, 2009)
0Q = dU — oW. (1.6)

Here, d-operation is assumed as path dependent, with the energy interactions between
two end states depending upon the end states as well as the path of variations. On
the other hand in d-operation, the variation of the function is with respect to all the
variables involved in the function including time. When a system completes a cyclic
process, Eq. (1.6) reduces to

0Q + oW =0. (1.7)

The thermodynamic process in a system is classified into reversible and irreversible
process. A process is said to be reversible when the system can return to its starting
state from the final state by following the same path of intermediate states from the
initial state to the final state. Otherwise, the process is called irreversible. According
to second law of thermodynamics, when a thermodynamic process is complete, the

equality sign in the Clausius inequality

0Q
%? <0, (1.8)

refers to the reversible process. Where T' is the absolute temperature. The left hand
side of the above inequality introduces a thermodynamic property called entropy.
The third law of thermodynamics states that for each system in equilibrium, the
entropy becomes zero when the temperature approaches the absolute zero.

In general, the variation of the temperature field within an elastic continuum pro-
duced thermal stresses. The effect of temperature field in the governing equations of
thermoelasticity is through the constitutive law. The theory of linear thermoelasticity
is based on linear addition of thermal strains to mechanical strains. The equilibrium
and compatibility equations remain the same as in the theory of elasticity and the
main difference is in the constitutive law.

The paper on thermoelasticity by Duhamel(1837) derived the equations of motion
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which involved the coupling between temperature field and the deformation of the
body. This theory of thermoelasticity is also known as theory of uncoupled thermoe-
lasticity. This theory claims that the temperature of an elastic body is not effect by
change in mechanical state of the body, which is not in accordance with the physical
experiments. The limitation of this theory is that the equation which governs the
temperature is in the form of parabola which indicate that even at an infinite distance
from the heat source, the thermal signals of infinite speed and the thermal distur-
bances have impact. Biot (1956a) formulated the theory of coupled thermoelasticity
considering the coupling equations of elasticity and heat conduction. This theory
includes the theory of heat conduction, thermal stresses, and strains set up due to
the flow of temperature in elastic bodies and the inverse effect of elastic deformation
on the distribution of temperature which give rise to thermoelastic dissipation. This
theory introduces the concept of thermoelastic potential which represents the elastic
and thermoelastic properties of the material and the concept of thermal force which
considers the generalized force as the product of temperature and virtual entropy dis-
placement. Just as in the uncoupled theory, this coupled theory also shows infinite
speed for the thermal signal. These two theories of thermoelasticity are also known

as classical theories.

1.3.1 Lord-Shulman Model (L — S model)

The thermoelastic model of Lord and Shulman (1967) used modify Fourier’s law of
heat conduction with the concept of a relaxation time. This relaxation time represents
the time needed to accelerate the heat flow. The energy equations for an isotropic

elastic material having thermal conduction are given as

Tije,-j+pTS = pE, (19)

pTS = —qi, (1.10)
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where 7;; and e;; represent stress and strain tensor respectively of an elastic material
having mass density p, change in temperature 7', entropy density .S, internal energy
E and heat flux vector ¢;. The superposed dot represents the time derivative. The

modified form of heat conduction law is given as
—kT; = gi + Togi, (1.11)

where k and 7y represent the coefficient of heat conduction and relaxation time re-
spectively.
The governing equations for a homogeneous isotropic heat conducting elastic ma-

terial are given by

(A4 2p) wig; + puigy — BA+2p) ol = piis, (1.12)

pC, (T' n TOT) 4 (3N 4 20) aTh (e + 1) = kT, ii, (1.13)

where A and p are Lamé parameters, u; is the displacement vector, C is the specific
heat, T} is absolute temperature of the reference state and « represents the coefficient

of linear thermal expansion.

1.3.2 Green-Lindsay Model (G — L model)

This theory of thermoelasticity was introduced by Green and Lindsay(1972) using
the concept of entropy production inequality of Green and Laws(1972). The stress

tensor, heat flux vector and energy equation are given as

T = Kiprjerj +apT + by T + ain, T, (1.14)
T .
g = —O |:CLZT + OébrLT + Ars€rg + aKZ]T]] 9 (115)
a
1 b b .
po = — {b—f— (e——B)T—I— ( —l)T—abiT}i—bijeij] ; (1.16)
a a a

where pg is the density on an elastic material having specific entropy n and ha =

f— %7 The entropy inequality leads to the following restrictions in the coefficients
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of the above equations as

a; = 0 aijr = 0; b= aa; bij = aaj;

(dow — h)T?+20,TT; + Ki;T:T; > 0.

1.3.3 Green-Naghdi Model (G — N model)

The thermoelastic theory proposed by Green and Naghdi(1993), is described by
a system of partial differential equations in which the Fourier law of heat conduction

is replaced by the relation

i =—-k'VT, (1.17)

where q and T are the heat flux vector and temperature change fields respectively,

and k* is a symmetric positive definite second-order tensor field of dimension
k'] = [kT5 '], (1.18)

where k is the second-order tensor field for heat conductivity and 7} is a time unit.
In G — N model, thermoelastic wave corresponding to a displacement-temperature

pair (u,7") satisfies the following equations

divC [Vu] — pii 4 div (TM) = —b,

) (1.19)
div(k*VT) - C.T +T)M - Vi = —7,
on R? x [0, 00) with the initial conditions
u(x,0) =uy, u(x,0)=1uy T(x,00=rvy, T(x,0)=rup, (1.20)
on R? and the boundary conditions
u=u and T=T, (1.21)

on JR3 x [0,00). Here, C is the elasticity tensor field, M is the stress-temperature
field. The absence of 7" in the energy equation (1.19) implies that a pair (u,T)

represents an undamped thermoelastic wave. Due to this reason, G — N theory is

10
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also known as thermoelasticity without energy dissipation.

1.3.4 Dual Phase Lag Model (DPL Model)

The concept of dual phase lag was introduced by Tzou(1995). This model al-
lows macroscopic formulation to represent the microscopic interactions in the heat
transport mechanism. Such interactions yield macroscopic lagging (or delayed) with
delaying times 7r and 7y which represent the phase-lag of temperature gradient (7°)
and the phase-lag of heat flux (q) respectively. This theory describes the lagging

behavior with the constitutive equation
ax,t+7) = —kVT(x,t + 7). (1.22)

Applying Taylor series expansion with respect to ¢, Eq.(1.22) gives

0 0
(1 + Toa) q=—k (1 + TT&) VT. (1.23)

Combining Eq.(1.23) with the energy equation which is given by

B,
~V-q=Cep T, (1.24)

the following equations are obtained

2
<1+TT2)V2T= 18T+708T

ot adt a0’
0 o 1 8q To 8q

These equations reduce to thermal wave in heat conduction when 70 = 0. If 79 = 7,
Eq.(1.22) reduces to Fourier law in heat conduction and Eq.(1.25) reduces to the

classical diffusion equation.

1.3.5 Hetnarski-Ignaczak Model (H — I Model)

Hetnarski and Ignaczak (1996) proposed a non-linear thermoelastic model for

soliton like thermoelastic waves at low temperature. This model obeys the following

11
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system of field equations and inequalities:

(i) The geometric relations

E=-(Vu+Vu"). (1.26)

1
2
(ii) The laws of balance of forces and moments

VS +b =i, S =8ST. (1.27)

(iii) Law of conservation of energy

¢é=S-E-V.-q+r. (1.28)

(iv) Dissipation inequality
ﬁZ—V-%+% (T > 0). (1.29)

(v) The constitutive laws
n:—g—? :g—f), q= —kVT + 8. (1.30)

where u, E; S, q, T, n, e, b, r and p represent displacement, strain, stress, heat flux,
absolute temperature, entropy, internal energy, body force, heat supply and density
fields respectively. It may be noted that all are function of reference position vector

x and time ¢ except p. The function v is defined as

$(6,8,E) = e — 16, (131)

where B is a new constitutive variable and

A\

B = —A==, (|A]>0). (1.32)

The constant A represents an elastic heat flow vector field.

The material constants k, C., 0y, 1, A and « satisfy the following conditions

k>0, C, >0, 0y > 0, >0, 3N+2u >0, la] > 0. (1.33)

12
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These material constants are analogous to those of a linear classical homogeneous
isotropic thermoelasticity and if 8 = 0 they reduce to the thermal conductivity, spe-
cific heat for zero deformation, reference temperature, Lame moduli, and coefficient

of linear thermal expansion respectively.

1.3.6 Chandrasekharaiah-Tzou Model (C' — T Model)

Chandrasekharaiah (1998) extended the work of Tzou (1995) on dual phase lag
by retaining 7y upto second order and 7p upto first order in the Taylor’s expansion

of Eq.(1.22). This expansion is given by

o 1,0\ 9

This equation produces a hyperbolic-type heat transport equation predicting wave-

like thermal signals propagating with the finite speed.

1.3.7 Three Phase Lag Model (T'PL Model)

A generalized mathematical model of a coupled thermoelasticity theory using
three-phase lags in the heat flux vector, the temperature gradient and in the thermal
displacement gradient was introduced by Choudhuri (2007). This theory uses three
phase-lags 79, 70 and 7, to the heat flux vector (q), the temperature gradient (V7'
and the thermal displacement gradient (Vv) and is also known as three phase lag

model. This model has generalized constitutive equation for heat conduction as
q(x,t+7)=—[kVT(x,t +7r) + E'Vv(x,t+1,)], (1.35)

where k* is material constant.
The Taylor’s series expansion of (1.35) upto first order gives the following gener-

alized heat conduction law as

ovT
ot

(1+70%) q=— |:(k+7_yk*)VT+TT + k*Vu| . (1.36)
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It may be noted that the above equation reduces to the classical Fourier law when
k* = 0,79 = 7r, it reduces to the heat conduction law of L—S theory when k* =

0,70 =0, and it becomes G — N theory when 70 = 0, 70 = 0 and 7, = 0.

1.4 Application of wave propagation

We observe the practical application of propagation of elastic waves in many ac-
tivities from our daily life. The process of sharpening of knife is the result of stress
wave produced at the ‘cone of percussion’ which breaks the particle of the knife in
very specific pattern. The analysis of the effect of thermal on the deformation of
the material plays important role while constructing railway tracks. In the study of
structural materials, the main interest is in the response to impact or blast loads.
When a material is under load of moderate strength, the theory of elastic waves may
be enough to explain all the aspects of the response. Under more severe loads, the
material may undergo permanent deformation, fracture or perforation. In this type
of situations, the theory of elastic waves is still applicable in predicting the response
away from the impact.

The general aspects of ultrasonics are based on the introduction of a very low
energy level, high frequency stress pulse or wave packet into a material and observing
the subsequent propagation and reflection of that energy. The study of propagation,
reflection and attenuation of ultrasonic pulses determine many fundamental proper-
ties of materials such as elastic constants and damping characteristics.

The study of propagation of seismic waves considered the Earth as an inhomogeneous
isotropic elastic half-space for short epicentral distances or a ball for large epicentral
distances. The study of the generation and propagation of seismic waves, produced
in the Earth due to earthquakes is one of the important part of seismology. Elas-
tic waves carry lots of information about the characteristics of the medium through
which they travel and thus, it becomes a very reliable tool in the exploration cites.

They give valuable information about the interior of the material body. The body

14
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waves (P and S-waves) are useful in earthquake engineering for predicting earthquake
in the dynamic response of soils and man-made structures.

In the areas like mining and quarrying, we can find numerous applications of elas-
tic waves. Drilling process is perform by transmitting longitudinal waves produced
by an air hammer down drilling rod into the rock. In these type of works, the purpose
of blasting is to produce intense stress waves. The interactions of these waves with
each other and with the boundaries create fracture or remove large quantities of rock.
Many problems under the fields of Seismology, geophysics, Earthquake engineering,
tele-communication, medicines (echography), metallurgy (non-destructive testing)
and signal processing are associated with the study of elastic waves. This study
plays an important role in the process of detection of notches and faults in different
types of materials such as in railway tracks, buried land-mines, etc. The study of
propagation of longitudinal waves, shear waves and surface waves have been utilized

in various detecting applications.

1.5 Review of Literature

The subject of wave propagation and their phenomena of reflection and trans-
mission from boundary surface and interface is an interesting area of research. The
study of properties of different elastic materials and the propagation of elastic waves
can be explored through books such as Love (1944), Ewing et al. (1957), Biot (1965),
Payton (1983), Hanyga (1985), Graff (1991), Nayfeh (1995), Udias (1999), Chapman
(2004), Sato and Fehler (2009), Barber (2010), Jeffrey (2010), Singh (2013a), Het-
narski (2014), Altenbach and Ochsner (2020) and many others.

Chadwick and Seet (1970) considered the effects of heat conduction on plane
harmonic waves of small amplitude propagating in a transversely isotropic heat con-
ducting elastic material. The linear and nonlinear theory of elastic material contain-
ing voids were explored by Cowin and his co-workers (1979, 1983). Their theory was

based on the idea of Goodman and Cowin (1972) which presented a continuum theory

15



Chapter 1

for granular materials. They derived the constitutive relations, established the ther-
modynamic restrictions on material moduli and presented governing equations. They
have showed that the internal dissipation in the material arises due to the changes in
the void volume fraction and derived the propagation condition for the acceleration
waves. Dhaliwal and Sherief (1980) used generalized theory of thermoelasticity in
an anisotropic medium for obtaining variational principle for the equations of mo-
tion. Chandrasekharaiah (1986a) discussed the theory of heat conduction with second
sound and derived the governing equations of the conventional thermoelastic theory.
Sharma (1988) showed the existence of three types of plane waves quasi-longitudinal
(QL), quasi-transverse (QT') and Thermal (T-mode) wave in a thermally conducting
homogeneous transversely isotropic elastic solid. Singh (2003) considered the problem
of plane wave propagation in a homogeneous transversely isotropic thermally conduct-
ing elastic solid with two thermal relaxation times and obtained the amplitude ratios
of the reflected waves. Singh and Tomar (2007, 2011) explored the problem of plane
wave propagation in an infinite thermo-elastic and rotating generalized thermo-elastic
material with voids. Kumar and Kansal (2008) derived the constitutive relations and
field equations for anisotropic generalized thermoelastic diffusion and also reduced
the results for transversely isotropic materials. Ciarletta et al. (2009) investigated
the linear theory of micropolar thermoelasticity for isotropic and homogeneous mate-
rials with voids with the consideration of thermal relaxation time. The equations of
motion for thermoporoelastic solids with two temperatures were derived by Manjula
and Reddy (2015) and they obtained the frequency equation.

Singh (2010a) studied the problem of the reflection of plane waves from a ther-
mally insulated stress-free monoclinic half-space of thermoelastic solid using L — S
and G — L theories. Abbas and Abd-Alla (2011) investigated the thermoelastic in-
teraction in an infinite fibre-reinforced anisotropic plate containing a circular hole
by showing effects of the presence and absence reinforcement on temperature, stress

and displacement. Sharma and Grover (2011) discussed the effects of voids, relax-
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ation times, thermomechanical coupling, surface conditions and beam dimensions on
energy dissipation induced by thermoelastic damping in micro-electromechanical sys-
tems (M EMS) or nano-electromechanical systems (NEMS) resonators for beams
under clamped and simply supported conditions. Othman et al. (2012) presented
a mathematical study of thermoelasticity in solid materials using Eringen coupled
(micropolar) theory, G — L theory and L — S theory. Bucur et al. (2014) stud-
ied the problem of the damped effects of the thermal field on the behavior of plane
harmonic waves and Rayleigh waves in a linear thermoelastic material with voids.
Pal et al. (2014) discussed the problem of plane wave propagation in an inhomo-
geneous anisotropic thermally conducting elastic solid with two thermal relaxation
times. Pazera and Jedrysiak (2015) considered the problem of thermoelasticity in
composite, made of two components non-periodically distributed as microlaminas
along one direction x;, which macroscopic properties change continuously along this
direction perpendicular to the laminas. Chirita and Danescuca (2016) investigated
the propagation of plane time harmonic waves in an infinite space filled by a ther-
moelastic material with microtemperatures. Abd-Alla et al. (2017) obtained the
temperature, displacement components and stresses components in the physical do-
main using Lame’s potential method in a homogeneous orthotropic, thermo-elastic
medium under the effect of gravity field. Othman and Abd-Elaziz (2017) investi-
gated the effect of hall current and rotation on a magneto-thermoelastic solid with
microtemperatures and voids. Lianngenga and Singh (2018) studied the effect of
linear thermal expansion and micro-inertia on the refraction of elastic waves at a
plane interface between two dissimilar half-spaces of micropolar thermoelastic mate-
rials with voids. They obtained the amplitude and energy ratios of the reflected and
refracted waves.

