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PREFACE

The present thesis entitled “p-adic Valuations of Certain Classes of Stir-
ling Numbers of the Second Kind” is an outcome of the research carried out
under the supervision of Prof. S. Sarat Singh, Department of Mathematics &
Computer Science, Mizoram University, Aizawl - 796 004, Mizoram, INDIA.

The thesis consists of various approaches to determine the p-adic valuations
of certain classes of Stirling numbers of the second kind for an odd prime p. The
p-adic valuations are mainly obtained through congruence relations. Some cases
are also tackled through an algebraic and combinatorial approach. It consists
of six chapters. The first chapter is General Introduction which contains ba-
sic definitions, divisibility and congruence, p-adic Valuation, Stirling Numbers,
Periodicity, applications of Stirling numbers and review of literature.

The second chapter deals with the problem of divisibility of certain classes of
Stirling numbers of the second kind. It includes the derivation of a new identity
of Stirling numbers of the second kind. A combinatorial approach helps to obtain
the lower bounds of p-adic valuations of some classes of S(n, k) for an odd prime
p. We also extend an existing congruence relation in modulo of a power of an
odd prime, which is useful in determining the lower bound of v,(S(p", kp)) when
k is odd and less than p — 1. We obtain the lower bound of v,(S(p?, kp)) when k
is even and its value is greater than the one when £ is odd. We also discuss the
congruence behaviour of S(p", k) and the involvement of p-adic digits of k on the
congruence when k is not divisible by p.

In Chapter 3, we study the p-adic valuations of S(n, k) when n is a power of a
prime. We find that the results when £ is divisible by p (or p™) are quite different
from the ones where £ is not divisible by p. We have proved that v,(S(p?, kp)) > 5
when k is even, which confirms the lower bound of the Conjecture 2.3.1 in Chapter

2. Furthermore, we find that the values of v,(S(n, kp™)) are affected by the



parity of n and k. In fact, if n and k are opposite in parity, i.e., n — k is odd,
then v,(S(n, kp™)) > 2m when (p — 1) 1 (n — k) and v,(S(n, kp™)) > m when
(p—1) | (n — k). However, if the parity of n and k are the same, i.e., n — k
is even, then v,(S(n,kp™)) > m when (p — 1) 1 (n — k). We further investigate
the divisibility of S(p™, k) when p does not divide k and we have found that the
divisibility depends on the sum of the p-adic digits of k.

The fourth chapter focuses on the congruence relation between Stirling num-
bers of the first and the second kind. Their generating function is the bridge
between the two numbers. We present their congruence relations with sums in-
volving binomial coefficients for the two numbers. We also express the first kind
in terms of sums involving the second kind modulo a power of a prime and vice
versa. The congruence obtained helps to acquire the p-adic valuations of some
classes of the two numbers. We even establish a congruence relation between the
two numbers in modulo p™ for any positive integer n.

In the fifth chapter, the relationship between minimum periods and p-adic
valuations of Stirling numbers of the second kind has been studied. We discuss the
periodicity, period, and minimum period of the sequence {S(n, k) (mod p™)},>0
for some fixed positive integers NV and k. We find that the cycle of the sequence
sometimes starts even when n is less than k. We present some results about
the divisibility of a partial Stirling number, which is effective in evaluating some
classes of S(n, k). The periodicity and minimum periods help to determine a class
of S(n, k) holding the same p-adic valuation.

Chapter 6 is the summary and conclusions of the thesis.

A list of references is presented at the end.
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Chapter 1

General Introduction

1.1 Introduction

Combinatorics is a branch of mathematics that can be interpreted as a study
of counting and its technique. This subject is related to many other areas of
mathematics and has many applications from logic to statistical physics and from
evolutionary biology to computer science. Currently, combinatorics has tremen-
dous growth due to its application and major impact on the computers. We
know that computers can solve large-scale problems with the increase of their
speed, which previously would not possible. But computers do not function in-
dependently and they need to be programmed to perform. The bases for these
programs are often combinatorial algorithms. The analysis of these algorithms
for efficiency and storage requirements, demand more concepts of combinatorics.

The study of combinatorics includes the concept of permutations, combina-
tions and partitions. An ordered set, {ai, as, ... ,a,} of r distinct objects selected
from a set of n objects is called a permutation of n things taken r at a time. The

number of permutations is given by

Pn,r)=nn—1)n-2)---(n—r+1). (1.1)
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A set of r objects selected from a set of n objects without regard to order is called

a combination of n things taken r at a time. The number of combination is given

by

n!

C(n,r) = (1.2)

rl(n —r)l
A partition of a positive integer n is a representation of n as a sum of positive
integers

n==x+xo+ -+ T, x>1,i=12,--- k. (1.3)

The numbers, z; are called the parts of the partition. The number of ordered

partitions, n into k parts is ("_1), which is the number of ways of putting £ — 1

k—1
separating marks in the n — 1 spaces between n dots in a row. A standard
unordered partition is represented by listing all the parts in a non-increasing

order, say
n=ux1+x9+ -+ xp, Ty > T > - > x> 1. (1.4)

One of the basic problems of combinatorics is determining the number of pos-
sible configurations for graphs, designs or arrays. Enumeration may be difficult
even when the rules specifying the configuration are relatively simple. It is the
mathematician who may have to be content with finding an approximate answer
or at least a good lower and upper bound. An important and interesting sub-
ject of pure mathematics is Number theory which is one of the oldest branches.
The mystery of Number theory has captivated many mathematicians. A basic
understanding of Number theory is a critical precursor to cutting-edge software
engineering, specifically security-based software. Number theory is at the heart
of cryptography, which is experiencing a fascinating period of rapid evolution,
ranging from the famous RSA (Rivest-Shamir-Adleman) algorithm to the wildly-
popular blockchain world (Kraft and Washington, 2018). It may be noted that

one of the oldest and most interesting topics of number theory is the divisibility
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of sequences of integers and rational numbers.

1.2 Divisibility and Congruence

In this section, we present some definitions and well-known results which are

used in the present work.

Definition 1.2.1. An integer b is said to be divisible by another integer a # 0 if

there exists an integer ¢ such that b = ac and denoted by a | b, otherwise a {b.
We have the following important properties (Niven et al., 1999):

1. a|bandb|cimply a | ¢, i.e., divisibility is associative.

2. a|band a|cimply a| (bx + cy) for any integer x and y.

3. a| b implies a | be for any integer c.

4. a|band b|a for a # 0 and b # 0 if and only if a = +b,

5. If m # 0, then a | b implies ma | mb.

Definition 1.2.2. Given any integers a and b, with a > 0, there exist unique
integers q and r such that b = qga +r, 0 < r < a. The integers q and r in the

expression of b are called quotient and remainder, respectively.

Definition 1.2.3. An integer a is called a common divisor of b and ¢ in case
a | b and a | c. Since there is only a finite number of divisors of any non-zero
integer, there is only a finite number of common divisors of b and c. If at least
one of b and c is not 0, then the greatest among their common divisors is called
greatest common divisor of b and ¢ and is denoted by gcd(b,c) or simply (b, c).
Similarly, we denote the greatest common divisor g of the all non-zero integers,

bl, bg, and bn as (bl, bg, ety bn)
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Definition 1.2.4. If a non-zero integer m divides the difference a — b, then a is
said to be congruent to b modulo m and we write a = b (mod m). If a — b is not

divisible by m, we say that a is not congruent to b modulo m and is denoted by

a Z b (mod p).
The following properties hold for congruences:
1. a=b (mod m), b=a (mod m) and a —b =0 (mod m) are equivalent.
2. If a=b (mod m) and b = ¢ (mod m), then a = ¢ (mod m).
3. a=b (mod m) and ¢ =d (mod m) imply a + ¢ = b+ d (mod m).
4. a =b (mod m) and ¢ = d (mod m) imply ac = bd (mod m).
5. If a=b (mod m) and d | m, d > 0, then a = b (mod d).
6. If a =b (mod m), then ac = bc (mod mc) for ¢ > 0.
7. If a=b (mod m), then f(a) = f(b) (mod m) for a polynomial f over Z.

Theorem 1.2.1. If p is a prime, then for any non-zero integer a such that

(a,p) =1,
a?'=1 (mod p). (1.5)

The above theorem is called Fermat’s little theorem and an alternate version of

the theorem can be written as

a®=a (modp), acZ. (1.6)
Fermat’s theorem is a special case of Euler’s theorem:
Theorem 1.2.2. If a and m are integers such that (a,m) =1, then

a®™ =1 (mod m),
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where ¢(m) is the Euler’s phi function which counts the number of positive inte-

gers less than m and relatively prime to m.

One of the important classical result related with congruence is Wilson’s theorem

which states as

Theorem 1.2.3. If p is a prime, then

(p—1D!'=-1 (mod p).

1.3 p-adic Valuation

Sequences of integers and their divisibility properties are interesting topic in
number theory. There are many Mathematicians who have been introducing
different results, particularly powers of primes dividing integers. Nowadays, the
divisibility properties of integers and more general, rational numbers are expressed

in terms of p-adic valuations.

Definition 1.3.1. Let p be a prime, and a be any non-zero integer. The p-adic
valuation of a, denoted by v,(a), is defined as the exponent of the highest power
of p dividing a. Note that v,(0) = co. Thus, vy(a), for a non-zero integer a, is a

non-negative integer.

Example 1.3.1. Since 3 1 25, v3(25) = 0, whereas vs5(25) = 2 since 52 | 25 and
53 1 25.

Note that for any prime p, v,(£1) = 0.

It is easy to see that for any two integers a and b, the following inequality and

equality hold:

vp(a +b) > min{vy(a), v,(b)} (1.7)

and

vy(ab) = vya) + v, (b). (1.8)

Y
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The p-adic valuation v, can further be extended to the field of rational numbers.

Given any rational number r such that r = ¢, where a,b € Z and b # 0, then

vp(r) = vpla) — vp(b). (1.9)

It can be easily verified that v,(r) is independent of the representation of r as a
ratio of integers. It can further be confirmed that inequality (1.7) and equality
(1.8) still hold for rational numbers. Also, note that v,(r) = v,(—r) for any
rational number r. The inequality (1.7), for rational number, is known as the
non-archimedean property or the triangle inequality of the p-adic valua-
tion and this, however, can still be strengthened to the isosceles triangle property

of the p-adic valuation:
0,1+ 5) = min{uy(r), v,(s)} (1.10)

if v,(r) # v,(s) for any r,s € Q.

The properties of p-adic valuations of rational numbers show that if
|7 |,=p ") (1.11)

for any rational number 7, then | |, is a norm on the field Q of rational numbers.
The p-adic norm on @, unlike the usual absolute norm, is a non-archimedean
norm due to inequality (1.7). This p-adic norm on Q give rises to the p-adic
metric d, on Q as follows:

dy(r,s) =|r—s], (1.12)

and (Q, d,) is a metric space. A complete metric space can be constructed, which
results a p-adic field Q, containing Q as a sub-field. Moreover, the p-adic norm
on Q can be extended to a non-archimedean norm, denoted by | |,, on Q,. The
resultant metric space structure on @Q, allows us to do analysis in @Q,. This is

known as p-adic analysis. For more details, one can refer to Koblitz (1977) and
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Gouvea (1993).
It is a well-known fact that every element o € Q, has a unique p-adic expan-

sion in the following sense:
o= Zakpk, (1.13)
k=n

where n = v,(a) and 0 < a < p — 1 for all k£ with a,, # 0. This series converges
in Q, with respect to the p-adic norm. Moreover, a determines the coefficients
ar, uniquely(Koblitz, 1977). In particular, any integer a has a unique finite p-adic

expansion.

Definition 1.3.2. For a unique p-adic expansion
a=ag+ap+---+ap"

(0 < a; < p—1) of a positive integer a, the coefficients ag, ai, ..., a, are called
the p-adic digits of a. The sum of the p-adic digits of the integer a is denoted by

sp(a). Thus,
spla) = Zai. (1.14)

Example 1.3.2. For a = 20 and p = 3, the 3-adic expansion of 20 is
20=2-3"+0-3"+2.3°
Thus, ag =2, a1 =0 and ay = 2. Therefore, s3(20) =2+ 0+ 2 = 4.

In 1808, Legendre proved that the p-adic valuation of n! (where n! = n(n —
1)---3-2-1if n > 0 and 0! = 1), for a positive integer n, can be expressed neatly
in terms of the sum s,(n) of the p-adic digits of n. This result has been referred
to as Legendre’s Theorem (Mihet, 2010). It is also known as Legendre’s

formula though some authors named it as de Polignac’s formula:

vy(nl) = 2 L?J , (1.15)
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where | | is the greatest integer function, sometimes called the floor function.
An alternate version of Legendre’s formula, in terms of the p-adic digits of n, is

given as
n — sy(n)

P (1.16)

vp(n!) =

Definition 1.3.3. Let n € Z and x be an indeterminate. Then the expansion
(I4+2)" = chxk,
k>0
where ¢ ’s are integers, is called the binomial expansion of (1 + x)™. The coeffi-
cients c’s are called binomial coefficients and are denoted by (Z) The binomial

coefficient has the following explicit formula:

(1) = e

n

k) is equal to the number of ways one can choose

If n is a positive integer, then (

k objects from n distinct objects.

Application of Legendre’s formula to the binomial coefficient gives a handy

tool for p-adic valuation:

. (@) sy s(n =) = sy(n) w1

p—1

for any two integers n and k such that n > k. The above formula is sometimes re-
ferred to as Kummer’s formula after the great German number theorist Ernst
Kummer. The p-adic valuation of the binomial coefficient (Z) is simply the num-
ber of carry-overs when one adds the p-adic expansions of k and n — k, or, equiv-
alently, the number of borrows required when subtracting the p-adic expansion
of m from n(Kummer, 1852).

The following basic results give an equivalent statement of congruence relation in

terms of p-adic valuation.
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Proposition 1.3.1. Let p be a prime and N be a positive integer. If any two

integers a and b satisfy the congruence, a = b (mod p), then the following results

hold:

a) vy(a) > N, ifb=0, (1.18)
b) v,(a—0b) > N, (1.19)
c) vy(a) =v,(b), ifv,(b) <N, (1.20)
d) ac=bc (mod pV*™),  if c € Q and vy(c) > M, (1.21)
e) " =" (mod p™*tM),if M is a non-negative integer. (1.22)

The following results about binomial coefficients are also easy to obtain:

Proposition 1.3.2. If p is an odd prime, then

a) p| (i) if0 <k <np, (1.23)
b) (pN - 1> = (1) (modp), if0<k<p" (1.24)
¢) v, <(Z)) —v,(n) —v,(k),  ifvy(k) < v,(n) and k < n. (1.25)

Lucas (1878) introduced a congruence property for binomial coefficients known as
Lucas congruence: if a = Y7, a;p' and b=}, bip’ are the p-adic expansion
of non-negative integers a and b, respectively, then

(Z) = g (Z:) (mod p). (1.26)
Sagan (1985) employed the concept of group action on abelian groups and ob-

tained the following congruence: if a and b are integers, then

(Zﬁ) = (Z) (mod p?). (1.27)

Later, using sums of binomial coefficients, Bailey (1990) obtained a stronger
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version of the above congruence in modulo p? as

(Zﬁ ) = (Z) (mod p?). (1.28)

Davis and Webb (1993) obtained another stronger result for p > 3, which is

(ZZID - (Z) (mod ), (1.29)

where e = 3 + v,(n) + v,(k) + v,(n — k) + v,((})).

1.4 Stirling Numbers

Stirling numbers of the first and second kind were introduced by Scottish
Mathematician, James Stirling (1692-1770) in his book Methodus Differentialis
(Stirling, 1730). Since then, these numbers have been found to be of great utility
in various branches of Mathematics, such as combinatorics, number theory, calcu-
lus of finite differences, theory of algorithms, etc. The name “Stirling numbers”
was first used by a Danish Mathematician, Niels Nielsen (1865--1931) (Nielsen,
1906). For details about Stirling numbers, we refer to Comtet (1974), Graham et

al. (2007), and Quaintance and Gould (2015).

Definition 1.4.1. For a positive integer n, the n'" rising factorial of x denoted

by x™, is defined as
" =z(x+1)(x+2) - (r+n-1). (1.30)
Similarly, the n'" falling factorial of x denoted by x™, is represented as
t=x(rz—-1)(x—-2)---(z—n+1). (1.31)

We extend the notation to non-negative integers by setting, 2° = 2% = 1.

Definition 1.4.2. Given a non-negative integer n and k, not both zero, Stirling

10
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numbers of the second kind S(n,k) is defined as the number of ways one can

partition a set with n elements into exactly k non-empty subsets. By convention,

S(0,0) =1 and S(0,k) =0 for k> 1.