Chadwick and Currie (1974) explained the possibility of transformation of the
general secular equation for Stoneley waves propagating at the interface between

elastic crystals into a form which reduced to a single real condition on the wave
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speed. Currie (1974) analyzed the properties of Rayleigh waves traveling on a free
surface of an anisotropic elastic half-space. Harinath (1974) described the conditions
for propagation of interface waves between thermo-elastic solid and an elastic solid
by deriving the frequency equations. Murty (1975a, 1975b) examined the existence
of Stoneley waves at an unbonded and loosely bonded interface between two elastic
half-spaces. Barnett et al. (1985) shown the existence of Stoneley waves using the
notion of the impedance tensor at the bonded interface between the half-spaces of
anisotropic elastic materials. Chandrasekharaiah (1986b, 1987) studied the problem
of surface waves of general type propagating in a homogeneous isotropic linear elastic
half-space containing a distribution of voids and also obtained the corresponding fre-
quency equations. Abd-Alla (1999) investigated the effect of gravity and initial stress
on Rayleigh wave propagation in an orthotropic elastic solid medium by solving the
frequency equation. Mondal and Acharya (2006) determined the effect of voids on the
propagation of surface waves in a homogeneous micropolar elastic solid material con-
taining distribution of vacuous pores. Singh and Tomar (2007) studied the problem of
Rayleigh—Lamb waves propagation in an infinite plate of microstretch elastic material
with finite thickness. They derived frequency equations of the surface waves using
suitable boundary conditions. Kumar and Kumar (2010) considered the effect of voids
on the surface wave propagation in a layer of transversely isotropic thermoelastic ma-
terial with voids lying over an isotropic elastic half-space. Singh (2010) discussed the
problem of the propagation of a Love wave in a corrugated isotropic layer over a ho-
mogeneous isotropic half-space. In the context of dual-phase-lag model, Abouelregal
(2011) discussed the problem of propagation of Rayleigh waves in a thermo-elastic
homogeneous isotropic solid half-space. Kumar and Kumar (2011) analyzed the effect
of voids on the surface wave propagation in a layer of orthotropic thermoelastic ma-
terial with voids lying over an isotropic elastic half-space and derived the frequency
equation on the basis of the developed mathematical model under the boundary con-

ditions for welded and smooth contacts.
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Kumar et al. (2013) examined the propagation of Stoneley waves at the inter-
face between two couple stress thermo-elastic half-spaces. Sharma (2014a) discussed
the problem of propagation of Rayleigh waves in a thermoelastic half-space and
plotted the velocity curves. The frequency equation of Stoneley waves in magneto-
thermoelastic materials with voids and two thermal relaxation times was examined
by Abo-Dahab (2015). The properties of Stoneley and Scholte waves in a multilayer
of liquid/solid and solid/solid interfaces were investigated by Onen and Uz (2015).
Abbas et al. (2016) obtained the frequency equation for Rayleigh-Lamb wave prop-
agating in a plate of generalized thermoelasticity with one relaxation time. Gupta
and Ahmed (2017) developed a mathematical model on the propagation of Rayleigh
wave in a self-reinforced layer over an incompressible inhomogeneous elastic half-space
under the conditions of quadratically varying rigidity and linearly varying density.
Khurana and Tomar (2017) derived the frequency equations of two modes of Rayleigh
type waves in the half-space of non-local micropolar elastic solid and explained the
condition of existence of these two modes. Biswas and Mukhopadhyay (2018) exam-
ined the problem of Rayleigh surface waves in a homogeneous transversely isotropic
thermoelastic material in the context of three-phase-lag model. Farhan and Abd-Alla
(2018) discussed the effects of magnetic field and rotation on the propagation of sur-
face wave in a generalized magneto-thermoelastic materials with voids. Kaur et al.
(2018) derived the frequency equation for Rayleigh-type surface wave in an isotropic
homogeneous non-local elastic solid half-space with voids. They have illustrated the
graphical presentation of the variations of phase speed and corresponding attenu-
ation of Rayleigh-type wave against frequency, non-locality and void parameters.
Kumar et al. (2018a) analyzed the propagation of Stoneley waves at the interface
between two dissimilar half-spaces of isotropic modified couple stress thermo-elastic
materials. Lianngenga and Singh (2019) investigated the problem of symmetric and
anti-symmetric vibrations in micropolar thermoelastic plate with voids and they ob-

tained the dispersive frequency equations for different surface waves propagating in
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the plate.

Biot (1962a) analyzed the mechanics of deformation and acoustic propagation
in porous media using the specific relaxation models. Chang (1971) investigated
the stress field around a finite closed crack in an elastic material by applying a
plane dilatational wave to the crack. McCarthy (1972) discussed the propagation
of waves in generalized thermoelasticity and found the existence of four principal
waves. Bedford and Sutherland (1973) studied the problem of reflection and trans-
mission of plane waves at the interface between elastic material and fiber-reinforced
material. They compared the results with the experimental data obtained from ul-
trasonic measurements of waves transmitted through water into an aluminum plate
containing tungsten fibers. Sharma and Sidhu (1986) derived the secular equation
for the propagating plane harmonic waves in a homogeneous anisotropic generalized
thermoelastic material. Green (1991) discussed the problem of reflection and trans-
mission of transient stress waves in fiber composite laminates. Chattopadhyay et
al. (2002) computed the numerical values of reflection coefficients of ¢P and ¢SV
waves at the free rigid boundary of a fibre-reinforced material. Sharma and Pal
(2004) investigated the problem of propagation of the magnetic-thermoelastic plane
wave in an initially unstressed homogeneous isotropic conducting plate under uni-
form static magnetic field. Singh and Singh (2004) presented the expressions for the
phase velocity of quasi-P and quasi-SV waves propagating in the half-space of fibre-
reinforced anisotropic elastic materials. They considered the reinforcement direction
as functions of the angle between the propagation and reinforcement directions. Singh
and Tomar (2006) examined the problem of reflection and transmission of obliquely
incident plane transverse wave at a plane interface between two porous elastic half-
spaces in welded contact. Singh (2006) discussed the propagation of plane waves in
a thermally conducting linear fibre-reinforced composite materials and obtained the
phase velocity of coupled waves, namely gP, ¢SV and quasi-thermal waves. Singh

and Tomar (2007a, 2007b) investigated the problem of propagation of ¢P, ¢SV and
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qS H waves incident at a corrugated interface between two dissimilar fibre-reinforced
elastic half-spaces. They obtained amplitude and energy ratios of the reflected and
refracted waves. Chattopadhyay et al. (2007) derived the amplitude ratios of the re-
flected and refracted waves at the plane interface between two monoclinic half-spaces.
Kumar and Singh (2008) obtained the reflection and transmission coefficients of quasi-
longitudinal, quasi-thermal and quasi-transverse waves for different incident waves at
an imperfectly bonded interface between two orthotropic generalized thermoelastic
half-spaces having different elastic and thermal properties. Kumar and Gupta (2010)
studied the problem of propagation of elastic waves in transversely isotropic microp-
olar generalized thermoelastic half-space and also derived the amplitude ratios.
Abbas (2011) studied the problem of propagation of plane waves in the fibre-
reinforced anisotropic thermoelastic half-space. He used finite element method for
numerical computation of displacement, temperature and components of stress to
compare the results of the theories(GN — II and GN — III). Ponnusamy and Ra-
jagopal (2011) explored the problem of wave propagation in a transversely isotropic
thermoelastic solid cylinder of arbitrary cross-section using Fourier expansion colloca-
tion method. They obtained frequency equations for longitudinal and flexural (sym-
metric and antisymmetric) modes of vibrations. Singh (2011, 2013b) investigated the
problem of reflection and transmission of elastic waves due to incident plane couple
longitudinal waves and transverse wave at a plane interface between two dissimilar
half-spaces of thermo-elastic materials with voids. Chattopadhyay and Singh (2012)
explained the possibility of propagation of shear wave at the interface of two differ-
ent types of fibre reinforced media. Placidi et al. (2013) examined the problem of
reflection and transmission of compression and shear waves at structured interfaces
between second gradient continua and obtained the general balance equations for the
bulk system as well as jump duality conditions. Othman and Song (2014) described
the properties of reflected plane harmonic waves in a thermo-microstretch elastic half-

space under the effect of rotation. Choudhury et al. (2015) analyzed the propagation
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of elastic waves in an infinite granular thermoelastic medium rotating with a constant
speed. Kumar and Gupta (2015) discussed the problem of reflection and refraction
of obliquely incident plane wave at the interface of elastic and thermoelastic diffusion
media with fractional order derivative. Sahu et al. (2015) studied the problem of the
scattering of elastic wave in a composite bedded structure in which isotropic layer
is sandwiched between two highly anisotropic media. They have found the reflec-
tion/transmission coefficients and energy ratios of different reflected and transmitted
waves. Othman and Hilal (2016) determined the effects of the gravity and the mag-
netic fields on the plane waves in an isotropic thermoelastic materials under thermal
loading due to laser pulse. Pal and Kanoria (2016) analyzed the gravitational re-
sponse in the propagation of elastic waves in an infinite, homogeneous, transversely
isotropic thick plate. Abd-Alla et al. (2017) analyzed the effects of relaxation times,
rotation and magnetic field on incident and reflected plane waves in a transversely
isotropic magneto-thermoelastic medium. Lianngenga (2017) computed the numeri-
cal values of the phase velocities, attenuations and reflection coefficients of plane body
waves in the half-space of micropolar porous solid. Deswal et al. (2018) analyzed the
reflection of plane waves from the free surface of a homogeneous anisotropic fiber-
reinforced thermoelastic rotating medium with dual-phase-lag model. Khurana and
Tomar (2018) investigated the problem of reflection and transmission of a longitudi-
nal displacement wave and a set of coupled transverse waves at plane discontinuity
separating the two distinct non-local micropolar solids. Li et al. (2018) discussed the
problem of reflection and refraction of thermoelastic waves at an imperfect interface
between two semi-infinite homogeneous isotropic thermoelastic couple stress solids.
Lalvohbika and Singh (2019) examined the problem of reflection and transmission of
elastic waves for incident ¢P and ¢SV-wave at a corrugated interface between two
dissimilar nematic elastomer half-spaces.

Chadwick (1979) described the problem of propagation of plane harmonic waves

of small amplitude in a heat-conducting elastic body of unrestricted symmetry. Ben-
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veniste (1981) analyzed the propagation of one-dimensional waves in an initially de-
formed incompressible medium with different moduli of tension and compression.
Rogerson (1991) presented various dynamic properties and the condition of propa-
gation of elastic waves in the incompressible transversely isotropic elastic materials.
Dhaliwal and Wang (1993) established a generalized theory for a thermoelastic dipolar
pre-stressed body. Chadwick (1993,1994) developed the constitutive theory govern-
ing small deformations of an incompressible transversely isotropic elastic material and
discussed the nature of homogeneous and inhomogeneous plane waves in the mate-
rial. Ogden and Sotiropoulos (1997) examined the effect of pre-stress and finite strain
on the reflection of homogeneous plane waves in an incompressible isotropic elastic
solid. Ttskov and Aksel (2002) explained the difficulty of deriving the constitutive re-
lations for anisotropic incompressible materials. Singh (2007) analyzed the problem
of wave propagation in free surface of an incompressible transversely isotropic elastic
half-space. The reflection coefficients are obtained for the case when outer slowness
section is re-entrant.

Abd-Alla et al. (2011a, 2011b) discussed the effect of initial stress on the prop-
agation of elastic waves in the half-spaces of different thermoelastic materials. Abo-
Dahab (2014) obtained the frequency equation for surface waves in a generalized
magneto-thermoelastic materials with voids and initial stress. Guo and Wei (2004)
analyzed the effects of initial stress on the numerical value of the amplitude and
energy ratios of the reflected and transmitted waves at the interface between two
piezoelectric half-spaces. Prikazchikov and Rogerson (2004) attempted the problem
of propagation of surface wave in a pre-stressed transversely isotropic incompressible
half-space and obtained the secular equation. Othman and Atwa (2012) constructed
the basic equations of generalized thermoelastic isotropic materials under hydrostatic
initial stress in the context of the GN theory of types II and III. They used nor-
mal mode analysis to obtain the exact expressions of temperature, displacement and

stress. Chatterjee et al. (2016) examined the reflection and refraction phenomena of
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plane waves incident at the interface between two distinct triclinic media under the
initial stresses. Othman et al. (2017) investigated the effect of rotation and initial
stress on the P, T" and SV-waves in the generalized magneto-thermoelastic materials
using the normal mode analysis. Biswas and Abo-Dahab (2018) analyzed the effect
of initial stress and magnetic field on the propagation of Rayleigh waves in the con-
text of three-phase-lag model in the homogeneous magneto-thermoelastic orthotropic
materials. Kundu et al. (2019) studied the effect of thickness and initial stress on
the propagation of Rayleigh waves in an anisotropic crustal layer lying over an elastic
half-space containing void pores.

Biot (1956b) discussed the propagation of stress waves in a porous elastic solid
containing a compressible viscous fluid. Biot (1962b) extended the theory of acoustic
propagation in porous media to include anisotropy, viscoelasticity and solid dissi-
pation. Hosten (1991) computed the numerical values of reflection and transmission
coefficients of elastic waves through immersed composite layers at any incidence plane.
Hirai (1992) presented a numerical analysis on the propagation of Rayleigh waves in a
saturated porous elastic medium using finite element method. Boer et al. (1993) an-
alyzed transient wave propagation in fluid-staturated porous media and obtained the
exact solution by taking the Laplace transform of the governing equations with the
initial and boundary conditions. Levy et al. (1995) developed a mathematical model
for saturated flow of a Newtonian fluid in a homogeneous isotropic thermoelastic
porous medium under non-isothermal conditions. Kumar et al. (2002) investigated
a problem of surface wave propagation in a micropolar liquid-saturated porous layer
over a micropolar liquid-saturated porous half-space. Sharma and Pathania (2004)
studied the problem of generalized thermoelastic waves in anisotropic plates sand-
wiched between liquid layers using L—.S5, G—L and G— N theories of thermoelasticity.
Kumar and Hundal (2005) presented the analysis of symmetric wave propagation in
the half-space of fluid-saturated incompressible porous material and they obtained

the secular equation. Sharma (2007) explored an equivalence relation between the
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mathematical models of wave propagation derived from Biot’s theories as well as ho-
mogenisation theory. He derived phase velocity and attenuation of waves propagation
in an anisotropic fluid-saturated porous medium.

Markov (2009) determined the velocity and attenuation of Stoneley wave at the in-
terface between two dissimilar half-spaces of fluid-saturated porous media. Kumar et
al. (2011) discussed the problem of reflection and transmission of plane waves between
two different fluid saturated porous half-spaces for incident longitudinal and trans-
verse waves. They depicted the amplitude ratios of various reflected and transmitted
waves. Sharma (2012a, 2012b) obtained the frequency equations of the Rayleigh sur-
face waves in the partially saturated porous materials and poro-viscoelastic media.
Sharma and Bhargava(2014) investigated the problem of reflection and transmission
of thermoelastic plane waves at an imperfect interface between the half-spaces of ther-
mal conducting viscous-liquid and generalized thermoelastic solid. Sharma (2014b)
considered the effects of wave-induced fluid flow on the numerical values of phase
velocity and attenuation of Rayleigh waves in an elastic solid having double porosity.
Bucur (2016) examined the dissipative nature of the porous thermoviscoelastic ma-
terials in the propagation of the Rayleigh waves and obtained the secular equation in
the explicit and implicit form. Zorammuana and Singh (2016) presented graphically
the variations of amplitude and energy ratios of reflected waves with angle of inci-
dence. They analyzed both for the incident longitudinal and transverse waves at the
free surface of thermoelastic saturated porous material. Barak and Kaliraman (2018)
performed numerical computation for the reflection and transmission coefficients of
elastic waves at an imperfect interface between the micropolar elastic and fluid satu-
rated porous solid half-spaces. Kumar et al. (2018b) investigated the disturbances in
a homogeneous transversely isotropic magneto-visco thermoelastic rotating medium
with two temperature due to thermomechanical sources. Painuly and Arora (2019)
analyzed the problem of propagation of Rayleigh wave along the free surface of a

composite porous half-space saturated by two immiscible fluids.
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The extensive studies of the wave propagation can be explored through Toupin
(1962), Sinha and Sinha (1974), Yew and Jogi (1976), Tajuddin (1984), Sorek et
al. (1992), Zhang and Shinozuka (1996), Sinha and Elsibai (1996, 1997), Xia et al.
(1999), Verma (2001), Tomar and Singh (2005), Zhu and Tsvankin (2006), Tomar and
Singh (2006), Tomar and Kaur (2007a, 2007b), Yu and Dravinski (2009), Reddy and
Tajuddin (2010), Singh and Pal (2011), Zakharov (2011), Vinh and Giang (2012),
Singh and Zorammuana (2013), Steeb et al. (2013), Tomar and Khurana (2013),
Tomar et al. (2013), Vinh (2013), Zenkour et al. (2013), Singh et al. (2014), Tomar
and Ogden (2014), Yang et al. (2014), Singh (2015, 2017), Zorammuana and Singh
(2015), Srisailam et al. (2016), Vinh et al. (2016), Singh and Lianngenga (2017),
Sudheer et al. (2017), Singh et al. (2018), Singh and Lalvohbika (2018), Tong et al.
(2018) and Tomar and Kumar (2020).
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Propagation of surface waves in

thermoelastic materials with voids!