Thus, S(n, k) is the number of ways of distributing n distinct balls into k indis-
tinguishable boxes (the order of the boxes does not count) such that no box is
empty. From the definition, it is clear that S(n,k) =0if 1 <k <n, S(n,k) =0
if 0 <n < kand S(n,n) =1 for all n > 0. It is easy to work out the exact value
of S(n, k) for small values of k. Since there is only one way of putting n elements
in a single non-empty set, S(n,1) =1 if n > 0.

Using a combinatorial approach, we can derive the following particular values:

Sn,2) =2""'—1, Sn,n—1)= (g) S(n,n—2) = (g) +3<Z)

for any positive integer n.

For a fixed positive integer n, the sum Y ;_,S(n, k) of Stirling numbers of
the second kind is called Bell number and is denoted by B,. The number
S(n, k) rapidly increases as n and k increase. For example, while S(4,2) = 7
has only one digit in base 10, S(400,200) has as many as 531 digits in base
10, which is almost impossible to compute with pen and paper. Therefore, it is
difficult to work with these numbers without the help of modern computers. We
use PARI/GP, a software specific for number theoretical computations, which
is very helpful in cross-checking results and estimating the valuations. Stirling
numbers of the second kind may be denoted as S(n,k) (Stanley, 1986) or {}}
(Marx, 1962; Salmeri, 1962). Stirling numbers of the second kind, S(n, k) have
an explicit formula known as Euler’s formula for Stirling numbers (Quaintance

and Gould, 2015, p. 118)

S(n, k) = %g (]:) (—1)F4m = ; (f) (=1 (k — )™ (1.32)

(2

11
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It is also known that S(n, k) satisfies the following recurrence:

Stn+1,k+1) = S(n,k) + (k+1)S(n, k + 1). (1.33)

There are several generating functions for S(n, k):

1. Rational generating function which generates S(n, k) vertically:

1
(=)0 —22)(1 —32) (1 = ka) ZSHM (1.34)

This generating function can be easily modified in the following form:

L - n n
(1+2)(1+22)(1+32) - (L+kz) nz;(—l) S(n+k, k)z". (1.35)

2. Exponential generating function which also generates vertically:

1
e—1 ank (1.36)

3. There are two horizontal generating functions, namely

n

2" =Y (-1)"FS(n, k)a* (1.37)
k=0
and
" = Z S(n, k). (1.38)
k=0
The Stirling numbers of the second kind have the following important identities:
o ("7 stmarn =3 () stastn i, (1.39)
=0
ko ko . ( — i)!

b) Sn+mk)=> Y (Z) (k_j)' S(n,k —i)S(m, j), (1.40)

=0 j=i
o) Stn+1,k+1)= (?)S(j, k). (1.41)

j=k

For more details about Stirling numbers of the second kind, we refer to Stirling
(1730), Nielsen (1906), Gould (1972), Comtet (1974), Aigner and Axler (2007),
Graham et al. (2007) and Quaintance and Gould (2015).
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We define Stirling numbers of the first kind from the combinatorial approach.

Definition 1.4.3. The unsigned Stirling numbers of the first kind denoted by
c(n, k) or m are defined as the number of permutations of n symbols with exactly

k cycles. By convention, ¢(0,0) = 1.

From the definition, ¢(0,n) = ¢(n,0) =0 for n > 0.

The unsigned Stirling numbers of the first kind satisfy the following recurrence:
cn+1,k+1) =c(n, k) + ne(n, k+ 1). (1.42)

Comparing the above recurrence with the recurrence (1.33) for Stirling numbers

of the second kind and then comparing with recurrence for binomial coefficients

(ZID - (Z) " (kL) (143)

we can observe that the recurrences of the three sequences of integers differ only
in the multiplier. Consequently, these three numbers have some similarities in
various identities and properties. Thus, the Stirling numbers have a deep impact

and importance in the heart of combinatorics.

Definition 1.4.4. Stirling numbers of the first kind denoted by s(n, k) are defined
as

s(n, k) = (=1)"*c(n, k). (1.44)

The following particular values are easy to calculate:

s(on) =1, s(n,1) = (=1)"n—-1), s(n,n—1)=— <”)

2
s(n,n—2) = %(371— 1)(2), s(n,n—3) = —(Z) CD

From recurrence (1.42), it is trivial that

sin+1,k+1)=s(n,k) —ns(n,k+1). (1.45)

13
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Stirling numbers of the first kind have the following generating functions:

n

= Z s(n, i)z’ (1.46)

i=0
T= (=1)"s(n, i) (1.47)
i=0
and
n—1 n—1
H(l —izr) =Y s(n,n—i)a’, (1.48)
i=1 =0
n—1 n—1

[T +ix) = (=1)'s(n,n— i) (1.49)

i=1 %

I
S

Observing the generating functions of S(n, k) and s(n, k), we can see the simi-

larity and the difference. The generating functions are useful in constructing the

congruence relation between the two numbers. We have the following identities

between the two numbers:

Xn:S(n,j)s(j, k) = ( 0 > (1.50)
n—=k

§=0

- 0

)S(j, k) = : 1.51
> stnnstin=(,°,) (151
7=0
The preceding two identities are known as orthogonality relations for Stirling
numbers. These two equations led to the following two inversion formulas:

a) For any two sets of constants, a; and b;, both independent of n,

n

ay = Z S(n,j)b; if and only if b, = Z s(n, j)a;, (1.52)

5=0 5=0
b) For any two sets of constants, a; and b;, both independent of n and m is an

integer such that m > n, then

m

an = ZS(]’, n)b; if and only if b, = Z s(j,n)a;. (1.53)
=0

J=0

Interestingly, some sequences of numbers are similar to Stirling numbers in cer-
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tain ways regarding definitions, generating functions and properties. Now, we

introduce sequences of integers arising from Stirling numbers.

Definition 1.4.5. For an integer n and variable g, let [n], be defined as

], = . (1.54)

It follows that [n], =14 q+---+¢"'. Note that [n]; =n. We call [n], as the

g-integer n. Next, we define factorials as
[n]g! = [n]yln — 1]y -1, (1.55)
with [0],! = 1.

For integers n and k with n > k > 0, the Gaussian coefficient, [Z]q can be

obtained as

mq - [n_[z—t:[k]q' (1.56)

Definition 1.4.6. For a non-negative integer n, the polynomial g,(z) = (v —
Dz —q) - (x — ¢"Y) with go(x) = 1 is called a Gaussian polynomial. The

coefficients ay of gp(z) in the expression
" = Z argr(x) (1.57)
k=0

are called Gaussian coefficients or g-binomial coefficients and are denoted by mq

or (Z)q (Aigner and Axler, 2007).

Now, we define the g-falling and ¢-rising factorial polynomials respectively as

x? =zlr — [”q](x - [2]q) (= [n— 1]q)a

xZ = z[r + [1]q](1’ + [2](1) e (z+[n - 1]!1)-

15
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In the following expansions:

v = s(n k;q)a*,

k=0

S(n,k;q) is called ¢-Stirling numbers of the second kind and s(n,k;q)
is called ¢-Stirling numbers of the first kind. It should be noted that
S(n,k;1) = S(n, k) and s(n,k;1) = s(n, k). More details of ¢-Stirling numbers
can be seen from Gould (1961), Leroux (1990), Wachs and White (1991), Park
(1994), Bennett et al. (1994), Ehrenborg (2003), Balogh and Schlosser (2016),
Cai and Readdy (2017), and Duran et al. (2017).

There is another sequence arising from the normal Stirling numbers called the

r-Stirling numbers (Broder, 1984).

Definition 1.4.7. The r-Stirling numbers of the first kind denoted by s,.(n, k) are
defined as the number of permutations of the set {1, 2,---, n} having k cycles,

such that the numbers 1, 2, -+, r are in distinct cycles. Note that s.(0,0) = 1.

Definition 1.4.8. The r-Stirling numbers of the second kind for positive integers
n and k are the number of ways to partition the set {1, 2,---, n} into k non-
empty disjoint subsets, such that the numbers 1, 2, ---, r are all in distinct

subsets. It is denoted by S,.(n, k). It may be noted that S,(0,0) = 1.

It is clear that si(n,k) =| s(n,k) |= c¢(n, k) and Si(n,k) = S(n,k). For more
details, one can explore from Corcino et al. (1990), Mez6 (2008a), Mez6 (2008b),
Corcino and Fernandez (2014), Kim and Kim (2014), Bényi et al. (2018), Morrow
(2020), and Ma and Wang (2023).

The next sequences of integers are called generalized Stirling numbers. The
generalized Stirling numbers deviate from the normal ones by simply modifying

Identity (1.32). Some of the generalized Stirling numbers and their notations are
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given below (Cakic and Milovanovic, 2004):

s0) = 15 3 (5) (-1t

where

()\fl,n): a " — 1)
a <)\_1) A=1"

More details about the generalized Stirling numbers can be found in d’Ocagne
(1887), Chak (1956), Toscano (1949), Singh (1967), Sinha and Dhawan (1969),
Wang (1969), Shrivastava (1970), Toscano (1970), Carlitz (1975), Singh Chandel
and Dwiwedi (1979), Singh Chandel (1977), Cakic (1980), and Milovanovic and
Cakic (1994).

1.5 Periodicity

Definition 1.5.1. A sequence {x, }n>0 is said to be periodic of period 7 if there

exists a mon-negative integer v such that x, = x,.. for every integer n > .

The period of a sequence is not unique. It is easy to verify that any multiple of

a period is also a period.

Example 1.5.1. a) The sequence of integers
07 _27 87 97 _37 27 87 97 _37 27 87 97 _37 27

is pertodic with periods 4, 8, and so on, and the periodicity begins from the third

term.
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b) However, the sequence
0,1,0,0, 1, 1,0, 0, 0, 1, 1, 1, 0, 0, 0, 0,

15 not periodic.

Definition 1.5.2. For a given periodic sequence {x,},>0, the smallest positive
integer m such that x, = x,.x for any integer n > v for some positive integer ~y
is called a minimum period of {x, }n>0.

If the sequence is periodic from the p-th term, then any ordered set

(I'n, Tnt1ly Tpg2," ", :CnJrﬂ'*l)

for any integer n > is called a cycle of the sequence {y}n>0-

The minimum period of a given sequence is unique and divides any other

period of the given sequence.
Example 1.5.2. The minimum period of the sequence
a, a, a, b, a, b, a, b, a, b, a, b, a, b,
is 2, which is unique and divides the other periods 4, 6, and so on. The cycle of
the sequence is (a, b) or (b, a).

Carlitz (1955) showed that if k¥ > p > 2 and p* ! < k < p°, where b > 2,

(p — 1)pN**=2 is a period for {S(n, k) (mod p™)}.>0.

1.6 Applications of Stirling Numbers

Stirling numbers of the second kind appear in various literature in many
branches of Mathematics. The numbers S(n, k) has several applications to the
partition of numbers and sets (Merca, 2016). Another simple example of its

application is to represent the total number of rhyme schemes for a poem of n
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lines. S(n, k) gives the number of possible rhyming schemes for n lines using k
unique rhyming syllables. As an example, for a poem of three lines, there is one
rhyme scheme using just one rhyme (aaa), three rhyme schemes using two rhymes

(aab, aba, abb), and one rhyme scheme using three rhymes (abc).
In finite differences, the k" forward difference of a function f(z) is given by
w5 = () cose e (158)

im0 \'

There are similarities between Equations (1.32) and (1.58). Thus, S(n, k) plays a
vital role in finite differences. If X is a random variable of a Poisson distribution

with expected value ), then its n® moment is
E(X™) =) S(n k)A\*. (1.59)
k=0

In particular, the n'» moment of the Poisson distribution with 1 as the expected
value is the n'™ Bell number, which is equal to Y,_,S(n,k) and this fact is
also called Dobinski’s formula (Dobinski, 1877). More applications in the same
area can be found in Singh (1975), Berg (1975), Koutras (1982), Sibuya (1988),
Hennecart (1994), Quaintance and Gould (2015), and Adell (2022).

In Zeon Algebra, Neto and dos Anjos (2014) evaluated the integrals in term of

Stirling number as

%/[Zog(l + on)Fdv, = s(n, k),
and %/(e% — 1)*dv, = S(n, k).
More applications in calculus can be seen in Butzer et al. (2003), Boyadzhiev
(2012), and Komatsu and Simsek (2017).
In Graph Theory, Stirling numbers of the second kind are used to determine
explicitly the chromatic polynomial of certain graphs (Mohr and Porter, 2009).

Other applications to graph theory were discussed in Duncan and Peele (2009),
Duncan (2010), Galvin and Thanh (2013) and Balogh and Nyul (2014).
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In Linear Algebra, the 2-adic valuations of certain ratios of factorials are used
to prove the conjecture of Falikman-Friedland-Lowery (Falikman et al., 2002)
based on the parity of degrees of projective varieties of n x m complex symmetric
matrices (Friedland and Krattenthaler, 2007).

In Algebraic Topology, Davis (2012) used p-adic valuations of Stirling numbers
of the second kind to obtain significant results related to James numbers, periodic
homotopy groups, and exponents of SU(n). More details about applications to
Algebraic topology can be found in Lundell (1974), Selick (1984), Crabb and
Knapp (1988), Bendersky and Davis (1991), Davis and Potocka (2007), Davis
and Sun (2007), and Davis (2008).

1.7 Review of Literature

The study of sequences of special types of integers and their divisibility prop-
erties have led to enormous advances in number theory. The work of German
Mathematician, Johann Peter Gustav Lejeune Dirichlet in the presence of prime
in arithmetic progression (Dirichlet, 1837) has opened up new areas in ana-
lytic and algebraic number theory. The p-adic numbers were first introduced
by Hensel (1897). The study of p-adic valuations and p-adic analysis can be ex-
plored through the following books; Bachman (1964), Koblitz (1977), Borevich
and Shafarevich (1986), Gouvea (1993), Escassut (1995) and Robert (2000).

Kummer’s result about the p-adic valuation of binomial coefficients in Equa-
tion (1.17) was generalized by Knuth and Wilf (1989) using Fibonacci numbers.
Lengyel (1995) characterized the p-adic valuations v,(F},) and v,(L,), where F),
and L, are Fibonacci and Lucas numbers respectively. It was found that the
method employed by Knuth and Wilf (1989) can be modified to include Lucas
numbers too. Later, Sanna (2016a) generalized the result of Lengyel (1995). The

results of periodic property and divisibility of Fibonacci and Lucas numbers can
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be found in Wall (1960), Robinson (1963), Wilcox (1986), and Ribenboim (1990).

Bell (2007) found that the sequence {v,(f(n))}, where f is a polynomial over
Z., is periodic if f has no zeros in the ring of the p-adic integers and obtained a
bound for the length of the minimal period. Medina et al. (2017) strengthened the
results of Bell and confirmed that f is either periodic or unbounded; {v,(f(n))} is
periodic if and only if f has no zeros in Z,, in which case, the minimal period is a
power of p. Castro et al. (2015) constructed a tree whose nodes contain informa-
tion about the p-adic valuation of Eulerian numbers. The tree constructed and
some classical results for Bernoulli numbers are then used to compute the exact p
divisibility of the Eulerian numbers for some specific cases. The p-adic valuations
of sequences of integers and rational numbers were discussed in Somer (1980),
Cohen (1999), Cohn (1999), Young (1999), Lengyel (2003), Postnikov and Sagan
(2007), Amdeberhan et al. (2008b), Straub et al. (2009), Sun and Moll (2009),
Sun and Moll (2010), Beyerstedt et al. (2011), Heuberger and Prodinger (2011),
Marques (2012), Pan and Sun (2012), Amdeberhan et al. (2013), Lengyel (2013),
Renault (2013), Lengyel (2014), Marques and Lengyel (2014), Medina and Row-
land (2015), Sanna (2016b), Katz et al. (2017), Lengyel and Marques (2017),
Sobolewski (2017), Murru (2018), Choi (2019), Boultinghouse et al. (2021), Bun-
der and Tonien (2020), Bayarmagnai et al. (2022), and Cao (2022).

Several sequences of integers, especially those involving factorials, can be
linked to Stirling numbers of the second kind. Such relations have been studied
over many years and frequently appear in literature (Riordan, 1979; Srivastava,
2000; Boyadzhiev, 2012). For a fixed positive integer n, determining the value of

K,, which satisfies
S(n,1)<---<8n,K,) <Sn,K,+1)>8Sn,K,+2)>-->85(n,n)

is one of the interesting old problem(Dobson, 1968; Kanold, 1968a). Wegner

(1973) presented a long-standing conjecture, i.e., there is no integer n > 2 such
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that S(n, K,,) = S(n, K,, + 1). Some problems related with sequences of integers
and Stirling numbers are Kanold (1968b), Harborth (1968), Bach (1968), Kanold
(1969), Menon (1973), Canfield (1978), Canfield and Pomerance (2002), Kemkes
et al. (2008), and Adell and Cardenas-Morales (2021).