2.1 Introduction

Rayleigh (1885) introduced surface waves which travel along the stress free bound-
ary of an elastic half-space such that the disturbance is largely confined to the neigh-
borhood of the free boundary surface. In the propagation of Rayleigh wave, the
surface particles move in counterclockwise elliptical (retrograde) which change from
retrograde at the surface to prograde (clockwise elliptical) at depth passing through
a node at which there is no horizontal motion. Surface waves do to exist along the in-
terface between solid and solid half-spaces and they are called Stoneley waves, named
after Stoneley (1924). The amplitudes of these waves are maximum at the surface of
the material and decay exponentially towards the depth of each of the elastic solids.
lesan (1986) developed the linear theory of thermoelastic material with voids by us-
ing Green and Rivlin (1964) and obtained the basic equations from the balance of
energy under the rigid body motions. Iesan also studied the propagation of accelera-
tion waves in homogeeous and isotropic bodies. Tomar and Singh(2006) derived the
frequency equations for Stoneley waves at unbonded and bonded interfaces between

two dissimilar microstretch elastic half-spaces.

LJournal of Vibration and Control, 25(14), 20532062 (2019)
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In this chapter, we study the propagation of surface waves in thermoelastic ma-
terials containing voids and obtain the secular equations for Stoneley waves for the
bonded and unbonded interfaces. We also computed the numerical values of the
determinants corresponding to secular equations of the Stoneley waves. The phase
velocity and attenuation of Rayleigh waves in thermoelastic material with voids are
obtained. We have depicted the velocity curves of these surface waves by computing

the phase velocity and attenuation coefficients.

2.2 Basic Equations

The field equations in thermo-elastic materials with voids in the absence of body

forces and external heat sources are given by (Iesan, 1986)

B B

AV(V-u) -V x (V xu) + ?ng — ;VI/ = 1, (2.1)
V3% — BV -u—Ed+mr = pr*o, (2.2)
KV — BTOV -1 — a Ty — mTyg = 0, (2.3)

where ¢? = (A+2pu)/p and ¢3 = uu/p, X and u are Lamé parameters, p is the density of
the medium, &, 8, a. and m are thermal parameters, Ty is the absolute temperature
of the reference state, a*, 5*, £* and k* are voids parameters, u is the displacement
vector, ¢ is the change in void volume fraction and v is the change of temperature
from the reference state.

The constitutive relations in the thermo-elastic materials with voids are given by

Tij = Aexrlij + 2pei; + (B¢ — Br)dij, hi=a¢,, ¢ = kv,

1 )
eij = §(u” +u;;), pn=Per +av+mo, i,j, k=12, 3 (2.4)

where 7;; are stress tensors, e;; are strain tensors, d;; are Kronecker’s delta, h; are
equilibrated stress vectors, ¢; are heat flux vectors and 7 is the specific entropy.

Commas in the subscript denote the spatial derivative.
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The Helmholtz representation of the vector field u is
u=Vp+Vxy, V-9p=0, (2.5)

where p and 1 are scalar and vector potential respectively.

2.3 Wave Propagation

Consider the Cartesian co-ordinate with x and y-axis lying horizontally and z-
axis vertically with positive direction pointing downward. Let us take two dissimilar
semi-infinite half-spaces of thermoelastic solids with voids (M : —oo < z < 0) and
(M': 0 < z < o) separated by z = 0. We will denote all the parameters in M
without prime and M’ with prime.

We consider the two dimensional wave propagation in xz-plane. The equations of
motion in the half-space, M may be obtained from Eq.(2.1)-(2.3) by using harmonicity

of the traveling waves and (2.5) as

(V2413 p(x,2) + 12 ¢(x,2) — 12 v(z,2) = 0, (2.6)
(3V? 4+ w?) Y(z,2) = 0, (2.7)

(V2 +12) ¢z, 2) — 12V? p(x, 2) + 12 v(z,2) = O, (2.8)
(V2 +17) v(x, 2) + 1sV? p(x,2) + lg ¢(x,2) = 0, (2.9)

where w is the angular frequency,

2 2 2 2 2 2 2
Y p_8 p_49 p_ Y9 p_% p2_ 3R
1= 2 = = 4= = =
C%’ C%’ 3 C%’ Cg y Y5 cgv 6 027
* *
[ — [ — lo — s B s B 4«
7 = CW, g = C1pW, t9g = C11W, C3 = —,; € = —, C5 = ——,
P P PR
* * k
s B S s 0 m 1 18T mTy
cr = o= —"—, Ch=—, Cg= —, Clg = c1y = ¢ =aJdp.
6 PR PRER] ¥ Y9 ) 0 ) ) el 0
PR PK PR K K

29



Chapter 2

Similarly, the equations of motion for the other half-space, M’ are

(V2 +12) p(z,2) + 13 ¢ (2,2) = 1§ V(x,2) = 0, (2.10)
(V2 +w?) Y (2,2) = 0, (2.11)
(V2 +1) ¢/ (z,2) =12V pl(z,2) + 1§ V(z,2) = 0, (2.12)
(V2 + 1) V' (2, 2) + 15V pla, 2) + 1 ¢/ (2,2) = 0, (2.13)
where
12 — W_2 12 — C_i%z 12 — C_f 12 — (W? = ¢f) 12 C_g 12 — £ I — dw
1 C/127 2 0/12> 3 61127 4 CgQ Y5 gga 6 0,52a 7 9
/\/ 2 / */ / */ */
lé:cllowa lé:clllwv 632:( +,,u)7 623225,7 Cf:iv ng ?é IR 6/62: ? IRl
P 14 14 pR* pR*
*/ 1 oy /T/ /T/ ,
0,72 - pi*/v 0/82 - pZ*/? co = ZZ/ , Cho = ZB,{/ 2, = Zm/ v, = a.Tg

The coupled dilatational waves (p, ¢, v) and (p', ¢/, V') in Eqs.(2.6)-(2.9) and

(2.10)-(2.13) respectively satisfy the following equations
(Ve + AV + B V4 O){p, ¢, v}(x,2) =0, (2.14)

(VO+ AV + B VP + )Y, ¢, v}z, 2) =0, (2.15)

where

A = B+E+1+15E+15 1,

B = B+ + Gl =G lo+ B2 I +13 1)+ 5105 Is + 12 y),

C = Ll —15l),

A = PP+ L4512+ 17,

B = IR A1) P L~ 12 U+ B2 L 12 1) + 1R U+ 12 1),

C o= PR —121).
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The full structure of the surface waves may be written as

(In the half-space, M)

{p, ¢, v}(z,2,1) Z{An’ Vo Ay, LyA,yetk=mnz=—wt)
e (2.16)

w(a:’ Z,t) — A4 e(zkgrfmzlzflwt)7

where v is the y component of ¥, k is the wavenumber, A; are amplitudes, m? =
k*— k2, (i=1, 2, 3) and m? = k* — k? are the penetration depth of surface waves
which decay exponentially in the medium M, k? are obtained from Eq.(2.14) and
k; = w/ce. The coupling parameters are given as

(3 — k7)

Vi=
(I3 Hy —1I5)

and

e R = (e = R — k2) — I Lo} — B{E Is k2 + I3 k(e — K)}
P B2 15 K2+ 2 K2(l; — k2)}

(In the half-space, M’)

W, ¢ Vw2 1) Z{A VIAL, LA Jelkotmhe—ut)
(217)

w/(z, 2, t) _ Ai; e(zkx—i—milz—zwt)’

where 1) is the y component of ¢’, A} are amplitudes, m?? = k?— k> and m} = k? —k}?
are the penetration depth of surface waves, which decay exponentially in the medium
M', k* are obtained from Eq.(2.15) and k, = w/c,, where ¢, = 1'/p’. The coupling

parameters in M’ are

(12 — k)

V/ie L M) gy
gy BT
and
o (k72 = I = kP27 = kP2) =18 1o} = I5{1§ Iy K + 18 kP (1 — k?)}'

B R 12 K2 — kP
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2.4 Boundary Conditions

The stress traction, displacements, equilibrated stress vectors and heat flux vectors
are continuous at z = 0. We consider the problem for both bonded interface and
unbonded interface between the two dissimilar half-spaces. These conditions at z = 0
may be written as

(i) Continuity of normal stress

Pp  0*p p 0%

Mopz ta22) F 2G50 + gy TH70 =Py
82]?/ 82p/ a2p/ 82w1
— / / . ! 1/ _ /.7 21
(ii) Continuity of displacement component
o _ov_oy _on o)

or 0z Oxr 0z’

(ili) Continuity of equilibrated stress vectors

9¢ 0¢/ 9¢ ¢/

F X2§, or X?%a (2.20)
(iv) Continuity of heat flux vectors
ov o' ov o'
2 :X1§a o :Xlﬁ_x’ (2.21)
(For the bonded interface)
(v) Continuity of displacement component
op oy _9p oY
9: " or 0z " ax (222)
(vi) Continuity of shear stress
82]? aQw aQw 82]7/ ale 32¢'
2 — =u — 2.2
i 020= o2 8z2) g 910z 027 022 ) (223)
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(For the unbonded interface)

(v) Shearing stresses vanish

82]) aZw 821/1 82])/ 821/1/ 822/1/
0x0z + or2 022 0, 28:682 + 0r2 022 0, (2:24)

where 1 = K'/k, and xo = a*'/a*.
Using Eqs.(2.4),(2.5), (2.16) and (2.17) into boundary conditions, we get the following

two sets of equations
4 8
/ .
> ayA;+ Y ayAl =0, i=1,234506738 (2.25)
j=1 j=5
where non-zero values of a;; are given by
ai; = (A +2u)mi — Ak + B*Vi — BL;, (i=1,2,3), avg = —2vftkmy,

ayi = —(N + 20 )mP? , + NK? = V!, + BL,_,, (i=5,6,7), aiz=—2y'km),
agi =k, (1=1,2,3), ag=—wmy, agy=—k (i=5,6,7), ax=—wmj,
aszi = Lim;, (i=1,2,3), ag =x1L,_ym; 4, (1=5,6,7), ay=L; (i=1,2,3),
ay, = —x1Li_y4, (1 =5,6,7), as; = Vim;, (i = 1,2,3), as; = x2Vi_ym!_,, (i =5,6,7),
agi =V;, (1=1,2,3), ag=-—x2V/ 4, (i=5,6,7),

(for bonded interface)

ar, =my, (1=1,2,3), am=—1k, ay=m,, (1=5,6,7),

arg = 1k, agy = —(mi + k?), ag; = 2ukm;,  (i=1,2,3),

ag; = 2p'km),_, (i=5,6,7), ags = ' (mf + k?).
(for unbonded interface)

a7 = 2km,, (1=1,2,3), Qg = —z(mi + k2),

agi = 2kmj_y, (i =15,6,7),  ags =y (m}+k?).
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These equations give the boundary conditions for the surface wave propagation
both for the bonded and unbonded interfaces between two dissimilar half-spaces of

thermoelastic materials with voids.

2.5 Stoneley Waves

We know that Stoneley waves propagate along the interfaces of solid-solid ma-
terials. The secular equations of such waves for bonded and unbonded interface
between two dissimilar half-spaces of thermoelastic materials with voids are derived
from (2.25) as

|ai;| =0, (¢, 7=1,2,3,4,5,6,7,8) (2.26)

The expression of 8 x 8 determinant |a;;| may be written as

(bonded interface)
A= 0411(04220433 - 04230632) - 0612(04210433 - 04230431) + 0613(04210432 - 04220431) (2-27)

and (unbonded interface)

A = B11P22 — Bi2far, (2.28)
where

Q11 = gumy — Gaamy + gazms + GaaMa + Gasi — GagMaMamiy + GarMamgmsy +
G1sM Mgy + GagMaMyMmy — gsoMMalMamy — Gs1 MMMy,

Q1 = gumy — gsam + gs3Ma + gsaMa + gs5Ma — JseM3Mamy + gsrMamymy +
G5 TMATG + G593y — GeoMaMMaT] — Ge1TM1 M4,

a1z = 962m4m,1 + 963m/1m£; — JeaMM3My — 965m3m£1 + gesmamy + 967m2mﬁl +
JesM1 My + JeomMamy — gro,

Qo1 = gramy — GrsM + greMs + GrrMa + grsm + GroMamimy — gsoMmamams, +

! / / / !
gg1MaMyMy + GgoM1 Mgy + ge3MM3May — ggaMaMigy — ggsM1MMymy,
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= gsey — gsymy + gssis + gsoMa + Gooma + Gor1mmamimi — gsomamami +
Gs1MaMyMmy + ggoMaMammy + GosMaMamy — GogMaMaMy — GorMyMamy,

= gosum} + goomymly — hyymgmy — hyamgmiy 4+ hizmamy + hygmomy +
hismimy + higmymy,

= hyrmy — hism + higms + hogma + gzsmy + gromamymi, — gsomamams +
981m2m4m/2 + 982m1m4m/2 + 983m3m4m/1 - gs4m2m4m'1 - 985m1m4m/17

= h29mg — hgomll + h31m3 + hggTTLQ + h33m1 + h34m4m/1mg — h35m3m4mg +
h36m2m4mg + h37m1m4mé + h38m3m4m'1 — h39m2m4m'1 — h40m1m4m'1,

= hamam] + hyomimiy — hagmsmy — hagmam/y + hasmomy + hagmomy +

!
harmimy + hagmimy,

hi1 = f32915, hi2 = fag16, iz = fasgis,  hia = fasg16, his = f34915,

hie = f31916, hir = fs5911, his = f51913, hio = (fs2913 — f56911);
hoo = (fsrgu1 — fs3g13),  har = (fssgn — fsag13),  hoz = (fs1912 — fo5012),
hos = fs2g12,  hoa = fssgra,  hos = fragra,  hoe = fs6912,  hor = fs7912,
has = f58912, hag = fe1911, hso = f51914, hs1 = (fs2914 — f62911)7
h32 = (fesg11 — f53914), hsz = (feagi1 — f5a914), hss = (f51912 — fe1912),
hss = f52912, hss = f53912,  hsr = fsagr2,  hss = fe2012, hsg = fe3g12,
hao = foagn2, hat = fs1915,  haz = fs1916,  haz = fs2015, haa = f52916,
has = f53915, has = f53916, har = f5a915,  hag = f54916, g1 = flzth?
912 = 2 f11941, g13 = f13kt27 g14 = f14]<7t2, 915 = 2f11944, gi6 = fukf,
921 = (fllth —2fi5ba1), go2 = f16kt2> g23 = f17/€t2, J24 = flsk?, 926 = flgtha
gor = f20k‘t2, g28 = f21k7t2, 932 = f22kt27 g33 = f23k‘t27 934 = f24k’t2, 935 = 2 f15bu4,

941 = g11921, Ga2 = g21913, 943 = (922913 - 911926)7 944 = (927911 - 913923),
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95 = (928911 — G13924); Gas = 12922, Gar = G23J12, Gag = G12924, a9 = G26912,

gs0 = Garg12, 951 = 9912, 953 = (G22914 — 911932), 954 = (933911 — G14923),

952 = G1aga1, 955 = (911934 — G12922), gs6 = Gass J57 = Jar, Jss = Jas, J59 = G,
geo = gs0,  G61 = Gs1,  Ge2 = (921915 + 912935), 963 = 921916,  J64 = J15922,
965 = 922916, Je6 = 915923, g67 = 923016, 968 = Y24915, 969 = J16924; g70 = g11435;
gra = guifss, g5 = Gi3far, g = (G13fs2 — g11f36),  grr = (911f37 — G13f33),

grs = (G11f3s — 913f34),  gro = (g12f31 — G12f35),  Gs0 = G12f32, g1 = Gi2f33,
gs2 = G12f34, 9s3 = G12f36, Gsa = G12f37, gss = G12fas, gs6 = g11fa1, gsr = Grafa,
gss = (g1afs2 — guifaz),  gso = (911faz — G1afs3),  Gos = Giafaz,  Gos = G12fas,
9oo = (911 faa — grafsa),  gor = (912fs1 — g12far),  Gor = Gu3fas, 9oz = G15.fa1,
goo = Gi6f31,  fu1 = enen,  fiz = (enes —enein),  fiz = (enean — earers),
fia = (en1e25 — ez€14),  fi5 = eness,  fie = €222,  fir = (es1e12 — er1e34),
fis = (eness — e1zez2),  fio = €132,  for = emens,  fa = (ezie13 — enesg),
fo1 = (ene3r — esers), f23 = (es1e14 — en1€38), J31 = e11€uy, f32 = eqre1a,
Joa = (611639 - 632614), J33 = (642612 - 611645); f35 = en1€ar, f36 = €13€a1,
f31 = (en1e46 — exe14),  for = (eaze13 —eneas),  fun = 611621, Jaa = eq1€14,
fas = (e11€49 — €a3€13),  faz = (ea2e14 — 6116212)7 fs1=enesr,  fs2 = erzeen,

f44 = (611623 - 643614), f53 = (612662 - 611665)7 f55 = €116€67, f56 = €13661,

f54 = (e11€66 — €12€63), fs7 = (e13e62 — e11668), Jo1 = 6116817 Je2 = €61€14,
J58 = (611669 - 614663); Jos = (614662 - 611682)7 Joa = (611683 - 663614)7
en1 = (diidyg — dordra), €12 = (d11d23 — do1ds3), €13 = (d11d24 — do1dyy),
€14 = (d11d25 - d21d15), €21 = (d11d32 - d31d12), €23 = (d11d33 - d31d13),
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€92 = di1b11,  eoq = (dindsy — dsidis), €95 = (dy1dss — dsidys),  esr = diabiy,
e3a = (diobio — di1b13),  ess = dy1dyr,  esq = dizbi1,  ess = (disbiz — dirbis),
ess = digb1,  esr = (digbig — diibis), ez = disbiy,  ez9 = (disbia — di1bir),
ey = didss, €40 = diodsy, €43 = (dsadia — di11bss), €44 = di1dss, €45 = di3ds,
ess = (disdse — di1dsg), eqr = dindsy,  eqs = digdsy,  es9 = (dradsy — diadss),
ey = didsg, €y = disdsy, €3 = (disdsa — di1bso), es1 = di1des, €2 = diader,
ee3 = (diadsy — dindes), epa = dindes, €65 = dizder, eg6 = (doadiz — di1bes),
eer = dinder, ees = diade, o = (diadea — dundes), €5 = dndeo, €y = disden,
s = (di5dea — di1deo), dy1 = (b1 Ly — bioLy), dis = (by1 L3 — b13Ly),
iz = (—x1bu L = bisL1), dig = (=xabuly — bieLa), dis = (—x1buLy — bizrLa),
da1 = (bu1Va — bi2V1), dao = (b11V3 — bi3V1), daz = (—x2b11V] — bisV1),
dog = (—x2bulVy —bigVi),  dos = (—x2biiV4 — birVh),  da1 = k(bis — bra),
dss = k(by1 — bis), dsz3 = —k(bi1 + b1s), dsg = —k(b11 + big), dss = —k(b11 + bi7),
dy = kb, dsi =buVa, dsp = b12Vi, dsz =buVs, dsy = bi3Vi, dss = xe2buVy,
dsg = D1sV1, dsz = X2b11Vy, dsg = bigVi, dso = x2buVs, dso = bi7Vi, der = bi1 Lo,
dsz = biaLy, dg3 = bi1L3, des = bisL1,dss = x1bu Ly, des = bisLy, der = X111 L5,
des = bigL1, deo = x1bi1Ls, dgo = birLy, b1y = (a1 — k?), bz = (a1o — k?),
bis = (ay3 — k?), bis = (k* — as), bis = (k* — a), bir = (K* — a1y),

bay = k(e — )/, bag = (kbarp + WE?) /1y Bi1 = (g22426 — G25G23), Goa = —q11ass,

512 = (CJ22Q27 - C]25€]24), 521 = (Q22Q29 - QQ8Q23)7 522 = <QZ2Q3O - C]28Q24),
q22 = (Q11a86 - Q12&85), q23 = (Q11a87 - CJ13G85), G25 = (C]116]15 - C]12Q14)>
26 = (Q11Q16 - Q13Q14)7 qi1 = (p74p79 - p75p78), qi2 = (p74p80 - p76p78)7
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q13 = (P74p81 - p77p78)7
di6 = (p74ps5 - p77p82)7
q19 = (P74p89 - p76p87)7