Katsuura (2009) extended the Identity (1.32): For any two complex numbers

x and y, and any two positive integers k£ and m, the following result holds:

ok A 0, if m < k;

> <.)(—1)’(i$+y)m = (1.60)
, i

=1 (—1)k$kk‘, lf m = k'

This result is independently obtained by Ruiz (1996) using induction. However,
Identity (1.60) is not new as a generalized version was already given by Gould
(1972).

Guo and Qi (2014a) obtained the following two identities on Stirling numbers of

the second kind for any positive integer k:

2k+1

2% + 1 3" S(2k + 1,m)S(2k + 2,2k — m + 2)
k420 ey
25 S(2k 4+ 2,m + 1)S(2k + 1,2k — m + 1)
- Z 2k+1 =1,
)
m=1 m
2 Sk +2,m)S(k+ 2,k —m+2)
Z k+1
m=1 (m—l)
- Z’“: Sk+3m+ DSk +1k-—m+1)

ot (")

Guo and Qi (2014b) established the following formula for computing a two-
parameter Euler polynomials, E,(z;«, ) in terms of Stirling numbers of the

second kind, S(n, k). Davis (2013a) defined the partial Stirling numbers, T,,(k)
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for integers n > 0 and k with n positive as
n\ .
T,(k) = % (Z>@ .
Certain results related with T,,(k) can be seen from the work; Lundell (1978),
Davis (1990), Clarke (1995), Young (2003), and Sun and Davis (2007).
Nijenhuis and Wilf (1987) proved that s(n, k) is divisible by the odd part of
n—11if n+k is odd. Later, Howard (1990a) improved the result by showing that
s(n, k) is divisible by (3) if n+ k is odd. Howard (1990b) obtained the following

congruences for 0 < 2r <2p—2and 0 < m < 2p — 2:

—n(n—1
s(n,n —2r) = ?( o )Bzr (mod p»(M),

—n?(2r+1) (n-1
s(n,n—2r—1) = % (Zr N 1) By, (mod p**™),
s(n+m,n) = nntm (—=1)™B™  (mod p*r™),
m\ m "

where B, is the n*"* Bernoulli number and B,(nm)

is a higher order Bernoulli number.
For a polynomial f(z) with integral coefficients and positive integers n and m,

Cao and Pan (2008) obtained
n
Up Z s(n, k) f(k)a™ | > wvy(n!) — log, ((J) ,
k=r (mod p—1)
where [ = min(deg f, [%]), a and r are arbitrary integers. Lengyel (2015)
investigated the problem of p-adic properties of Stirling numbers of the first kind

and obtained the following valuation; for integers a, b, and k such that a > 1

with (a,p) =1l and 2> k+1> b,
vp(s(ap™ +b,ap”™ +b—k)) = vy(s(b,b — k))

if n is sufficiently large. He also presented a conjecture that for any integer a > 1
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with (a,p) =1, k > 3 odd, and n > n; with some sufficiently large n,,
vp(s(ap™, ap™ — k)) = vp(s(ap™, ap™ — k)) + 2(n — ny).

Hong and Qiu (2020) partially proved the preceding conjecture for p > 5 by giving
a restrictions on n; such that n; > 3log,(k — 1) +log, a and vy, (s(ap™, ap™ — k +
1)) < m.

Leonetti and Sanna (2017) defined H(n, k) = Y m, where the sum ex-
tended over all positive integers i; < 1o < --- < 4, < n, and showed a re-
lation with the Stirling numbers of the first kind by H(n,k) = W If
k > 2, they proved that the p-adic valuation of H(n, k) is strictly greater than
—(k — 1)(log,(3%7) — 1), for all positive integers n € [(k — 1)p, z] whose base p
representation starts with the base p representation of k — 1, but at most 32983

exceptions. For a non-negative integer k and n = kp” +m such that 0 < m < p",

Komatsu and Young (2017) proved that
vp(s(n+ 1,k + 1)) = vy(n!) —v,(k!) — kr.

Adelberg (2018) confirmed the result that, if p—1 | n —k and p ¢ (kzl), where

r ="k then
p—1

sk —1) = sy(n—1)

vp(s(n, k) =
Qiu and Hong (2019) obtained the following valuations for arbitrary integers n,

m, and k such that 2 <m <nand 2 <k <2m ! 4+1;

up(5(27, 27— k)) = 2 — 2™ _ (5 — ) (2" — EJ )1 — 2 — EJ ) (n—1)er,

where ¢, = 0 if k£ is even and ¢, = 1 if k£ is odd.

Bell (1939) obtained the following results using the generalized Stirling num-
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bers as (" with ¢4V = S(n, k) and ("7 = s(n, k):

C;k’T)EO (mod p), if 1 < k < p; Cﬁ;)—@ (mod p), if 2 <k <p+1;

Cpﬁﬂ) C(H =P (mod p): (;]”) =02 + 10, (mod p), if k> 1;

k,r) (k,r+1 (k,r+1) k,r+1)
o) = ¢t —achr Y 4 (Y (mod p),

where 0; ; denotes the usual Kronecker delta function. Becker and Riordan (1948)
studied the arithmetic properties of Bell and Stirling numbers and proved the

following results using S(n, k) as S(k,n):
Sp+re)=5r+1,¢)+5(rc—p) (mod p);

Sle+ip+r+jp—1),c+ip) = (Z—;,_j)S(chr,c) (mod p);
Str+p,c)=8Sr+1,¢)+S(r,c—p)+---+S(r,c—p') (mod p).

Lundell (1978) evaluated the p-adic valuations of g.c.d.(k!S(n,k) : m < k < n)
which have some applications to certain problems in algebraic topology concerned
with the calculation of e-invariants and formulas relating different characteristic
classes in K-theory. Sagan (1985) obtained the following congruence using group
action on abelian groups;

>u() 2;5@?9'” Dy ()

1=0 =0

X Sn+(r—dp+Lk—(j—1)p)=0 (modyp").

Nijenhuis and Wilf (1987) used the generating function to show that S(n, k) is
divisible by the odd part of k if n+k is odd. Howard (1990a) improved the result
by showing that S(n, k) is divisible by (kH) if n+k is odd. Sved (1988) obtained

the following congruence, of the Lucas congruence type, for Stirling numbers of
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np—pl £ |1
p—1

0= () (o) ()t ot

where a; and b; are the (i + 1) p-adic digits of n’ and k respectively. Tsumura

the second kind; if p{ k and n' = | |, then

(1991) obtained the following congruence for integers n, m, and k such that

n>m>0,n=m (mod (p—1)p°), and N(k) = Min{m,e+ 1} > 0:
S(n, k) = S(m,k) (mod pV®).

Lengyel (1994) conjectured that ve(S(2",k)) = so(k) — 1if 1 < k < 2™ and
confirmed that there exists a function f(k) such that ve(S(c2", k)) = so(k) — 1
if n > f(k) and c is odd. This conjecture was later confirmed by Wannemacker
(2005) using the Identity (1.32). Lengyel (2009) extended the same result to
v2(S(e2™, k)) = so(k)—1 for any integer c and 1 < k < 2". Hong et al. (2012) also
proved that vo(S(2" +1,k+ 1)) = so(k) — 1 if 1 < k < 2". Clarke (1995) applied
a version of Hensel’s lemma to analytic functions on the p-adic integers and the
results were used to determine the divisibility properties of Stirling numbers of
the second kind.

Forn =a(p—1)p?, ptaand 1 < k < n, Gessel and Lengyel (2001) proved
that

(S0 k) = | =3 4 50,

p—1
if ¢ is sufficiently large, % is not an odd integer and 7,(k) is a non-negative integer
which vanishes if &k is a multiple of p — 1. Cao and Pan (2008) proved that for

any positive integer «;

S (EN) R

Amdeberhan et al. (2008a) analyzed the 2-adic properties of S(n, k) and found
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the following exact valuations;

0, if n is odd;
v2(S(n,3)) =
1, if n is even,
\
(
1, if n is odd;
v2(S(n,4)) =
0, if n is even.

They introduced the concept of m-level dividing the set N into 2™ classes so that
the classes, Cy,; = {2™i + j : i € N} form a partition of N into different classes
modulo 2™. They also proposed a conjecture that the class C5 7 is exceptional
and vo(S(44,5)) # va(S(4i + 3,5)) if ¢ belongs to class C57. This conjecture
was proved by Hong et al. (2012). Davis (2008) determined the set of integers n

satisfying the valuation

(825 4 n — 1,m)) = V - 1J ,

where L = n — 1 + [n/2]. Chan and Manna (2010) used a rational generating
function to obtain the congruences for S(n,kp™) (mod p™). Zhao et al. (2014)
obtained the following result for 2-adic valuation; for positive integers a, ¢, n with

codd,n>2and 1 <a <27,
va(S(c2", (¢ —1)2" + a)) = sa(a) — 1.
Zhao et al. (2015) proved that if ¢ is odd and 2 < m < n, then
va(S(c2" 2m — 1) — S(c2", 2™ — 1)) =n+1 (1.61)

except when m =n = 2 and ¢ = 1, in which case v5(5(8,3) — S(4,3)) = 6. This

settled Lengyel’s conjecture (Lengyel, 2009, Conj. 2.). Miska (2018) proved, for
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any prime p,
v,(S(n, k)) = v,(S(a+p™ Hp—1),k)) +v,(n —a) —mg + 1,

where myg, n, k, and a are integers such that a < k¥ < pand n = a (mod p™ ! (p—
1)). Adelberg (2018) defined minimum zero case (M ZC') as the case when p — 1
divides n—k, and p does not divide ("J“?Ilc) and obtained the following important
results using higher order Bernoulli number:

(i) If n > k, then

v, (S(n, k) > [ww . (1.62)

(ii) If S(n, k) is a minimum zero case, then
k) —
vp(S(n, k)) = w. (1.63)

(iii) If S(n, k) is a minimum zero case, then so is S(np, kp) and

vp(S(n, k) = v,(S(np, kp)). (1.64)

Feng and Qiu (2020) confirmed that the formula, v,(S(n,n —k)) depends on the
value of S5(i,i — k) for k + 2 < i < 2k, where S,(n, k) is the r-associated Stirling
number of the second kind. They also gave the formula to compute v,(S(n, n—k)),
which enables to show v,((n —k)!S(n,n—k)) <nfor 0 <k <min{7,n—1} and
p > 3. Adelberg (2021) concentrated on a 2-adic analysis of S(n, k) and classified
the results by the following cases; Minimum zero case (M ZC'), Almost minimum
zero case (AMZC), Shifted minimum zero case (SMZC), and Shifted almost
minimum zero case (SAMZC'). More improved results for the same cases and
extension to odd primes and s(n, k) can be found in Adelberg and Lengyel (2022).
Some interesting results about divisibility properties of Stirling numbers of the
second kind are available in Carlitz (1953), Carlitz (1955), Polya et al. (1980),
Clarke (1981), Peele (1988), Davis (1990), Howard (1990b), Young (1999), Sun
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(2007), Demaio (2008), Berrizbeitia et al. (2010), and Davis (2013b).

1.8 Conclusion

In this chapter, we have presented basic definitions of divisibility, congruence,
p-adic valuations and Stirling numbers of the first and second kinds. We have
also presented the periodicity, applications of Stirling numbers and review of

literature.
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Divisibility of Certain Classes of
Stirling Numbers of the Second
Kind!

2.1 Introduction

Various approaches and techniques have been appearing in the literature to
formulate the p-adic valuation of Stirling numbers of the second kind. An inter-

esting formula to evaluate vy(S(c2", k)) is given by Lengyel (2009)
v2(S(e2™, k) = sqo(k) — 1

for any positive integer n, ¢, and 1 < k < 2". The immediate consequence of this
formula is to find whether this pattern still holds for an odd prime, p.

This chapter deals with some interesting results of the p-adic valuations of
S(n, k), including the case when n is a power of prime, p. We have developed
an alternate formula for evaluating Stirling numbers of the second kind and also
prove certain results like v,(S(p?, kp)) > 2, v,(S(p" kp)) > 2, v,(S(2p,p)) > 2,
v,(S(2p,p — 1)) =1, v,(S(2p,p — 1)) > 2 and v,(S(2p,p + 2)) > 1. Primality of

p using S(p, k) and divisibility of S(n,p) are also discussed.

L Journal of Combinatorics and Number Theory, 12(2), 63—77 (2022)
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2.2 Tools and Identity of S(n,k)

In order to formulate S(n, k), we divide partitions into different classes based
on the number of subsets with same cardinality in the partitions. Let {n; : 1 <
i <t} and {e; : 1 <i <t} be two sets of positive integer such that >>'_, nje; = n
and °'_ e; = k, where n}s are distinct and €/s need not to be distinct. We define
s(ni(e) ny(e2) ngles) () as the number of those partitions of n objects into
k non-empty subsets containing exactly e; subsets with cardinality n;. So, we

introduce

S(n, k) = Z 5(ny (@), ny(e2) pgles) | p o)), (2.1)
Sei=k,> n;e;=n

In the partition of 6 objects into 3 non-empty subsets, we see
5(6,3) = 5(1%,40) 4 5(11, 20, 3W) 4 5(2%)),

where s(13),4M) counts the number of those partitions containing exactly two
singleton subsets and one subset with four elements, s(1M,2(1), 3() counts those
partitions containing exactly one singleton subset, one subset with two elements
and one subset with three elements and s(2()) is the number of those partitions
containing exactly three subsets with two elements.

Kwong (1989a) proved that the sequence of Stirling numbers of the second
kind S(n,k) modulo M for any positive integer M > 1 is cyclic and gave the
minimum periods for different values of £k and M. One of the interesting result

that he mentioned is
m(k;p™) = (p—1)p"Tif P <k < (2.2)

where 7(k; pV') denotes the minimum period of {S(n, k) (mod p™)},>; for an odd

prime p. Adelberg (2018) obtained the following important results:
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1. If n > k, then

0p(S(n, k) = [M] | 23)

p—1
2. If S(n, k) is a minimum zero case, i.e., (p — 1)|(n — k) and p /Y("Jr?}f)), then
k) —
(St ) = =) 2.4)

3. If S(n, k) is a minimum zero case, then so is S(np, kp) and

vp(S(n, k) = vp(S(np, kp)). (2.5)

The above results about minimum zero case gives an exact p-adic valuations for

a large class of S(n, k).

2.3 Results

In this section, we introduce an alternate formula to find the Stirling numbers of
the second kind and p-adic valuations of some classes of S(n, k). Some of these

results have been generalized using minimum periods.

Lemma 2.3.1. If n and k are two positive integers, then
ot (n(k—i)—1
S(n(k)) - le ( ( n—)l )
Proof. The case for n =1 is trivial.
We provide the proof for n > 1 by using induction hypothesis on k.
We know that s(n(k)) counts the number of partitions of nk objects into k subsets
such that each k subsets contains exactly n objects.

The case for k = 1 is trivial since s(n(!)) = 1.
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Assume that the theorem holds for every positive integer less than k. Let

aq a9 as cee (07%
Any1 An+2 Upt3 Tt Qop
A(k—1)n+1  A(k—1)n+2 G(k—1)n+3 °°° dkn

be the nk objects. The order of the subsets in the partition does not count as
each subsets have the same cardinality. We can now safely assume that the first
object a; always belongs to the first subset of the partition. Thus, the number
of choices for the first subset is equal to the number of choices of the remaining
n — 1 objects from nk — 1, i.e., (Zk__ll). Now, the remaining nk —n = n(k — 1)
objects are partition into k — 1 subsets each containing n elements. The number

of such partitions are s(n*~1)) and hence

$(n®) = ("’“ - 1>s(n(k_1)).

n—1

By induction hypothesis, we get

It follows that

Using the binomial coefficients in terms of factorials, the above result may be

written as

This completes the proof. O

Theorem 2.3.1. Let {n; : 1 <i <t} and{e;: 1 <i <t} be two sets of positive
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integers and nis are distinct. If S0 nie; =n and Y., e; = k, then

t j—1
n—y_1_ nie; _
8(n1(el)> n2(62)7 n3(63)7 ceey nt(et)) = H < . )S(n§e])> (Zf ng = €y = 0)

t "
[1;-1 €l (nt)e

Proof. We first choose nie; objects from n objects and the number of such choices

is (m"el). These nje; objects are then partition into e; subsets containing n;

objects each. The total number of such partitions is

(niep)!

(e1)y — 170
s(ny ()

Now we partition the remaining n—nje; objects into k—e; subsets such that each
partition contains e; number of subsets with cardinality n; for each 2 < i < t.