P11 = (a71a32 - CL72@31),

P16 = @710y,
P20 = Gr71045,
P22 = Gr1047,
Pb2s = anasy,

P34 = Qr1057,

P3g = —ar1az1,
paz = (agia14 — azsan),
P45 = —amnayr,
Pso = (P11p21 — Prrpis),
P53 = (P11Pas — P23pi3),
Ps6 = (P11P2s — P23Pis),
Pso = (P11P32 — P2oP1a),
Pe2 = (P11P36 — P3sPi2),
Pes = (p11P3s — PasPis),

DPeo = (p11p42 - p40p13),

Pe7 = P11P39,

Prs = (p47P54 - p52p49),

Prs = (p47p58 - p57p48);

Chapter 2

qi4 = (p74p83 - P75p82), q15 = (P74p84 - p76p82)>

G271 = q114917, qi7 = P74Pss, qi8 = (p74p88 - p75p87),

G20 = (p74p80 - ]977]987)7 21 = Pr4aPo1, P13 = —Qar74031,

P12 = (a71a33 - Cl73&31), P14 = ar1035, P15 = ar1a3e6,

P17 = (G71a42 - CL726L41), P1s = (CL71G43 - a73a41), P19 = —Qr4041,

P21 = Gr1046, P23 = (a7la52 - a72a51), P24 = (a71a53 - a73a51),
P25 = —Qr74051, P26 = Ar1055, P27 = Gr1056, P29 = (a71a62 - 072%1),
P30 = (G716163 - 06731161), P31 = —Qr4061, P32 = Gr1065, P33 = A71066,

P35 = a21(a71 - CL72), P36 = a21(a71 - CL73), P37 = (a71a24 - a74a21),

P39 = ar1G2s, Pao = (a71a12 - a72a11)7 Pa1 = (a71a13 - a73a11),

P43 = —Qr1A15, Paa = —AaA71Q16, Pa7 = (p11p18 - p17p12),

Pa6 = —aniaig, Pig = (Pr1P1o — P17Pi3), Pag = (P11P2o — P17P1a),
ps1 = (P11p22 — Pi7bis), P52 = (P11P24 — P23Pr2),
Psa = (P11P26 — P23P14), Pss = (P11Par — P23Pis),
ps7 = (P11P30 — PaoPi2), Pss = (p11p31 — p2oPi3),
Peo = (P11P33 — P2oPis), P61 = (P11P34 — P2oPis),
Pe3 = (P11037 — P3sPis), Pes = (P11P3s — P3sPia),
Pe6 = (P11P38 — P3sPie), Pes = (P11Pa1 — PaoPr2),
pro = (P11Pa3 — PaoP14), pr1 = (P11Paa — PaoPis),

P2 = (p11p45 - p40p16)7 P73 = P11P4e, Pra = (p47p53 - 2952]948)7

D6 = (p47]955 - p52p50), Prr = (p47p56 - p52p51),

P9 = (p47p59 - p57p49), Pso = (p47p60 - p57p50),
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Ps1 = (p47]961 - ps?Psl), Ps2 = (p47]963 - p62p48)7 Dg3 = (p47p64 - P62p49),
DPga = (p47P65 - p62p50); Pss = (p47p66 - p62p51)7 Pg7r = (p47p69 - p68p48)7
Dgs = (p47p7o - p68p49)7 Pso9 = (P47p71 - p65p50>7 Poo = (p47p72 - p68p51)>

Ps6 = PatPe67, Po1 = ParP73-

Thus, the frequency equations for bonded and unbonded interface are respectively

given by
0411(06220433 - 04230632) - 0412(04210433 - 04230431) + 0613(04210432 - 04220431) =0

and

511522 - 612521 = 0.

2.6 Rayleigh Waves

Since Rayleigh waves propagate along the free surface of half-space, we neglect
the half-space M’ so that all the parameters corresponding to this materials are zero.
In this case, the frequency equation of the Stoneley waves (2.26)-(2.28) are reduced
to

2 —mim3fi — fimam3 — 2mymomamyfifo = 0, (2.29)
where
[ =mim3(mimirs, 4+ r2s) — mi(mird, +mird,), fi = 2rsarsami, fo = 2rsgrsymims,
T's1 = 2]{?2{(‘/1112 = VaLy)(Vi = V3) — (Vils — V3Ly) (Vi — Va)},
52 = Viays(ViLy — Vng)(mi + kz)/l r53 = Viapa(ViLs — ‘/},Ll)(mi + kQ)/Z
rsq = [a11{(ViLs — V3L1) Vo — (V1 Ly — %L1)%)}](mi + k?2)/2-

This Equation (2.29) represents the frequency equation of the Rayleigh waves in

the thermoelastic materials with voids.
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2.7 Particular Cases

Case I: If the presence of voids are neglected, the problem reduces to the propa-

gation of surface wave in thermoelastic materials. In this condition,

The frequency equations for the Stoneley waves for bonded and unbonded interface

are obtained from (2.26) as

a1 G122 A4 A1z Q16 G18
21 G2z (24 Q25 A26 (28
az1 Q32 az4 Aazs Az G38
41 G4z Qg4 Q45 Q46 048
a7 Grz Qrq Q75 A7 Qrs

agy Qgz Aagg dAgs Agg A8y

and the frequency equation for the Rayleigh wave is given by

G84(a12a31 - a11a32) + a14(a32a81 - 031@82) =0 (2-30)

with the void parameters in m;, m;, L;, L., (i = 1, 2) are vanished and the following

modified values
ai; = (>‘+2M)m22_)‘k2_ﬂLm (Z = 17 2)a aiy = _(/\/+2lul)m;2—4+/\,k:/2+/8,[’;—4a (Z = 57 6)

The frequency equation (2.30) for Rayleigh wave agrees with the result of Abouel-
regal (2011).
Case II : If the presence of thermal is neglected, the problem reduces to the

propagation of surface wave in elastic materials containing voids. In this condition,

k=F=a.=m=Ty=r = =da,=m'=T; =0.
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The frequency equations for the Stoneley waves for bonded and unbonded interface

are obtained from (2.26) as

11 a1z a4 AaAis air aig
Q21 Q23 Q24 A5 Q27 (28
51 G353 Q54 Aas5 G57 (58
a1 Qg3 Agsa Ae5 Ae7 68

ar1 Q73 Q74 A7s  A77 G138

ag1 dAag3z Gg4 dAgs Gg7 A8y

and the frequency equation for the Rayleigh wave is given by
aga(@12a51 — a11as3) + ais(assasy — asiags) = 0 (2.31)

with the thermal parameters in m;, m;, V;, V!, (i = 1,3) are vanished and the

following modified values
ay; = <)‘+2ﬂ)m3_)\k2+6*%7 (Z = 17 3)7 a1y = _(A/+2ul)m;%4+A/k/2_5*/%L47 (Z = 57 7)

The frequency equation (2.31) of the Rayleigh wave is similar with the result of

Chandrasekharaiah (1987) for the relevant problem.

2.8 Numerical Results and Discussion

In order to discuss the frequency equations of Stoneley and Rayleigh waves in
thermoelastic materials containing voids numerically, we consider the values of the
parameters in the half-spaces, M (Dhaliwal and Singh, 1980) and M’ (Singh, 2011)
as given in Table 2.1.

We come to know that the frequency equation corresponding to the Stoneley
waves are quite complicated and the exact value of the phase velocity can not be
found easily. In this condition, we interpret the frequency curves with the help of

determinant values given by Equations (2.27) for bonded and (2.28) for unbonded
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interface. Figures 2.1-2.4 and 2.5-2.8 discuss the effect of thermal parameter on the

propagation of Stoneley and Rayleigh waves respectively.

Symbols(M) Value Symbols(M') Value Units
A 2.17 x 1010 N 2.12 x 100 Nm=2
i 3.278 x 1010 w 3.17 x 10%° Nm™2
p 1.74 x 103 0 3.8 x 103 kgm™3
¢ 1.475 x 1010 £+ 2.25 x 1010 Nm™2
5 1.13849 x 10'° B 1.29 x 10%° Nm™2
a* 3.688 x 107 a*’ 1.7 x 1073 N
K* 1.753 x 1071 K* 1.57 x 10715 m?
K 1.7 x 102 K/ 1.14 x 10* | Wm ™ tdegree=!
B 2.68 x 10° o4 1.07 x 106 | Nm~2degree=!
m 2 x 106 m’ 2.28 x 10° | Nm~2degree*
c* 1.8096 x 108 c! 1.04 x 105 | Jm3degree?
T 298 T 300 K

Table 2.1 Numerical values of the parameters

x 107
F T T T e —————
/I”—’_
05} il -
]|
q
® ) ;
Q@
o
ASE I k&«
2k & 2K'
M:3x & 3x'
_2 N N L | N L | s N N | M s N N 1 . L M s 1 N L s
50 60 70 80 a0 100

Cc ITES-1

Figure 2.1: Variation of Real(A) with phase speed of Stoneley waves (bonded) at different
values of k & K’
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:2x & 25" ]
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Cc ms'1

Figure 2.2: Variation of Image(A) with phase speed of Stoneley waves (bonded) at dif-
ferent values of k & K’

x10° ——
5L I: « & &'
I :2x & 2kK'
4'_ ll: 3k &3k

1 1 | T ——

50 60 70 80 90 100
cms”

Figure 2.3: Variation of Real(A) with phase speed of Stoneley waves (unbonded) at
different values of k & &'

In Figures 2.1 and 2.2, the variation of the values of the real and imaginary part of
the frequency equations of Stoneley waves for the bonded interface with the phase
velocity at different values of (k, k') are depicted. It may be noted that w = 0.001. It
is observed that the values of real and imaginary values of A increases and decreases

with the increase of phase velocity (¢). With the increase of thermal parameters,
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Real(A) decreases, while Imag(A) increases. In the case of unbonded interface in
Figures 2.3 and 2.4, the values of real and imaginary part of A decrease with the
increase of phase velocity. With the increase of thermal parameters, these values

increase. Thus, we have seen that the frequency equations of Stoneley waves depend

on the thermal parameters.

% 108
L ¥ ¥ T T 2 ¥ ¥ T T 2 L T T ¥ ¥ L T ¥ T 2 T T r ¥ ¥

10 F I: K & H' i
:2x & 2K' ]

: 35 & 3" 1

&l ]
M . 1 L " L ' [ M L L i i L I N ——— E

50 60 70 80 90 100

cms™

Figure 2.4: Variation of Image(A) with phase speed of Stoneley waves (unbonded) at
different values of k & '.
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Figure 2.5: Variation of phase speed (C}) of Rayleigh wave with angular frequency at
different values of k.
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The velocity curves corresponding to the Rayleigh waves are given by Figures 2.5-

2.8. We have observed two modes of phase velocity of this surface wave. In Figures

2.5 and 2.6, values of the two modes of phase velocitsy of the Rayleigh wave increase

with the increase of angular frequency (w) at different values of k. These values

increase with the increase of k.

3919.3

3915.29

)lns4

2
r

3915.28

3915.26

Phase speed (C

3915.25

3015.27 |

l: k
2k
(i 3k

8 10 12 14 16 18
wrads™ x10°

Figure 2.6: Variation of phase speed (C?) of Rayleigh wave with angular frequency at
different values of k.
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Figure 2.7: Variation of attenuation (Al) of Rayleigh wave with angular frequency at
different values of k.
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Figure 2.8: Variation of attenuation (A?) of Rayleigh wave with angular frequency at
different values of k.

The attenuation coefficients of the Rayleigh waves corresponding to the two mode
are depicted in Figures 2.7 and 2.8. These attenuation coefficients decrease with the
increase of w for different values of k. With the increase of x, the values of these

coefficients decrease. Thus, the frequency equations depend on k.

2.9 Conclusions

We have investigated the propagation of surface waves in the thermo-elastic ma-
terials with voids. The frequency equations of the Stoneley waves in the bonded
and unbonded interface between two dissimilar half-spaces of thermo-elastic materi-
als with voids are obtained. The frequency equation for the Rayleigh wave in such
medium are also derived. The frequency curves for the Stoneley waves are examined
numerically with the the help of determinant values. We also plot the velocity curves
for the Rayleigh wave. We conclude with the following points
(i) The Stoneley waves between two dissimilar half-spaces of thermo-elastic materials
with voids are dispersive in nature.

(ii)) The real and imaginary values of determinant, A for the bonded interface of
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Stoneley wave increases and decreases respectively with the increase of phase veloc-
ity.

(iii) The real part of A decreases with the increase of thermal parameters k & &/,
while imaginary value of A increases.

(iv) The real and imaginary values of A for the Stoneley wave in the unbonded in-
terface decrease with the increase of phase velocity. These values increase with the
increase of thermal parameters, k & x'.

(v) We have observed two modes of phase velocity for the Rayleigh wave in the ther-
moelastic materials with voids.

(vi) The two modes of phase velocity of the Rayleigh wave increase with the increase
of angular frequency (w) at different values of k. These values also increase with the
increase of k.

(vii) The two modes of attenuation coefficients of the Rayleigh wave decrease with
the increase of w at different values of k. It is observed that these coefficients decrease

with the increase of k.
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Transmission of elastic waves in
initially stressed transversely

isotropic thermoelastic solids?

3.1 Introduction

Thermoelasticity discusses heat conduction, strains, and thermal stresses in the
materials with the inverse effect of temperature distribution. The study of thermoe-
lastic material has been implemented in many important fields such as seismology,
soil dynamics, physical sciences, aeronautics, atomic smasher, and nuclear reactors.
Othman and Song (2007) formulated the governing equations for isotropic and ho-
mogeneous generalized thermoelastic half-space under hydrostatic initial stress using
the Green and Naghdi theory of types II and III. They obtained the phase velocities
of thermal, P and SV-waves. Singh (2010b) shown the existence of three plane quasi
waves, namely, Quasi-Longitudinal (QL), Thermal (7-mode) and Quasi-Transverse
(QT) waves in transversely isotropic thermoelastic solid with initial stresses and de-
rived the amplitude ratios of the reflected waves from a plane free boundary of such
medium.

In this chapter, we have studied the reflection/transmission of elastic waves in

initially stressed transversely isotropic thermoelastic materials. Three quasi type

2Engineering Reports, €12104, 1-14 (2020)
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coupled longitudinal (QL), transverse(QT') and thermal waves are found to propa-
gate in initially stressed transversely isotropic thermoelastic materials. For incident
QL and QT-waves at a plane interface, boundary conditions were implemented for
obtaining the coefficients of reflection/transmission, the distribution of energy in the
reflected and transmitted waves are also discussed. Numerical computations have
been performed and analyzed the impact of initial stresses on the amplitude and en-
ergy ratios of the reflected and transmitted waves. We have observed critical angles

at 0y = 30° and 58° for the reflected and transmitted ) L-waves for incident QT-wave.