The total number of such partitions is s(n,¢2), n3(¢3), .. n,(¢)). Thus,

5(ny () ny) pglea) ey = (nne )s(nl(el))s(m(ez),n3(63), @),
161

Similarly, we can see that

51202 g @) ey = (” - ”161> 5152 5(n5®) g0 o)),
No€o
Therefore,
(e1) ,, (e2) ey — [ ™ n—ne (e1) (e2)
Sy, @), . mle0) (n)( I o))

x s5(ng®) ny | . n,le)),
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Repeating the same process over and over, we get

n n —nie; n— th nie;
S(nl(el)7 712(62)7 n3(€3)7 s nt(et)) _ . i=1
nie; No€2 Ni—1€t—1

x 5(ny V) - - s5(n, (@) (2.6)
t—1 j—1
n — - ;€5 e
st I ("7 2™ sty )
i n;€;
7j=1

11 (” ) % ”) (n;“), (2.7)

j=1

. t—1
since n — ) . _ n;e; = nye; when ng = eg = 0.

The above expression may be expressed as

' t
(e2) ,, (es) (er)y n H (e;)
, 1o , N3 y ey T ) (nlel)!(n262)!"'<nt€t)! ! 18(71] )

=n/ H nJeJ

By using the results of Lemma 2.3.1, we have

S (n] (e5) ) 1

(nje;)! — ejl(ngl)es

It follows that

j=1 6] ! (n] !)ej
|
- o (2.8)
I1 1 ej!(ny'>e]
Hence the theorem follows. O

We come to an alternate formula for evaluation of S(n, k) with the help of (2.1)

and (2.7).

Corollary 2.3.1. Let n and k are two positive integers such that n > k, then

n!
S(n7 k) = Z Hez'(nzl)t?l,
> ei=k,> nie;=n
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where the sum runs over every pair of sets of positive integer {n;} and {e;} with

same cardinality satisfying > e; =k and > n;e; = n provided ns are distinct.

It is easy to verify from the above theorem that the p-adic valuations of S(p, k)

is always greater than or equal to 1 if p is an odd prime and k lies between 2 and

p—1.

Now we introduce some results about divisibility of Stirling numbers?®:

Theorem 2.3.2. A positive integer n is a prime if and only if n | S(n, k) for all

2<k<n-—-1.
Proof. The generating function of S(n, k) in terms of falling powers is given by
2= S(n, k){x} (2.9)
k=o

for any non-negative integer n.
If n is a positive integer such that n|S(n,k) forall2 <k <n-—1, put x =nin

Equation (2.9)
nt o= > Sn,k){n}
k=o

= b+ b+ Y S k)

i
L

= nn-1)n-2)---3-2-1+n+>» n(n—1)---(n—(k—1))S(n, k).

It follows that
n" = (n—1)(n—2)---3-2-1+1+i(n—1)(71—2)"'(”—(k‘—l))s(”ak’)

Since n|S(n, k) for all 2 < k <n — 1, we get

0=(mn-—-1)!+1 (modn)

20n the p-adic valuations of Stirling numbers of the second kind, Contemporary Mathemat-
ics, 12(2), 63-—77(2022)
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or

(n—1)!=-1 (mod n).

Hence n is prime.

The proof of the converse is straight forward. O

The next result is a congruence relation on binomial coefficients and will be used

in the proof of the subsequent theorem.
Lemma 2.3.2. If p is a prime, then

(7)) e (07

Proof. For v = 0, the case is trivial.

We assume that ¢ > 0. The binomial coefficient (p Zl) is given by

Therefore,

'( fl) = Dp=2lp—i+ =i+ —i)

1

(=1)(=2)...(=i)  (mod p)

(=1)%! (mod p).

Since 0 < i < p, ged(p,i) = 1. Then,

(p f 1) = (-1)" (mod p).

]

Theorem 2.3.3. Let p be an odd prime. For any positive integer n > p,
UP(S(nap)) =0

if and only if (p —1)|(n —1).
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Proof. Using the above Lemma, we have

p!S(n,p) = zp: (Z;) (—1)P i

S () i

Since (’Z’) = (’Z’ 11) we get

(p—D!S(n,p) = Z(_l)i—1<_1)p—iin—1‘

Using Wilson’s theorem, the preceding congruence reduces to

p—1
-n—1

) = i (mod p),
=1

as p is odd.

Now, we use the following well known results

=, ]0 (modp), if(p—1) f(n—1)
=
1 (modp), if (p—1)|(n—1).
Hence the theorem follows. O

Theorem 2.3.4. Let p be an odd prime and c be a positive integer such that

1 <c<p—1. Then, for positive integers n and k such that k < n,

v,(S(ep™, cp¥)) = 0.

Proof. The theorem is a special case of (Adelberg, 2018, Th. 2.2).
We have

n—k—1

k—
cp —ept = c(p" —p") )y P

7=0
which implies that ep™ — cp¥ is divisible by p — 1. We also have 1 < ¢ < p—1

and 1 < ¢p* < ¢p™. Tt follows that S(cp™, cp*) is a minimum zero case and hence
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we have

o (S(ep”, ep)) = 2 =0, (2.10)
since s,(cp") = s,(cp*) = s,(c) = c. O

Theorem 2.3.5. Let p be an odd prime, then

vp(S(p",2p)) = n
for every integer n > 2.

Proof. Using identity (1.32)

2p
2p Con
218 (p™, 2p) = —1)-4p
(2p)!S(p", 2p) ;(l)( )P
which can also be written as

(2p)IS(p", 2p) = ) ( . .>(—1)i(2p—i)p"

1=0

Since (T) = ( m ) for every integers 0 < i < m and 2p — i =i (mod 2), we have

m—1

2p

20015620 =3 () c0m @ - @
=0
If p fi for 0 <i < 2p, then
2p—i=—i (mod p),
which also yields the congruence
(2p—if" =~ (mod p*).

It follows that

<22p) (=D~ ((2p — )" + (i)P") =0 (mod p"*™?), since p | (Zip). (2.12)
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Thus, each term of the right-hand side of Equation (2.11) is divisible by p"™ and

hence
(2p)!S(p*,2p) =0 (mod p"*?).
Therefore
v,(2(2p)!1S(p?, 2p)) > n + 2
v,(S(p?,2p)) > n.
Hence the theorem follows. ]

Theorem 2.3.6. Let p be a prime and n and k be two positive integers with

k < p—1, then there exists a positive integer m in 1 < m < p — 1 such that

S(m,k) (mod p), ifnZ0 (modp—1),
S(n, k) =

(p—1—k)! (modp), ifn=0 (modp—1).

Proof. By division algorithm, we have
n=(—1)g+m

where ¢ is the quotient and m is the remainder such that 0 <m < p — 1.

Now

=3 (B (o

since ?~1 =1 (mod p) for 1 <i <k < p—1 by Fermat’s little theorem.

If m # 0, we have
ElS(n, k) = ElS(m,k) (mod p).
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Since k is less than p, it follows that p fk! which results
S(n,k) = S(m,k) (mod p),

for every n such that n # 0 (mod p — 1).

Next, if m = 0, we have

k'S(n, k) = i (k> (—=1)*  (mod p)

We also know that
yields

which implies that
S(n,k)=(p—1-k)! (mod p),
which completes the proof.
From the above theorem, we see that, if 1 <m < k,
S(n,k) =0 (mod p) since S(m,k)=0.
However, the case for m = k results

S(n,k)=1 (mod p).

Chapter 2

Corollary 2.3.2. Let p be an odd prime and k be a positive integer less than p,
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then

1 (mod p), ifn=k (modp—1),
S(n, k) =

0 (mod p), ifn=i (modp-—1) for1<i<k-1.

If we apply the above theorem and corollary to the special cases for k = p—1,p—2

and p — 3, we get

1 (mod p), ifn=0 (modp—1),
S(n,p—1) =
0 (mod p), otherwise.
1 (mod p), ifn=0,p—2 (modp—1),
S(n,p—2) =
0 (mod p), otherwise.
.
2 (mod p), ifn=0 (modp—1),
3 (mod p), ifn=p—2 (modp-—1),
S(n,p—3) =4
1 (mod p), ifn=p—3 (modp-—1),
0 (mod p), if otherwise.