3.2 Basic Equations

Following Wang et al. (1997), the constitutive relations for prestressed bodies

with generalized thermoelasticity are

Tij = Cijmn€mn + €jxPri — BiT, (3.1)
pn = pCT + Bijes, (3.2)
¢ +7¢ = —a T — KiT;— hire, (3-3)
eij = %( it i), (i,j,k,m,n=1,23) (3.4)

where 035, ¢;, 1, Pri and e;; are stress, thermal flux, entropy, prestress and strain
tensors respectively, ¢;jmn and f5;;, Kij, a;, hij, are elastic and thermal coefficients
respectively, the temperature is change from Ty to T, u; is the component of displace-
ment vector of the material with density p, thermal relaxation time 7 and specific
heat C..

For the generalized thermoelastic materials under initial stresses with body force

F; and internal heat source .S, the equations of motions are given as

pii = 0ji;+ pF, (3.5)
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Without body forces as well as heat sources and using Eqs.(3.1)-(3.3) in (3.5) and
(3.6), we get

(dijmnemn — BiT); = piis, (3.7)

0 ) .
To(l + Ta)(ﬂijeij -+ pCeT) = (KZJT:] + hijkejk + aiT),Z-, (38)

where dijmn = Cijmn + 0jn€mi and d;,, is the Kronecker’s delta. Note that a; = 0 and

hijr, = 0 for the uniform temperature prestressed bodies.

3.3 Wave Propagation

We consider Cartesian coordinates with z and y-axes lying horizontally and z-axis
as vertically. Two half-spaces M : 0 < z < oo and M’ : —oo < z < 0 of transversely
isotropic thermoelastic medium under initial stresses are assumed to analyze wave
propagation in zz-plane. The diagrammatic structure of the problem is presented in
Figure 3.1.

For half-space M, equations of motions are (Singh, 2010b)

diur g + (diz + daa)ugps + dagw 33 — 5iTh = pii, (3.9)

daqus i1 + (diz + daa)ur s + dssus ss — B3T3 = pis, (3.10)
0 . . :

To(1 + Ta)(ﬁlul,l + Bstigz +dT) = KiTy1 + KsTgs, (3.11)

where u = (u1,0,u3), di1 = c11+ Pi1, dig = 13, d3g = ¢33+ Psg, dag = caa+ P11, I =
K1, K3 = Ks3, 1 = 11 = (di1 +diz)on +digas, B = Bsz = 2dizon +dssas, d = pC,
o and ag are linear thermal expansion coefficients.

Similarly, for M’

dlnull,n + (d/13 + d214)ué,13 + d£14u/1,33 - BiT,ll = pli, (3.12)

dyguz 1y + (diz + dyg)uy 13+ dygus 55 — BT = pliis, (3.13)
0 ) . :

T(;<1 + Tla)(ﬁiulm + /6:,),“53 + d/T/) = KiT,/n + K:/aT,,33» (3.14)
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transmitted QL

transmitted QT

transmitted T — mode

reflected T — mode

incident QL or QT
reflected QT

zvy reflected QL

Figure 3.1: Geometry of the problem.

' o / I / ' 'l TN ' / /
where 3] = B}, = (d}; + dip)a; + dizas, By = By = 2di30) + djza, o) and aj are
3 _ / / ! yalu / _ / / ! _ /
due to thermal expansion, u = (u},0,u}), d = p/C., d)y = ¢, + Pjy, dis = )3,
/ _ / ! _ / ! !/ ! !/
dsz = C33 + Py, dyy = ¢y + Ppy, Ky = Ky and K3 = K.

For the incident, reflected and transmitted waves, we have

<U§n), ugn)’ T(n)> — <And§n), Andgn)7 anFnAn>ezkn{xp(ln)+zp,(”)_vnt}7 n=0to6, (315)

where A,, is the amplitude constant, <d§"), 0, dé")> and <p§"), 0, p§”)> are unit displace-
ment and propagation vectors respectively, k, is wavenumber, v, is phase velocity
(Singh, 2010b). Note that n = 0 represents incident QL or QT wave, n = 1,n = 2
and n = 3 represent for reflected QL, QT and thermal waves (T-mode) respectively
and n = 4, n = 5 and n = 6 represent for the transmitted QL, Q7T and thermal

waves respectively. The coupling constant £ is given by

(

(d11pq ) +d44p;(3 ) *Pvi)dg )pg )+(d13+d44)p(1 ) p(g )d§ )+

B1
2 2 2
(daap(™” +ds3p{” —pv2)dy” p{ +(dast+daa)plVpl d™ ~0.1.2.3
(n) /33 ) n= ) ) <y
F =
"2 2 2 n

(G R G A . R PR/ 2 s L
B

(dyyp{™” +pl™” —pv2)di™ plV + (] +dy, )p{" pS 4
7 , m=4,50.

\
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Using Snell’s law, we can have (Singh, 2011)

kosinfy = k,sin6, for r =1,2,3,4,5,6. (3.16)

3.4 Boundary Conditions

The stress tractions, heat flow and displacement components are continuous at
z = 0. We have

(i) Continuity of normal traction:

Z d33U3 3+ d13U1 — BsT™) = Z dlgu + d/3U1T1 BT,

r=0

(ii) Continuity of shear traction:

Zd44 u13+u31 Zd44U13+U31)

(iii) Continuity of heat flow:

3 6 3 6
: . T T
(r) — (r) _
2 T0=2 10 Y =
r=0 n=4 r=0 r=4
(iv) Continuity of displacement components:
3 6
YLD DTN WIS Wiy
r=0 r=4

These boundary conditions may be reduced to

3

Z{k (d33p — B3 F(T)) + d13kop1 d(r)}A -

r=0

6
> k(g dS) — BLF) + dygkopVdi YA, = 0, (3.17)
r=4

3 6
S du(kpyd? + kopl”dy?) A n—zdim PO 4 kpVdD) A, =0, (3.18)

3 6
> kB FOA =Y kFOA, =0, Z k2p\VF) A, Z pUFMA, =0, (3.19)
r=4
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3 6 3 6
S dA =Y dPA =0, > dYA - dPA =0 (3.20)
r=0 r=4 r=0 r=4

Equations (3.17)-(3.20) will help to find the reflection and transmission coefficients

of the reflected and transmitted waves.

3.5 Amplitude Ratio
The matrix representation of Eqs (3.17)-(3.20) is given as
AZ = B, (3.21)
where A is a 6 x 6 matrix, B and Z are 6 x 1 matrices with the following elements

kr(d33pg)d:(;r) - 53F(r)) + dlgkopgo)dgr); r=1,2,3

al?” - )
— ki (digp dS — BFO)) — digkopt”d”, v =4,5,6
dua(kypd” + koplVdy, r=1,2,3 ko FT) o =1,2.3
Qor = , Az = )

—dy (kepd" + kopVdS), = 4,5,6 kFO, p =456

A", r=1,2,3 d), r=1,2,3
A4y = , A5 = 5

—d\", r=4,56 —dy, r=4,56

Kp$FO, r=1,2,3
ag; = L by = —ko(dapydY) + digplVd” — gy FO),
—k2py P, - =456
by = —duko(pyd” + pVdY), by = —koF9, by = —d{,

A,
b5 = _di(iO)7 b6 - _k(Q)pf(iO)F(O)7 Zr — A_O

Eq.(3.21) is solved for Z, due to incident QL and QT-waves.
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3.6 Energy Ratio

We have considered partition of energy at z = 0 and the rate of transmission is

given by (Achenbach, 1976)
B = <TZZ : U3> + <7_zx : ul) (322)
Using Eq. (3.22), the energy ratios waves are

Tlo

where

(

A (dsskids) D) + diskodp\” — Bski )+

duad? (kdp + kod(Pp(), i=0,1,2,3

75
Ay (dskidypy) + diskod pl” — Byk; FO)+

dyd (kidPps) + kodl?pl), i=456
\

Note that E, for r = 1,2, 3 represent energy ratios of the reflected QL, QT and
T-mode waves respectively and r = 4,5, 6 represent for the transmitted Q L, QT and

T-mode waves respectively.

3.7 Particular Cases

CASE I: If P11 = P33 = Plll = Pég = O, then dij = Cij and d;j = C;j. EQS (321)

and (3.23) have the following modified values

kj(033p§,j)d:(),j) - 53F(j)) + 013750]950)019)7 Jj=123
ay; = )
_kj(cégpgj)dgj) - &,F(j)) - C,13kop§0)d§j)» J=4,506

caa(kpdd? + kopd),  j=1,2,3
—y(kipydY + kopVdy)), j=14,5,6

o4



d(o)

by = —ko(C33p§0)d( ) + C13p1 BsF

(
caady) (idip) + kodgp").

n; =
d (033k d3 p3 + C13k0d1 P1

(0)>’ by = —C44k0(p(0)d )+p§°

déi)(033kid§i)p§i) + 013k0dgi)]9g0)
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Jay.

— B3k W)+

i=0,1,2,3

— Byki FO)+

i =4,5,6.

| (kid"pS + ko)),
CASE II: If M’ is stress free, then

by (a22a63 - a23a62) - a12(52a63 - (123b6) + G13(b2aﬁ2 - a2256)

Zl - ’
an(a22a63 _ a23a62) — au(am%g, — a23a61) + a13(a21a62 - a22a61)
Ty = ar1(baaes — as3bs) — bi(azaes — axae) + aiz(anbs — baaer)
y =
a11(az2a63 — a23a62) — a12(a21a63 — a23a61) + a13(a21a62 — A22061)
be — byigy) — bs — b b -
2y — a11(a22bs — baaea) — a12(a21bs — baaer) + bi(azias2 — azzae) (3.24)

ar1(ag2ae3 — a23a62) — a12(A21063 — A23a61) + A13(A21062 — A22061)
These ratios exactly match Singh (2010b).
The distribution of energy E;, FE, and E3 of the reflected waves are given by
(3.23).
CASE III: If M’ is stress free and Pj; = P33 = 0. Equation(3.24) will be modified

with the following changes

aj = kj (033]33 d(] BsFD) + cishopy”dy,

ay; = culkpdd? + kopVd)), (5 =1,2,3)

by = —ko(C33P;(;0)d;(z,0) + C13p§0)d50) - 53F(0))7
by = —cuko(Pd® + pPad).

The results are exactly same as Sharma (1988).

The energy ratios Ey, Es and Fj are also given by (3.23) with the modified value of

n;, = d (033]{361 pg +Cl3k0d1 pl ﬁng )
+ cnd? (kid'py) + kods'pl”),  (i=0,1,2,3).
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3.8 Numerical Results

For evaluating the coefficients and energy distributions due to reflected and trans-
mitted waves for incident ()L and Q)T waves, we have used the relevant parametric

values given in Table 3.1 (Chadwick and Seet, 1970).

Cobalt (M) Value Zinc (M) Value Units
0 8.836 x 103 o 7.14 x 10° kgm=3
cn 3071 x 101 | ¢, | 1.628 x 101 Nm~?
C12 1.650 x 10 A 0.362 x 10 Nm™2
C13 1.027 x 101 s 0.508 x 10! Nm™2
c33 3581 x 10" | by | 0.627 x 101! N2
Caa 0.755 x 10 | ¢y | 0.385 x 10" Nm~?
R 7.04 x 108 B1 5.75 x 10 | Nm~2degree=!
B3 6.90 x 10° B4 5.17 x 10 | Nm~2degree=!
C. 4.27 x 10? ! 3.9 x10% | Jkg 'degree?
K, 0.690 x 102 K1 1.24 x 10> | Wm ™ 'degree™
K; 0.690 x 102 K} 1.24 x 10* | Wm ™ 'degree™"
T, 208 T 296 K
7o 0.05 7 0.06

Table 3.1 Parametric Values

The unit propagation and displacement vectors are

(for incident quasi-longitudinal wave)
(pg())? 07 pi(%O)) = (Sin 007 07 COs 90)7 (dg())? 07 d:(&O)) = (Sin 00a 0> COS 00)7
(for incident quasi-transverse wave)

(p1”,0,p5") = (sin6o,0,cos0y),  (d}”,0,d5") = (cos b, 0, —sin ),
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(for reflected waves)
(pgl),O,pél)) = (sin#y, 0, — cos by), (dgl),O,dgl)) = (sin#y, 0, — cosby),

(ng), Oa pi(%g)) = (Sin 92: Oa — COs 92)7 (dg2)a Oa di(’)Q)) = (_ COS 92a 07 — sin 92)7

(pg3),0,pé3)) = (sin#3, 0, — cos f3), (d§3),0,d§)3)) = (sin#3,0, — cos b3),

oo [:P=0.1,P'=05 ]

~ HI:P=0.4,P'=0.8 -

0.8 FNI:P=0.7, P'=1.1 ‘

0.7 f “
—~ 06 ‘
N ]
05 .

04 F 1

03 F ‘
"-"'-I-—___ ]

0.2 T, 11 " P
--.-'.-'F-—— N el R ' i | | L ]

10 20 30 40 50 60 70 80 a0
Angle of incidence

Figure 3.2: Variation of |Z;| with angle of incidence for different values of P and P’.
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II:P=0.4, P'=0.8
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Figure 3.3: Variation of |Z3| with angle of incidence for different values of P and P’.

57



Chapter 3

(for transmitted waves)
(11",0,05") = (sin 04,0, cos04), (a0, d5”) = (sin 6,0, cos ),
(#”,0.p5) = (sin 05,0, cosfs),  (d)”,0,d”) = (cos 03,0, — sinbs),

(pgﬁ),O,pgﬁ)) = (sinfg, 0, cos bg), (dgﬁ),O,dgﬁ)) = (sinfg, 0, cos bg).
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Figure 3.4: Variation of |Z3| with angle of incidence for different values of P and P’.
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Figure 3.5: Variation of |Z4| with angle of incidence for different values of P and P’.
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Figures 3.2-3.13 are due to incident QL wave, while Figures 3.14-3.25 represent for

the incident QT wave. It may be noted that P = Py = Psy3, P’ = P{; = Pj; and

w=2>.
003 F I: P=0.1, P'=0.5 .
I:P=0.4, P'=0.8
0.025 L :P=0.7, P'=1.1
0.02
"
N
0.015 |
0.01
0.005 |

10 20 30 40 50 60 70 80 90
Angle ofincidence

Figure 3.6: Variation of |Z5| with angle of incidence for different values of P and P’.
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Figure 3.7: Variation of | Zg| with angle of incidence for different values of P and P’.
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3.8.1 Incident ()L-wave

Figures 3.2-3.4 explain the change in reflection coefficients with the change in 6, at
different values of P and P’. We have seen that |Z;| in Figure 3.2 increases when 6,

is increased.

l: P=0.1, P'=0.5
l:P=0.4, P'=0.8
0.8 "m:p=0.7, P'=1.1

IE,|

10 20 30 40 50 60 70 80 90
Angle ofincidence

Figure 3.8: Variation of |E;| with angle of incidence for different values of P and P’.
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Figure 3.9: Variation of |Es| with angle of incidence for different values of P and P’.
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Figure 3.10: Variation of |Es| with angle of incidence for different values of P and P’.
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Figure 3.11: Variation of |E,| with angle of incidence for different values of P and P’.

In Figure 3.3, all the curves corresponding to |Zs| increase initially and decrease

when the value of 6y get larger. Thereafter, Curve I, Curve IT and Curve III increase

to the maximum values at 6y = 71°, 0y = 70° and 6, = 68° respectively and then

decrease again. All the curves in Figure 3.4 for the amplitude ratio |Z3| increase to
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the maximum values at 6, = 30°(Curve I), 6y = 28°(Curve II) and 6y = 26°(Curve
IIT) which decrease with the increase of 6y. Note that the minimum and maximum
effects of initial stresses on |Z;| are near grazing and normal incidence respectively,

while the minimum effect on |Z3| is near normal incidence.

x107
I: P=0.1, P'=0.5 |
25 [ 1:P=0.4, P'=0.8 -:
1:P=0.7, P'=1.1
2 b=
— 15|
_
1 -
05

10 20 30 40 50 60 70 80 90

Angle ofincidence

Figure 3.12: Variation of |E5| with angle of incidence for different values of P and P’.
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Figure 3.13: Variation of |Fg| with angle of incidence for different values of P and P’.
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Figure 3.14: Variation of |Z;| with angle of incidence for different values of P and P’.
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Figure 3.15: Variation of |Z2| with angle of incidence for different values of P and P’.

The variation of the transmission coefficients are depicted in Figures 3.5-3.7. We
have seen that |Z,| decrease with the increase of 6y, while |Z5| and |Zg| are similar
to those of |Zs| and |Z3| respectively. All the curves in Figure 3.6 meet at a point
0y = 60°. Here, also the effect of initial stresses on |Z,| is maximum when 6 is close to

normal angle of incidence. The energy distribution on the reflected and transmitted

63



Chapter 3

waves are presented in Figures 3.8-3.10 and 3.11-3.13 respectively. In Figure 3.8, |E} |
increases when the value of 6y is getting more. The effects of P and P’ on |E4| are

minimum and maximum at the grazing and normal angle of incidence respectively.

I: P=0.3, P'=0.1
I1:P=0.6, P'=0.4
Il:P=0.9, P'=0.7

10 20 30 40 50 60 70 80 90
Angle ofincidence

Figure 3.16: Variation of |Z3| with angle of incidence for different values of P and P’.
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Figure 3.17: Variation of |Z4| with angle of incidence for different values of P and P’.
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- 1: P=0.3, P'=0.1
I:P=0.6, P'=0.4
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Figure 3.18: Variation of |Z5| with angle of incidence for different values of P and P’.

x1078

2|
I

< I: P=0.3, P'=0.1 :
: I1:P=0.6, P'=0.4 ;
11:P=0.9, P'=0.7 -

[ Y S S S [ ST S S S S——

10 20 30 40 50 60 70 80 90
Angle ofincidence

Figure 3.19: Variation of |Zg| with angle of incidence for different values of P and P’.

All the curves in Figure 3.9 for | Es| increase initially and meet at 6y = 52° which
then increase to the maximum values at 6, = 77°(Curve I), 6y = 78°(Curve II) and
o = 79°(curve III). After these points, all the curves decrease with the rise of 6. In
Figure 3.11, the value of |E,| falls when the value of 6y is increased. The values of

|E3| in 3.10 increase to the maximum values for Curve I, Curve II and Curve III are
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observed at 0y = 35°, 0y = 31° and 0y = 28° respectively and all decrease with the
higher value of #,. We have observed that the minimum effect of P and P’ on |Ej|
is near normal angle of incidence. |Ej5| and |Eg| show similar pattern with |Es| and
| E3| respectively. The sum of the energy ratios is close to one.
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Figure 3.20: Variation of |E;| with angle of incidence for different values of P and P’.

I: P=0.3, P'=0.1
I:P=0.6, P'=0.4
08 [ :P=0.9, P'=0.7
06
Tt
w
04 r
02
—— 1 L L

10 20 30 40 50 60 70 80 90
Angle of incidence

Figure 3.21: Variation of |Ey| with angle of incidence for different values of P and P’.
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3.8.2 Incident QT-wave

Figures 3.14-3.16 and 3.17-3.19 are corresponding to the coefficients of reflection
and transmission respectively. In Figure 3.14, the values of | Z;| have parabolic paths
in the regions, Curve I: 0° < 0y < 28°, Curve II: 0° < 0y < 24°, Curve III: 0° < 0y <
21° and then increase with the increase of 6y. In Figure 3.15, |Z,| starts decreasing
to the minimum value which then increase with the higher value of 6.

The values of |Z3| in Figure 3.16 increase initially and decrease slightly which increase
and decrease again when the value of f is getting larger. In Figure 3.17, | Z,| increases

to the maximum value and then decreases with the rise in the value of 6.

0
I: P=0.3, P'=0.1

6 [ 11:P=0.6, P'=0.4
:P=0.9, P'=0.7

10 20 30 40 50 60 70 80 90
Angle ofincidence

Figure 3.22: Variation of |E3| with angle of incidence for different values of P and P’.

The value of |Z5| in Figure 3.18 decreases when the value of 6 is increased. It
is observed that |Zg| has similar pattern with |Z3|. In this case, we have observed
critical angles 6y = 30° for |Z;| and 6y = 58° for |Z,|. We have seen that the effects
of P and P’ on |Z3| and |Zg| are minimum near normal as well as grazing angle of
incidence. In Figure 3.20, all the curves show that |E| increases to some point and

then drops to the minimum value which then rises with the increase of 6y. The values
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of |Es| in Figure 3.21 increase with the rise in the value of §,. We notice that the
effect of initial stresses is very small near the normal incidence. It is observed that
|E3| in Figure 3.22 increases up to certain value and then decreases with the increase
of 0. In Figures 3.23-3.25, we have seen that the variation of |E,| and |FEs| have

similar pattern with |Z,| and |Zs| respectively.
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Figure 3.23: Variation of |E,| with angle of incidence for different values of P and P’.
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Figure 3.24: Variation of |E5| with angle of incidence for different values of P and P’.
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The values of | Fs5| in Figure 3.24 decrease initially and then increase up to certain
value which decreases again when the value of 0 is increased. Here, we have noticed
critical angles, 6y = 30° for |F;| and 6y = 58° for |F4|. The law of conservation
of energy is also hold for this case. It is observed that the effect of initial stresses
are very small near the grazing and normal incidence in most of the amplitude and

energy ratios for incident QL and QT waves.
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Figure 3.25: Variation of |Eg| with angle of incidence for different values of P and P’.

3.9 Conclusion

For incident Q)L and QT-waves at the interface between two different half-spaces
of initially stressed transversely isotropic thermo-elastic materials, the reflected and
transmitted waves are analyzed. The formula corresponding to the coefficient of
reflection/transmission and energy ratios are obtained with the help of appropri-
ate boundary conditions. These formulas are computed numerically for a particular
model. We have the following concluding remarks:

(i) The reflection/transmission coefficients and the energy distributions are found to

depend on angle of incidence, elastic, thermal and initial stress parameters.
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(ii) The ratios |Z;| and | E}| increase, while |Z,| and |Ey4| decrease with the rise in the
value of #, for the incident ()L-wave.

(iii) For incident @) L-wave, the maximum and minimum effects of initial stresses on
|Z1|, |Z4], |E1| and |Ey| are found near normal and grazing angle of incidence.

(iv) The effect of initial stresses on |Z3|, |Zs|, |Es| and |Fg| is minimum near normal
angle of incidence for incident () L-wave and they have similar pattern.

(v) The reflected and transmitted )L-waves have critical angles at 30° and 58° re-
spectively for the incident QT wave.

(vi) The addition of all the energy distributions for the incident QL and QT-waves
is close to unity.

(vii) We have recovered the results of Singh (2010) and Sharma (1988) in the special

cases of the present problem.
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Rayleigh waves in thermoelastic

saturated porous medium?

4.1 Introduction

The solid and voids in porous materials are connected in a continuous form within
the volume of the materials forming looseness between the particles. Nunziato and
Cowin (1972) developed a non-linear theory for elastic material with voids and showed
that an internal dissipation has been caused due to the changes in volume fraction of
the materials. This theory was linearized by Cowin and Nunziato (1983) taking void
volume fraction as independent kinematical variable. Currie et al.(1977) discussed
the possibility of propagation of more than one surface waves in viscoelastic materi-
als. Goyal et al. (2016) confirmed the existence of more than one type of Rayleigh
waves in a swelling porous half-space. They obtained two modes of Rayleigh type
surface waves. One of them is the counterpart of the classical Rayleigh wave and
the second mode of Rayleigh-type surface waves arises due to the presence of either
liquid or gas phases of the swelling porous medium.

This chapter investigates the propagation of surface waves in the heat conducting
porous material saturated by non-viscous fluid. The frequency equation for Rayleigh

type waves are obtained separately for thermally insulated and isothermal boundary

3International Journal of Advances in Applied Mathematics and Mechanics, 8(4),
15-27 (2021)
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conditions. We have observed two modes of dispersive Rayleigh type waves - I and II.
The propagation speed, attenuation and specific loss due to these waves are computed
numerically to see the effect of porosity and Biot’s parameter. The velocity curves
have been presented and it has been observed that they depend on the porosity, elas-
tic, thermal and Biot’s parameter of the material. The phase speed of first Rayleigh
type wave is just lower than that of transverse waves and the second Rayleigh type

wave is faster than those of body waves.

Omn . Stress tensor in solid Tmn . Stress tensor in porous
P; 1 Fluid pressure «a  : Biot’s parameter
Omn : Kronecker’s delta A, p : Lamé parameters
: Bulk coupling parameter w,, : Average fluid motion
U, : Displacement in fluid Uy, : Displacement in solid
1o : Reference temperature f : Porosity
By : Thermal stress in fluid Bs  : Thermal stress in solid
p : Density of porous aggregate | p; : Density of pore fluid
To, I : Thermal parameters g : Inertial
w : Angular frequency To  : Thermal relaxation time
k : Wavenumber

Table 4.1: Symbol and Parameters

4.2 Basic equations

The stress tensors for a thermal conducting porous solid in which the voids are

saturated by non-viscous fluids are given by Biot(1956a)

Tonn = Omn + Q(—Pf)0pn.
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The constitutive relations for an isotropic fluid saturated porous heat conducting

materials are given as Bear et al. (1992)

= )\ul,l(smn + ,u(um,n + un,m) - ﬁs (T - TO)émna (42)

Umn

—Pf = aMul’l + Mwl,l — 5f(T — TO>5mn (43)

The equation of motion in the absence of body and internal forces for such mate-

rials are

Tmnm = pum + pfwma (44)
(_Pf),m = Pl + qUn, (4.5)
KT‘,nn - pCe (T + 7_Oj:') = TOB{TO (un,n + wn,n) + un,n + wn,n}y (46)

where 3 = s + af3;.
Using Eqs. (4.1)-(4.3) into Eqs. (4.4)-(4.6), we get

A+ p+a*?M)V(V-u) + pVu —pii + aMV(V - w) — ppw — VT =0, (4.7)
aMV(V-u)—psi+ MV(V-w)—qw— 5,V =0, (4.8)

BT{(V -+ 7V i)+ (V-W+1V-W)} — {KV?T — pCo(T + 757) = 0. (4.9)
Using Helmholtz’s theorem, u and w can be decomposed as

U=Vé, +Vxe, V-9, =0, (4.10)

W=V +V x9, V-9,=0, (4.11)

where ¢, and 9 are potentials representing solid phase and ¢y and 9 ; are representing

fluid phase.

4.3 Surface wave

We consider Cartesian coordinates as x and z-axis lying horizontal with vertical

y-axis. The two dimensional problem of surface wave propagation is considered in the
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xy-plane of a half-space of thermoelastic saturated porous materials. Using harmonic
nature of traveling waves that potentials vary with exp(—wwt) and inserting Egs.

(4.10) & (4.11) into Eqgs. (4.7)-(4.9), we get two sets of equations

{3V — w? WV + W' V2 — Wb, b7, Tz, y) = 0, (4.12)

Sy ) = 0 (@13)

{v?
where Qo = pCet(p} — pq), Q3 = MK(A+2u), 7 =1+ 2%, D1 = A+ 2u + oM,
O = pCet(Drg+Mp—2aMpy)+K (pg—p3) +Tot BB (p—ps)+B°Tom(q—py) and Qy =
—K(D1g+Mp—2aMps)—pCer(D1M—a?M?) =Ty B8 (D1—aM )+ *Tor (aM — M).

The full potential structures for surface waves in the saturated heat conducting

porous materials may be given as

3

<¢sa ¢f7 T— T0> (.17, Y, t) = Z<An7 anAna bnAn>€(lkx_m"y_Mt)’
=t (4.14)

<¢57 ¢f> (l‘, Y, t) = <A47 dA4>6(zkm_m4y_Wt)’
where d, a, and b,, are the coupling constants given by

L FDi—pd) @M —pp) - pd
(M —q) - Z(aM - ppe2) Pt
_ (D1 —pa)(M —qci) = (@M = pyei)} (g
B @M = ppcd) = (M —qc)} -

Note that 1; and ¢ are z-components of 9, and 4, respectively, A,, are amplitude

constants, m? = k* — k2 and k,, are wavenumbers of the body waves.

4.4 Frequency Equations

At the free surface of the thermo-elastic saturated porous medium, the stress

tensors, gradient of temperature and fluid flux vanished. These conditions are (at

y=0)

2
A+ a*M)V?p, + 2,ua i

Oy?

0%
2 S
+aMVepy — B(T —Ty) — 2p Oy =0, (4.15)

Po, | Py OPihy
— = 4.1
28xay * Oy? Ox? 0 (4.16)
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oT
- = 4.1
5y T =0, (4.17)
09 iy
_ — 4.1

where h — 0 for thermally insulated surface and h — oo for isothermal surface.

Inserting Eq. (4.14) into (4.15)-(4.18), we have

anAi + a2z + aizAz + 1a14my Ay = 0, (4.19)
MG Ay + Maaga A + Maags Az + 109444 = 0, (4.20)
myag1 Ay + moasaAs + maasz3 Az = 0, (4.21)

az1 Ay + azpAs + asz3 Az = 0, (4.22)

myag Ay + moagAs + maayz Az + 1a4A4 = 0, (4.23)

where

a1, = (A + a”M + aMa,)(m2 — k) + 2pum;, — Bb,, ai = 2uk, as, = 2k,

aza = (M3 + k%), a3, = by, Qan=0ay, au==kd, (n=123).

These equations help to derive the frequency equations of the Rayleigh waves

corresponding to thermally insulated and isothermal surfaces respectively as
ayymomazDi1 — argmimaDia + a1zmyma Dz — argmimomaDyy = 0, (4-24)

and
Dayymimg + Dagmims + Dagmamy — Dagmoms — Dosmomy — Dogmamy = 0, (4.25)
where

Dy, = (a22a33 - a23a32)a44 + (a32a43 - a33a42)a24, Dy = (a216l33 - a23a31)a44+
(a31a43 - a33a41)a24, D3 = (CL21CL32 - G22a31)a44 + (a31a42 - a32a41)a24,

D1y = (asaa43 — a33a42)a21 + (a33a41 — A31043) 022 + (A31042 — Q320471 )23,

Dy = a33a14mi(a41a22 - a42a21), Dyy = &32&1477”642;(@43@21 - G41@23),

Da3 = (@326113 - &33G12)(CL41G24 - @446121), Dy, = 613161477%2;(@43&22 - a42a23),

Dys = (031013 - a33a11)(a42a24 - a44a22), Dy = (a31a12 - G32G11)(a44a23 - a43a24).
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Equations (4.24) & (4.25) contain radical powers in the expressions of m, and
difficult to solve directly. The radical powers are removed by squaring and obtained

the frequency equations as

2 2 2 9 2 2 9\2 2 9 92 9 9 9o
(aq; — ajymims — ajgmamy)” — daj,ayzmymamamy = 0, (4.26)
2 2 92 9

where

M2 222 2 2.2 9 2 2.2 2 2 2.2 9 2 9
an = Dyjayymams + Digaysmims; — Disajymims — Digaiymimamamy,
2 2.2 2
a1z = 2D11 Dizaria13ms, iz = 2D12D1gar2a14mims, sy = 2(Ds3Dsymi — D3y Do),
2 2 2
Qo1 = D31 + D32m2m3 D33m2m4 D34m3m4, D32 = 2(D21D22m1 D25D26m4),
2

2 2 2 2
D3y = D21m1m2 + D22m1m3 + D23m1m4 D24m2m3 Djsm 2m4 D26m3m47

D33 = 2(D24D26m3 D21D23m%) D3y = 2(D24D25m2 D22D23m1)

Eqgs. (4.26) and (4.27) are equations of 48 powers and all roots do not satisfy
the boundary conditions. The solutions of these equations are complex and assume
that the wavenumber, k& = R + Q) be a solution, then the phase speed ¢, = % and

attenuation A, = @ satisfy
cl=c¢'+w Q. (4.28)

It may be noted that the exponent in Eq. (4.14) becomes 1R(z — ¢,t) — Qr — myy.

4.4.1 Specific Loss

The direct method to find internal friction for a material is finding the specific
loss. It may be defined as the ratio of energy dissipated (AW) in a specimen through
a stress cycle to the elastic energy (W) stored in the specimen at the maximum strain.

Numerical values of this factor is calculated as

¢Q

w

Specific Loss = 47 (4.29)
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4.5 Path of surface particles

The amplitude of displacement and temperature functions due to the propagation

of Rayleigh type waves at the surface, y = 0 are obtained as

{ug, wi, T} = {|Us| €%, |Wy| e?0+2) Tye'¥s} 409790 | = 1,2 (4.30)
where
L, L L Ly Le L.
k{1 oy Uy = — P
=l o ths o mzL + m3L3L5 T T,
Ly Lg L~ Ly Lg
_ D d Ty = bymy + b )
Wy =k{a + as I a3L3L5} 1 m4L3L5’ 9 1my + 2m2L 3Mg—— Tl
Lg L~
Wy = —aymy — azmzL + a3 T— + deL o Ly = ajsa21mymyg — aq1a24,
5 3Ls 3Ls

Ly = a14a20momy — a12a24, L3 = a14a23msmy — ayzass, q = R(v — c,t),

Ls = LiLs + LyLy, Ly = ayL3ls+aiplzly — aiz (LiLs + LaoLy),
(01,605,05,04,05) = (arg(Uy), arg(Us), arg(W), arg(Ws), arg(Ty)) ,

Ly = Lyazgzms — Lzazymy, (thermally insulated), Ljass — Lsag, (isothermal),

Ls = Loagzms — Lzasamy, (thermally insulated), Lsass — Lzaga, (isothermal).

We know that the surface of thermoelastic saturated porous material damped out
the vibration of Rayleigh type wave. As a result of this, the phase differences are
developed between u; and us in the solid and w; and ws in the fluid phase. Eq. (4.30)

retains the real part on the surface y = 0 as
{ug, wi} = {|Uk| cos(q + Ok), [Wi| cos(q + Opy2)) } N, k=1,2 (4.31)

where N = A e 97,

Eliminating ¢ from Eq. (4.31), we get

(%)2 + (%)2 —9 (%) (%) cos(0s — 0,) = N?sin®(03 — 04). (4.33)

7



Chapter 4

These Eqgs. (4.32) and (4.33) represent ellipse in u; — us plane and w; — wsy plane

respectively due to the fact that

4 ) 4 i
— cos?(0; —0y)) — ———— =~ _<in%(f, —h,) <0 and
A AT A A AT A TR

4 4
oS (Bs — 0,) — = — sin?(0+ — 04) < 0.
T R T A AR AR

The semi major (X, Xy), minor axes (Yj,Yy) and eccentricities (e, ef) of the

elliptical path in Eqgs. (4.32) and (4.33) are given by

9 N2 2 2 2 2\ 2 2 2
XSZT U] + |Us| +\/(|U1| — [Ua]")" + 4|UL|" |Us|” cos?(61 — 62) | ,
N? 2

Y2 =— ||| + |Us]? =/ (|UL)? = |U]?)” + 4|00 | U 29—9},

2= O+ =\ QU = Wl 4O 1 ot =)

2

2 2\ (U2 = [Uaf2)° + 41U [Uf? cos? (6 — 02)
02

s ) R
UL + U + \/(|U1|2 — |U2*)" + 4|UL|? |Us)? cos?(61 — 62)

and
N? 2
X} == {|W1|2+|W2|2+\/<\W1|2— Wa[) +4|W1|2\Wzl2eos2(93—94>},
N? 2
Y o= {\WHQ +[Wal* — \/(\Wﬂ2 — [Wal*)” + 4 |Wi* [W5|* cos?(05 — 94)] >

2
2 2\/(]W1\2 — [Wal*)” + 4 [Wi [ [Wal” cos?(05 — 64) (435)
(& = . .
f 2
(W12 + [Wa|* + \/(|W1|2 — [Wal?)” + 4|Wi ? [Wa cos?(05 — 0,)

If oy and a are the inclination of major-axes to the wave normal, then

2 {(tan?3 — 1) |Uy||Us| cos(6r — ) — (|Ui|* — |Us|?) tan &}
(tan?d — 1) (|Ui[* — |Us|?) + 4|U1| |Us| cos(6r — 62) tand

2 {(tan§ — 1) |Wy| |Wa| cos(fs — 64) — ([W1]* — |Wa|?) tan s}
(tan?§ — 1) (|Wi[* — [Wa|?) + 4 |W3| [Wa| cos(fs — 64) tand

tan(2as) =
(4.36)

tan(2ay) =

where ¢ is angle of propagation. For Rayleigh waves propagating along z-axis, 0 = 7,
then Eq. (4.37) becomes

tan(20,) = 2 |Uy | |Us| cos(6y — 92)’

U~ |Uaf (4.37)
9 . 2|W1| |W2|COS(93—04)
tan(2ay) = WiE — W :
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The horizontal and vertical components of displacement in solid and fluid phase
of the thermoelastic saturated porous material have equal magnitude, i.e., |U;| = |Us|

and |W;| = |[W3| when a, = ay = . This means that the surface particles moving in

1
the elliptical path of Eqs. (4.34) and (4.35) are parallel to the direction of propagation
of Rayleigh waves. Since the semi-axes depend upon N = A;e~%?, they are increasing
or decreasing exponentially. Thus, the decay of surface particles in thermoelastic

saturated porous material are retrograde and prograde when X, and Y; in solid as

well as Xy and Y7 in fluid have same sign and opposite sign respectively.

4.6 Particular Cases

Case I: If the porosity of the material is neglected, then the fluid flow in it will
no more and the problem becomes Rayleigh waves propagation in the thermoelastic

solid. Thus, « = f =q¢=py =M = fy = a, = 0 and Eqs.(4.12) & (4.13) reduce to

{QQV4 + w291V2 + W4QO}{¢SJ T}(Z‘, y) = 07

(4.38)
{nV? + pw’ Hep} () = 0,
where
Qo = p*Cer, U = pCer(A+21) + Kp + B{Tor, Q= K(A +2p).
The coupling parameter b,, is given by
1 2 2 2
The frequency equations are also reduced as (for thermally insulated)
(afymi + afygmimami — afym3)* — daf,afzmimimyi = 0, (4.39)
(for isothermal)
a3y — agymims = 0, (4.40)

with the following modified values
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2 2

11 = 12024031, (12 = A11024032, 13 = a14(a21a32 - (122(131), Qog = A4 A21A22031032,
2 2 2, 2/2 2 2 2 22

Qo1 = oy (a31a12 — A32a11)° — aymy(az azm; + azyas,my),

ay = A+ a®M 4+ aM)(mi — k*) +2um3, aip = (A + > M + aM)(m3 — k*) + 2um5.
Eq. (4.39) is exactly match with the result of Abouelregal (2011) for the Lord

and Shulman theory. If 7y = 0, then Eqgs. (4.39) and (4.40) reduced to the result of

Chadwick(1960) for thermally insulated and isothermal condition respectively.

(a)

1801.32 |

o [
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® 18013 |
= ]
o ]
o 180129 1
w ]
c ]
L 1801.28 7

prar}

% ]
o 1801 .27 : =0.400 -
e : @=0.401 ]
o 1801.26 : a=0.402 |
1 2 3 4 5 G I
Angular Frequency w (rad/s) w104
[b) T T T T T of T T ul of e ol T
I: @=0.400 |
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Figure 4.1: Effect of Biot’s parameter on ¢,; (a) Thermally Insulated, (b) Isothermal.
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Figure 4.2: Effect of Biot’s parameter on A, (a) Thermally Insulated, (b) Isothermal.

Case II: When we neglect thermal effect, 3, = fy = 70 = K = C. = b, = 0 and
Eq.(4.12) becomes

{2V + w* 0V + w' Qo Hos, ¢4}, y) =0, (4.41)

where Qg = pq — p?, O = Dig+ Mp—2aMpy, Qy = DiM —aM? and the coupling
parameter a,, reduces to
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The frequency equation, in this case, becomes

2 9 2 2 9 9 2 2\2 2 2 9 4 9
(a1ym5 + ajgmimymy — ajymi)” — dag agzmimymy = 0, (4.42)

with the modified values of

11 = &11(a22a44 - G24Cl42), Q1o = G12(a21a44 - a24a41), Q13 = a14(a21a42 - a22a41),

an = A(mi — k%) +2um? — b8, ary = X(mj3 — k?) + 2pum3 — 3.
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] i
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< i
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(=
@ l: =0.400
043212 F II: o=0.401
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Figure 4.3: Effect of Biot’s parameter on SL1 (a) Thermally Insulated, (b) Isothermal.
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Figure 4.4: Effect of Biot’s parameter on ¢,2 (a) Thermally Insulated, (b) Isothermal.

Case III: If we neglect the effect of thermal and porosity of the material, all the

parameters except p, A and u are zero and Eqs.(4.12) & (4.13) reduce to

{N+20)V* + p? Hos}(z,y) = 0,

(4.43)
{uV? + pw’ Hp s} (2, y) = 0.

Eq. (4.25) also reduces to
{IA(m?F — k?) + 2um3}(m3 + k?) — dpk*mimy = 0,
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which may be expressed as

2\ 2 2 2
(2—%) —4\/1—0—2\/1—6—2:0, (4.44)
€y 1 €y

u
and ¢f = —.

A+ 2p

P
Eq. (4.44) is the frequency equation of Rayleigh wave in classical elasticity

where ¢? =

(Rayleigh, 1885).
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Figure 4.5: Effect of Biot’s parameter on A,5 (a) Thermally Insulated, (b) Isothermal.
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Specific Loss [SL2)
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Figure 4.6: Effect of Biot’s parameter on SL2 (a) Thermally Insulated, (b) Isothermal.

4.7 Numerical Results

For investigating the effect of porosity and Biot’s parameter on Rayleigh waves, we

consider the numerical values of liquid saturated reservoir rock particularly North-sea

Sandstone as given in Table 4.2 (Sharma, 2008).
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Parameters | Value

(A, ) | (3.7 Gpa, 7.9 Gpa)

(p, py) | (2216 kgm™2, 950 kgm™?)

(B, Bs) | (2.37 x 1073 Gpa/K, 25;)

(C,, K) | (1040 JKg~'/K, 170 Wm ™' /K)
(o, f) | (0.4, 0.16)

(M, q) | (6 Gpa, 1.05p;/f)

(To, 10) | (300 K,10719)

Table 4.2: Parametric values
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Effect of porosity on ¢,; (a) Thermally Insulated, (b) Isothermal.
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We have solved the polynomial Eqs.(4.26) and (4.27) numerically for the wavenumber
of Rayleigh waves at the thermally insulated and isothermal surface respectively.
There are 48 roots for each cases and we drop those roots that arise due to squaring.
We get only two roots each for both the cases satisfying Eqs. (4.24) and (4.26) as well
as Egs. (4.25) and (4.27). These two roots correspond to Rayleigh type I and II which
are of dispersive nature. Note that (¢.1, A1, SL1) and (¢p2, A2, SL2) correspond to

Rayleigh type I and II respectively.
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Figure 4.8: Effect of porosity on A, (a) Thermally Insulated, (b) Isothermal.
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We have observed that Rayleigh type I is found to propagate with the speed
just less than that of the transverse wave and the second type is faster than all the
body waves in the thermoelastic saturated porous material. The velocity curves are
depicted with angular frequency(w) with different « and f in Figures 4.1-4.6 and
4.7-4.12 respectively. In each figures, (a) corresponds for thermally insulated and (b)

represents for isothermal surface boundary.
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Figure 4.9: Effect of porosity on SL1 (a) Thermally Insulated, (b) Isothermal.
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Figure 4.10: Effect of porosity on ¢,2 (a) Thermally Insulated, (b) Isothermal.

4.7.1 Effect of Biot’s parameter

In Figure 4.1, the phase speed (¢,1) corresponding to Rayleigh type I increases with
the increase of angular frequency (w) for both the thermally insulated and isothermal
surface boundary. We have seen that the Rayleigh type I is faster in isothermal than
thermally insulated surface. Their values also increase with the increase of a. Similar

nature of variations in attenuation A,; are observed in Figure 4.2. The specific loss
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(SL1) in Figure 4.3 for thermally insulated surface increases with the increase of w,
while it is decreased for isothermal surface. The values of SL1 increase with the
increase of . For the thermally insulated and isothermal surface, the values of ¢,
A,s and SL2 corresponding to Rayleigh type II in Figures 4.4, 4.5 and 4.6 are all
increase with the increase of w. Rayleigh type II is found to be faster in thermally

insulated than isothermal surface.
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Figure 4.11: Effect of porosity on 4,2 (a) Thermally Insulated, (b) Isothermal.
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In Figure 4.4, we have observed that with the increase in the value of «, the
values of ¢,o for both the thermally insulated and isothermal surface decrease. The
values of A,5 and SL2 for the thermally insulated surface in Figures.4.5(a) and 4.6(a)
decrease, while those in Figures.4.5(b) and 4.6(b) for isothermal surface increase with

the increase of «.
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Figure 4.12: Effect of porosity on SL2 (a) Thermally Insulated, (b) Isothermal.
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4.7.2 Effect of porosity

In Figures 4.7 and 4.10, the values of ¢,; and ¢, for both thermally insulated
and isothermal surface increase with the increase of porosity (f). We have observed
that the values of A, and SL1 in Figures 4.8 and 4.9 decrease with the increase
of f. In Figures 4.11 and 4.12, the values of A, and SL2 for thermally insulated
surface decrease with the increase of f, while those of isothermal surface increase
with the increase of f. The values of A, and A,; are found to be smaller in the
case of thermally insulated surface. In thermally insulated boundary, there is a linear
relationship of SL2 with w. Thus, the propagation speed, attenuation and specific
loss of Rayleigh type waves in the thermally insulated and isothermal surface of

thermoelastic saturated porous material depend on Biot’s parameter and porosity.

4.8 Conclusions

We have analyzed the propagation of Rayleigh type waves at the thermally in-
sulated and isothermal surface of thermo-elastic saturated porous medium. The fre-
quency equations for the Rayleigh type waves have been derived separately using
boundary conditions. The velocity curves have been depicted and the results are
presented graphically. We conclude with the following points
(i) Two Rayleigh type waves - I, II exist in both the thermally insulated and isother-
mal boundary of thermo-elastic saturated porous medium. Notice that the propaga-
tion speed of first type is just lower than that of transverse waves and the second
type is faster than those of body waves.

(ii) We have observed that Rayleigh type-I is faster in the case of isothermal surface,
while Rayleigh type-II is faster in the case of thermally insulated boundary.

(iii) The propagation speeds, attenuation and specific loss except SL1 for isothermal
surface increase with the increase of w.

(iv) It is observed that the values of ¢,1, A,; and SL1 increase with the increase of
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«, while ¢,o decreases.

(v) The attenuation and specific loss of Rayleigh type II decrease with the increase
of a and f for thermally insulated boundary which increase in the case of isothermal
boundary.

(vi) The values of ¢,; and ¢,5 increase, while A,; and SL1 decrease with the increase
of f for both the boundary conditions.

(vii) With a small change in f and «, there are drastic changed in velocity curves.
Thus, the effect of these parameters on the velocity curves of the Rayleigh type waves

are very high.
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Reflection and transmission of
elastic waves at a plane interface
between two dissimilar

incompresssible transversely

isotropic thermoelastic half spaces®

5.1 Introduction

The solutions of governing equations for an incompressible transversely isotropic
thermoelastic solid have shown the existence of two plane shear waves. Leslie and
Scott (1998, 2000) explored the wave stability for incompressibility at uniform tem-
perature or entropy in isotropic generalized thermoelasticity. They have showed that
the stability and unstability properties of waves propagating in a thermomechani-
cally constrained material are found to be unchanged by the existence of the thermal
relaxation time. Singh and Singla(2020) discussed the problem of surface wave in
an incompressible, homogeneous, transversely isotropic and rotating thermoelastic
medium in the context of the Green—Naghdi theory. They obtained the secular equa-

tion for Rayleigh waves for thermally insulated and isothermal boundaries.

4Accepted for publication to International Journal of Engineering, Science and Tech-
nology
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This chapter deals with the problem of reflection and transmission of shear waves
at a plane interface between two dissimilar incompresssible transversely isotropic ther-
moelastic half-spaces. Two coupled quasi-shear waves are found to propagate due to
the incompressibility of such materials. Applying appropriate boundary conditions
at the plane interface, amplitude ratios of the reflected and transmitted quasi-shear
waves are obtained. It has been observed that these ratios are functions of the an-
gle of incidence, elastic and thermal parameters of the materials. These ratios are
computed numerically for a particular model to see the effects of specific heat and

thermal expansion.

5.2 Fundamental Equations

The non-deformed state of homogeneous thermal conducting incompressible elas-
tic materials with transverse isotropy at uniform temperature, Tj has the following

set of equations (see Singh, 2015)

C11Ug 2z + (Cl3 + C44)uz,xz + CyaUy 7z — Bl,-r,x - -P,x = pu:m (51)
CaqUz zo + (013 + C44)“/:c,xz + C33Uz 22 — B?)TZ - P,z = pum (52)

KlTﬂcm + K3Tzz - pCe(T + TOT) = TO{ﬁl (ux,x + 7_0&1‘,1’) + ﬁS (uz,z + TDaz,Z)}a (53)

where ¢;; are elastic constants, P is the hydrostatic pressure, 7' is the increment in
temperature, 7y and C, are thermal relaxation times and specific heat respectively, p
is the density, K, and K3 are the coefficients of thermal conductivity. It may be noted
that comma in the subscript denotes spatial derivatives, 81 = (c11 + c12)a1 + c130i3
and 3 = 2c13a1 + c33a3 with aq and ag are coefficients of linear expansion.

The incompressibility condition may be given as

Uy o + Uz = 07 (54)
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Eliminating the hydrostatic pressure from Eqs.(5.1) and (5.2), we have

11l oz T (013 + 044)u27$22 T Caqlp 22z — ﬁlT,xz = Pl = (5 5)

Caalhz gpaa + (CIS + C44)um,x:pz + C33U3,133 — ﬁBT:L"z — PUz -

Due to the incompressibility condition (5.4), we can find a scalar function ¢(x, z, t)

such that
Uy =¢, and wu, =—¢,. (5.6)
(A3, 03)
(Ag,04)
Mf
X
M
(Az,82)
(Aqg,8)
(Ao, 8p) Z v
v

Figure 5.1: Incident, Reflected and Transmitted shear waves.

5.3 Wave Propagation

Consider the Cartesian co-ordinates system with x and y-axes lying horizontally
and z-axis along the vertical direction. We aim to study the two dimensional problem
of wave propagation in xz-plane in the half-spaces of two incompressible transversely
isotropic materials M : 0 < z < oo and M’ : —oo < z < 0. The geometry of the

problem is given in Figure 5.1.
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The equations of motion for the half-spaces M and M’ are

C44¢,x:mvx + 2ﬁ¢,x:p2z + 513sz = p((,b,mv + é,zz)y

Klrzx + KSTzz - pCe(T + TOT) - TO{(ﬁl - B3)<¢,zz + TO&,mz)}a

(5.7)

KT, + K3, = pCo(T" + 1T") = To{(B) — B3)(6 + 100,2)},

(5.8)

where 3 = (ci1 + ¢33)/2 — c13 — caa, B = (chy + ¢33)/2 — 13 — iy, Pz = B3 — B,
Bis = B — By

When a quasi shear wave propagating in the half-space M be incident at the
plane interface, z = 0 making an angle 6, with the normal, two quasi shear waves
are reflected and transmitted in M and M’ respectively. The structures of the wave

field for the incident, reflected and transmitted waves may be written as

(6™, TMY = (A, apA,)enlenV+2i=ets 1 93 4 (5.9)

where A,, is the amplitude constant, <p§"), 0, p§”)> is the unit propagation vector, k,

is the wavenumber and ¢, is the phase velocity. Note that n = 0 represents incident
quasi shear wave, n = 1,2 and n = 3,4 represent for the reflected and transmitted

quasi shear waves respectively. The coupling constant a,, is given by

n 4 n 4 n 2 n 2

(K2 {cu(” +p5") + 260" P — pc2} _

ORO) , n=20,1,2
Biapy s
Qp = 4
n 4 n 4 n 2 n 2
B2 +p5") + 28" pi — plc? ne 34
( Biapt"ps”
The Snell’s law, in this case, is given as (Singh, 2011)

ko sind,
— = fi =1,2,3,4. 5.10
k, siné, or mE L (5.10)
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5.4 Boundary Conditions

The tractions and displacement components are continuous at z = 0. These
conditions may be written as

(i) Continuity of normal traction:

2

2{644¢ 2tz T 622¢ T2 p(b,(g) + 613T&n)} =
=0 (5.11)

2{044¢(zzz + Cl22¢7(ga):z - plng?) + 5131&71)}’

n=3
/ / / / /
where cog = 11 + €33 — caq — 2¢13, CHy = Cjq + C33 — Cyy — 2€) 5.

(ii) Continuity of shear traction:

2
Z C44(¢,(gz) - :ca: Z C44 zz - 3032) (512)
n=0

(iii) Continuity of displacement components:

2 4 2 4
Do => "o, > =3 el (5.13)
n=0 n=3 n=0 n=3
Using Eqgs.(5.9) and (5.10) into (5.11)-(5.13), these boundary conditions may be re-
duced to
2{044’%1?3 t ek Py — p2 KPS — Braanp\ "k} Au—
(5.14)
2{644knp3 + CéQkipgn)Qpén) /62 knp?) Bi3anp§n)k”}‘4n = 07
2 2
Z c44ki(p§" —p{" Z c44k2 — p§”) YA, = 0, (5.15)

2 4 4
> kapy? An = ki Ay =0, Z kb A =Y kap{" A, = 0. (5.16)
n=0 n=3 n=0 n=3

Equations (5.14)-(5.16) will be used for evaluation of the amplitude ratios correspond-

ing to the reflected and transmitted waves.
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5.5 Amplitude Ratios
Equations (5.14)-(5.16) may be rewritten in matrix notation as
AZ = B, (5.17)

where A is a matrix of order 4 x 4 and B, Z are matrices of orders 4 x 1 with the

following entries
5 o ’ 4 .
044k§?p§]) + Csz?pgj) p;(f) — pc?k?péj) — Blgajpgj)kj, j=1,2,
Q1

. o
—{uk3pY + e kip? P — p kY — Braaik;Y, 5= 3,4,

N2 2 )
C44k]2‘(p:(’>j) _pgj) )7 J= 172a

Qo5 = .
—chuk2 (g — ), =34,
k), § =12, kpt, =12,
agj = a4j = ‘
- ]pi(ij)7 .]: 3747 - ]pgj)) .] = 3747

bi = —{0447%193 + (e11 + ca3 — cas — 2013)k3pY] P:(s — pk3py” — Bisaop”ko},

2 2
ba1 = —044/6(2)(1?;0) _pgo) ) bs1 = —kop;(go)7 by = —kopgo)'

Eq.(5.17) is solved for Z; = ﬁ—ﬁ due to incident quasi shear wave. The amplitude ratio
Zj for j = 1,2 represent for the reflected quasi shear waves and for j = 3,4 represent

for the transmitted quasi shear waves.

5.6 Particular Cases

CASE I: If we neglect the effect of thermal, the problem becomes reflection /transmission
of plane waves at the interface of two dissimilar half-spaces of incompressible trans-
versely isotropic materials. The amplitude ratios of the reflected and transmitted

shear waves, in this case, are given by Eq.(5.17) with the following modified values
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3 L .
044]{7?19:(;]) +022/€?P§]) % Qk’gpzs , J =12,

Q15 =
—{chukipd” + cpipt ) — PSR}, = 3,4,

by, = —{0447%193 + (c11 + €33 — Caq — 2013)7532950) ]9;(30 - pcokSpg }.

CASE II: If the half-space M’ is neglected, then the problem reduces to reflection
of plane waves in an incompressible transversely isotropic thermoelastic materials.
The amplitude ratios are given by Eq.(5.17) with the modification that A is a matrix

of order 2 x 2, B, Z are column matrices with the following entries

ai; = 044/€?p§,j +c 2k53p1 p3 - ,002/f3 513%‘179)/% Qgj = c44k2( 2 pﬁ” ),

by = —044k§(p§,0) - p§°) )7 by = —044]€gp§, - 0227478]95 ’ (0 + pcok:S’pg + 513%]71 )]fo

The amplitude ratios of the reflected waves depend on the angle of propagation,
elastic and thermal parameters of the material.

CASE III: If we neglect the effect of thermal and the half-space M’, the problem
reduces to reflection of plane waves at the half-space of incompressible transversely
isotropic material. In this case, the amplitude ratios of the reflected waves are given

as in Case II with the following modified values

N3 N2 . 2
ay; = 044/{?]?:(),]) +Cz2k§’pgj) p:(»,]) 2k3p3 , b= pcok0p3 044k’0293 —022k0p10) pé )

5.7 Numerical Results

We have computed the amplitude ratios of reflected and transmitted shear waves

due to incident quasi shear waves. The relevant value of the parameters are given in

Table 5.1(Chadwick and Seet, 1970).

It may be noted that (pgo), 0, pgo)) = (sin by, 0, cos fy) for incident quasi shear wave,
(pgl), O,pgl)) = (sin6q,0, —cosb,), (p§2), O,pgf)) = (sinfy, 0, — cosby) for reflected
quasi shear wave and (pf”), O,p:(,,?’)) = (sin#3, 0, cos 03), (pg ), 0 p(4)) (sin By, 0, cos by)

for transmitted quasi shear waves.
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The variation of amplitude ratios with the angle of incidence, 6y at different val-
ues of (B, ') are depicted through Figures 5.2-5.5, while Figures 5.6 and 5.7 show
the variation of amplitude ratios at different values of (C., C?). The values of the
amplitude ratios |Z;| and |Z3| in Figures 5.2 and 5.4 of the reflected and transmitted
shear waves increases and decreases respectively with the increase of 6,. We have
observed that the effects of (5, 4") on |Z;| and |Z3| have minimum near the normal

and grazing angle of incidence.

1
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Figure 5.2: Variation of |Z;| with angle of incidence for different values of 5 and /.
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Figure 5.3: Variation of |Z5| with angle of incidence for different values of 5 and ('

101



Chapter 5

Cobalt (M) Value Zinc (M) Value Units
0 8.836 x 103 o 7.14 % 103 kgm ™3
11 3.071 x 10 “ 1.628 x 10! Nm™2
C12 1.650 x 10 A 0.362 x 10 Nm™2
C13 1.027 x 101 s 0.508 x 10! Nm™2
c33 3581 x 10 | by | 0.627 x 101! Nm?
Cas 0.755 x 10" | ¢y, | 0.385 x 101 Nm™2
oh 7.04 x 108 B1 5.75 x 10 | Nm2degree™!
Bs 6.90 x 10° IeA 5.17 x 10° | Nm~2degree=!
C. 4.27 x 102 o 3.9 x 102 Jkg~tdegree™!
K, 0.690 x 102 ¢ 1.24 x 10> | Wm™'degree™"
K; 0.690 x 102 K} 1.24 x 10*> | Wm ™ 'degree™"
T, 298 ! 296 K
To 0.05 T(g 0.06

Table 5.1: Value of the elastic and thermal parameters
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Figure 5.4: Variation of |Z3| with angle of incidence for different values of 5 and ('
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Figures 5.3 and 5.5 shown that the amplitude ratios | Z,| and | Z,| have similar fashion.
They started from certain values which decrease with the increase of 6y and increase
thereafter to the maximum value followed by decreasing with the increase of 6,. Here
also the minimum effect of (3, 8’) on | Zs| and |Z4| is observed near normal and grazing

angle of incidence.

-1
1_4x.1p..,.:...,...,.. : . - -
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Angle of incidence

Figure 5.5: Variation of |Z4| with angle of incidence for different values of 3 and ('
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Figure 5.6: Variation of |Z5| with angle of incidence for different values of C, and C.
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The effect of specific heats on the amplitude ratios | Z;| and |Z,| in Figures 5.6 and
5.7 have similar pattern. They have minimum effect of (C.,C”) near 6, = 14° and
grazing angle of incidence. It is also observed that the values of | Z,| and | Z4| decrease
with the increase of specific heats. We also noticed very few effect of specific heats
on |Zi| and |Z3]. Thus, the amplitude ratios of the reflected and transmitted shear

waves are found to be functions of angle of incidence, elastic and thermal parameters.

-11
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04}

02}
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Angle ofincidence

Figure 5.7: Variation of |Z4| with angle of incidence for different values of C, and C.

5.8 Conclusion

The problem of incident quasi shear wave at a plane interface between two dissim-
ilar half-spaces of incompressible transversely isotropic thermoelastic materials has
been investigated. The amplitude ratios of the reflected and transmitted shear waves
are analytically and numerically obtained to analyze the effect of specific heats and
coefficient of linear thermal expansion. We summarize the concluding remarks as
(i) The amplitude ratios of the reflected and transmitted waves are found to be func-
tions of angle of incidence, elastic and thermal parameters of the materials.

(ii) The value of |Z;| and |Z3| increases and decreases respectively with the increase
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of 90.

(iii) The effect of (3, 4") on the amplitude ratios has minimum near the normal and
grazing angle of incidence.

(iv) The effect of (C.,C”) on |Z,| and |Z,| has minimum near §, = 14° and grazing
angle of incidence.

(v) The values of |Z,| and |Z,| decrease with the increase of (C, C?).
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Summary and Conclusions

In the present thesis, we study the propagation of elastic waves in different ther-
moelastic materials. We discuss the reflection and transmission of QL, QT and
thermal waves (T-mode) from a plane interface between two dissimilar thermoelas-
tic half-spaces. The amplitude and energy ratios of of the reflected and transmitted
waves are obtained analytically and numerically. We also discuss the propagation of
surface waves, particularly Rayleigh and Stoneley waves in such thermoelastic ma-
terials. The dispersion relations of Rayleigh and Stoneley waves are derived using
suitable boundary conditions.

The first chapter is the general introduction of the thesis which includes the basic
definitions, elastic waves, thermoelasticity and theories, application of wave propa-
gation and review of literature.

In Chapter 2, the problem of the propagation of surface waves (Stoneley and
Rayleigh waves) in thermoelastic materials with voids has been investigated. The
dispersion relations of the Stoneley waves at the bonded and unbonded interfaces
between two dissimilar half-spaces of thermoelastic materials with voids are derived.
The numerical values of the determinant corresponding to the frequency equation of
the Stoneley wave are calculated numerically for a particular model and they are rep-
resented graphically. We also derived the frequency equation of Rayleigh wave at the

surface free boundary of thermoelastic materials with voids. The velocity curve and
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attenuation of Rayleigh wave in this material have shown that there are two modes
of vibration. These two modes are computed and they are depicted graphically. The
effect of thermal parameters in these surface waves are also discussed.

Third chapter deals with the reflection/transmission of elastic waves at a plane
interface between two dissimilar half-space of initially stressed transversely isotropic
thermoelastic materials. Three quasi coupled longitudinal(Q)L), transverse(Q7) and
thermal waves are found to propagate in initially stressed transversely isotropic ther-
moelastic materials. We use boundary conditions to obtain the reflection/transmission
coefficients of the reflected/transmitted waves for incident QL and QT-waves. The
distribution of energy for the reflected and transmitted waves are also discussed. Nu-
merical computations have been performed for these coefficients and energy ratios to
analyze the impact of initial stresses. In the case of incident QT -wave, critical angles
are observed for reflected and transmitted @ L-waves at 0, = 30° and 58° respectively.

In Chapter 4, the problem of propagation of Rayleigh wave on the surface of heat
conducting saturated porous materials has been discussed. The dispersion relations of
the Rayleigh type waves are derived at the thermally insulated and isothermal bound-
ary surface. The velocity curves, attenuation and specific loss of the two modes of
Rayleigh waves are obtained for the thermoelastic saturated porous medium. The
effect of porosity and Biot’s parameters on these values are examined numerically for
a particular model. The velocity curves of the Rayleigh type waves depend on the
porosity, elastic, thermal and Biot’s parameter of the material. The phase speed of
Rayleigh type I is just lower than that of transverse waves and the Rayleigh type II
wave is faster than those of body waves.

Chapter 5 discuss the problem of reflection and transmission of elastic waves be-
tween two dissimilar incompresssible transversely isotropic thermoelastic half-spaces.
We have observed that two coupled quasi-shear waves can propagate through such
materials due to the incompressibility condition. The amplitude ratios of the reflected

and transmitted quasi-shear waves are obtained with the help boundary conditions.
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These ratios are computed numerically for a particular model . These ratios are com-
puted numerically and examined the effects of specific heat and thermal expansion.
It has been observed that these ratios are functions of angle of incidence, elastic and
thermal parameters of the material.

Chapter 6 is summary and conclusion.

Finally, list of references is given at the end.
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ABSTRACT

The study of wave propagation in thermoelastic materials is interesting due to
its applications. The theories of thermoelasticity consist of the combined analysis
of the effects of heat conduction as well as elasticity of the materials. The effect of
heat on the deformation of an elastic solid and the inverse effect of deformation on
the thermal state of the solid are considered. The study of wave propagation has
wide applications in the fields of Seismology, geophysics, Earthquake engineering,
tele-communication, medicines (echography), metallurgy and signal processing. It is
useful to detect the notches and faults in railway tracks, buried land-mines, etc. The
technique of wave propagation is also used in the exploration of valuable materials
such as minerals, crystals, hydrocarbons, fluids (oils, water) etc. beneath the earth

surface. The following objectives are taken up in the thesis:
1. Propagation of surface waves in thermoelastic materials with voids.

2. Transmission of elastic waves in initially stressed transversely isotropic ther-

moelastic solids.
3. Rayleigh waves in thermoelastic saturated porous medium.

4. Reflection and transmission of elastic waves at a plane interface between two

dissimilar incompresssible transversely isotropic thermoelastic half spaces.

The first chapter is the general introduction of the thesis which includes the basic
definitions, elastic waves, thermoelasticity and theories, application of wave propa-
gation and review of literature.

In Chapter 2, the problem of the propagation of surface waves (Stoneley and
Rayleigh waves) in thermoelastic materials with voids has been investigated. The
dispersion relations of the Stoneley waves at the bonded and unbonded interfaces
between two dissimilar half-spaces of thermoelastic materials with voids are derived.

The numerical values of the determinant corresponding to the frequency equation of



the Stoneley wave are calculated numerically for a particular model and they are rep-
resented graphically. We also derive the frequency equation of Rayleigh wave at the
surface free boundary of thermoelastic materials with voids. We have observed that
there are two modes of vibration for the Rayleigh waves and obtained the velocity
curves and attenuation. These two modes are computed and they are depicted graph-
ically. The effect of thermal parameters on these surface waves are also discussed.

Third chapter deals with the reflection/transmission of elastic waves at a plane
interface between two dissimilar half-spaces of initially stressed transversely isotropic
thermoelastic materials. Three quasi coupled longitudinal(Q)L), transverse(Q7) and
thermal (T-mode) waves are found to propagate in initially stressed transversely
isotropic thermoelastic materials. We use suitable boundary conditions at the in-
terface to obtain the reflection/transmission coefficients of the reflected /transmitted
waves for incident ()L and QT-waves. The distribution of energy for the reflected and
transmitted waves are also discussed. Numerical computations have been performed
for these coefficients and energy ratios to analyze the impact of initial stresses. In the
case of incident QQT-wave, critical angles are observed for reflected and transmitted
QL-waves at 0, = 30° and 58° respectively.

In Chapter 4, the problem of propagation of Rayleigh wave on the heat conduct-
ing saturated porous materials has been discussed. The dispersion relations of the
Rayleigh type waves are derived at the thermally insulated and isothermal bound-
ary surface. The velocity curves, attenuation and specific loss of the two modes of
Rayleigh waves are obtained for the thermoelastic saturated porous medium. The
effect of porosity and Biot’s parameters on these values are examined numerically for
a particular model. The velocity curves of the Rayleigh type waves depend on the
porosity, elastic, thermal and Biot’s parameter of the material. The phase speed of
Rayleigh type I is just lower than that of transverse waves and that of the Rayleigh
type II wave is faster than those of body waves.

Chapter 5 discuss the problem of reflection and transmission of elastic waves be-



tween two dissimilar incompresssible transversely isotropic thermoelastic half-spaces.
We have observed that two coupled quasi-shear waves can propagate through such
materials. The amplitude ratios of the reflected and transmitted quasi-shear waves
are obtained with the help of boundary conditions. These ratios are computed nu-
merically and examined the effects of specific heat and thermal expansion. It has
been observed that these ratios are functions of angle of incidence, elastic and ther-
mal parameters of the material.
Chapter 6 is summary and conclusion.

Finally, list of references is given at the end.
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