\

We have calculated the values of v,(S(p?, kp)) for different values of (p, k) within

the range 2 < p < 100 and 2 < k < p — 1. The following values are obtained;

/

7, if (p, k) = (7,4)
6, if (p,k)=(37,4),(59,14),(67,8)
v(S(*kp)) =133, ifk=p—1and (p.k) = (37,5), (59, 15), (67,9)

5, if kiseven and (p, k) # (7,4), (37,4), (59, 14), (67, 8)

2, if k is odd and (p, k) # (37,5), (59, 15), (67, 9).
(2.13)

Based on these calculations, we propose the following conjecture:
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Conjecture 2.3.1. If k is an integer such that 1 < k < p —1, then

) 5 or6, ifk is even;
vp(S(p*, kp)) = (2.14)
2 or3, ifk s odd,

for any prime p > 7.

Theorem 2.3.7. Let p be an odd prime and k be an integer such that 2 < k <
p—1, then

v, (S(p*, kp)) > 2.

Proof. We know (due to (2.1))

S<p2’kp> - Z S(n1(61)7n2(e2)7n3(63)7 "'7nt(6t)>.
> ei=pk, > nie;=p?

To prove the theorem, we divide each term of the sum over the partitions con-
taining e; subsets with cardinality n; into the following cases depending on the

divisibility of n;e; by p.

Case 1: p fnse; for some i, 1 <i <t
If p fn;e;, re-arrange the index by interchanging ¢ and 1 so that p fnie;.
Using Equation (2.7), we have

P2 ¢ n— 3" e
s(nl(el), n2(62), n3(63)’ " nt(et)> — ( )s(nl(el)) H ( =0 " z> S(nj(ej))

nieq =2 n;é;

which implies that

2
( P )|5(n1(61),n2(e2),n3(63), ...,nt(et)).
nie;

We also know that p?|( v’ ) if p fnyes. It follows that

niei

p2’3(n1(61)7 n2(62)7 n3(€3)7 ) nt(et))-
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Therefore,

Up(s(nl(EI)a n2(62)a n3(e3)7 ) nt(et))) Z 2

if p fn;e; for some i, 1 <i <t.

Case 2: p|n;e; for every i, 1 <i <t
In this case, either p|n; or ple; for all 1 < i < ¢. We divide this case into two
sub-cases, where the first sub-case deals with p|e; for all 1 <1 < ¢ and the second

sub-case deals with p fe; for some i, 1 <1i <.

Case 2.1: ple; for every i, 1 <i <t
It is clear that there exists a positive integer a; for each 1 < ¢ < t such that

e; = pa;. By the given condition, we have

t

Zei = kp?

=1

which implies that

Now, we have

p*!
S<n1(61)7 n2(62)7 n3(63)7 ceey nt(et)) -

[Ty eil(nil)es”
which yields

¢
vy (s(ny @V, ny(¢2) ng(ea) | n )y = p, (p?1) — vp(H eil(n;H)%)
i=1

¢ ¢
=p+1-— va(ei!) - Z e;vp(nil).  (2.15)
i=1 i=1

Since 22:1 nie; = p* and by replacing e; = pa;, we get

t
E nia; = p,
i=1
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which implies that 1 < n; < p for every 1 < ¢ < t since 2521 a;, = k> 2. It
follows that

vp(ni!) = 0.

We also have

vp(ei!) = vp((aip)!)

= a;.
Now Equation (2.15) reduces to

t
Up(s(nl(el)a nQ(EQ)a n3(83)7 s} nt(et))) =D +1- Z @i
=1

=p+1-—k
>p+1—(p—1) sincek<p-1

=2.

Thus, it follows that vp(s(nl(el),m(e?),n3(63), o)) > 2if ple; V1 <i <t

Case 2.2: p fe; for some i, 1 <i<t

Let a be the number of e}s which are divisible by p.

Then, 0 < a < t.

If & = 0, then each €}s are not divisible by p which means p divides each n; and

we can write n; = pm; for each i. Therefore

meiei =p’ = Zmiei =D,

which implies > e; < p as each m/s are positive integers. This is a contradiction
as »_e; = kp with k£ > 2. Thus, we must have o > 0.

Now, we re-arrange the index in such a manner that ple; if 1 <i < o and p Je;
if < ¢ < t, which implies that e; = pb; for some positive integer b; for all

1< <.
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We also have n; = pm, for some positive integer m; and for all a +1 <¢ <t¢. It

follows that
t
kp = Z €;
i=1
«@ t
= Z €; + Z €;
i=1

i=a+1
a t
= E pbz + E €,
=1 i=a+1

which implies that p| Z Since o < t, and es are positive integers, we

= a+1

must have
t

Z € 2 p.

1=a+1

We also have

t
p2:Zn,~eZ Znez—i— Z n;e; = pan +p Z m;e;,
i=1 i=a+1 i=a+1
which implies that

anb + Z m,;€;

= a+1

> Z n;b; + Z e (since mis are positive)
i=a+1

> Z n;b; + p.
i=1

Thus, we get

i n;b; <0,
i—1

which is a contradiction as each term is positive and o # 0. Therefore, this case
cannot happen.

We conclude that p? divides s(n;©), ny(2) ns(e) . n,()) for each case where

S niei =p? and Y1, e; = kp.
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So,

%S (P, kp) if2<k<p-1.
O

The preceding theorem confirms that the lower bound of v,(S(p?, kp)) for 2 <
k < p—11is 2, as mentioned in the Conjecture 2.3.1. The next theorem is a

generalization of the above theorem.

Theorem 2.3.8. Let p be an odd prime and k be an integer 2 < k < p—1, then
vp(S(p", kp)) = 2
for any integer n > 2.
Proof. Replace N = 2 in Equation (5.4), we get
n(kpip?) = (p—1p"  if P <kp <p”.
Since 2 < k < p— 1, we also have p < kp < p? and hence b = 2. Therefore,
m(kp;p*) = (p — 1)p*.

It follows that

S(a+d(p — 1)p? kp) = S(a, kp) (mod p?) (2.16)

for every positive integer a and d.
Now, we prove the theorem by induction on n. The previous theorem states that

our hypothesis is true for n = 2, i.e.,
vp(S(P?, kp)) > 2,
which can be written as

S(p*,kp) =0 (mod p?).

47



Chapter 2

Assume that the theorem holds for all n < m for some positive integer m > 2 so
that

v (S(p", kp)) > 2 for all 2 <n <m,

which implies

S(p™, kp) =0 (mod p?).
Putting a = p™ and d = p™~? in Equation (2.16), we get
S(p™ kp) =0 (mod p?).

Thus the theorem is also true for n = m + 1.

It follows that the theorem is true for every integer n > 2. O]

Theorem 2.3.9. Let p an odd prime, then

vp(S(2p, p)) > 2.

Proof. Using Equation (2.1) and Theorem 2.3.1, we have

S(2p,p) = Z s(ny ), ny(e2) () () (2.17)
2o €j=p, 2 njej=2p

and

2p!
s(n (@) gl ngles) ey = P

for some positive integer t.

It follows that
t t
Up(s(nl(el), Ny ng(es), -~-,nt(et))) =2- va(ej!) - Z e;vp(ny!).
j=1 j=1

Now we consider the following cases in Equation (2.17):
Case 1: n; < p and ¢; < p for every j

It is easy to see that v,(s(n; (), ny(2) nye) . n(e))) = 2 if each eis and n’s
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are less than p and we get
s(nl(el),ng(”), ns(e8), ...,nt(et)) =0 (mod p*) (2.18)

if both e; and n; are less than p.
Case 2: ¢; > p for some j
We know that ) e; = p which implies each e;s are less than p unless for the case

t =1, e; = p so that nje; = 2p or n; = 2. In this case, the term is

pl(2!)P

and can be written as

s2®) (p+1)(p+2)---(p+p—1)

p vt

=p-1)!=-1 (mod p),

or

s(2®) = —p (mod p?). (2.19)

Case 3: n; > p for some j
If nj > p for some j, then e; = 1 due to > e; = p and ) nje; = 2p. The upper
bound for the value of n; is p 4 1 since the remaining 2p — n; objects cannot fill

the remaining empty p — 1 subsets if n; > p + 1.

Case 3.1: n; = p+ 1 for some j
If nj = p+ 1 for some j, all the remaining p — 1 subsets must contain a single
object and the corresponding term for this case is s((p + 1), 1°=Y) ie., t = 2,

ni=p+1,e,=1=ny and e; =p— 1. Then

D et (2p)!
s+ )10 = e T
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which can also write as

or

s((p+1)M, 17Dy =2p  (mod p?). (2.20)

Case 3.2: n; = p for some j

In this case, one subset contains p elements, one another subset contains two ele-
ments and remaining p — 2 subsets must contain a single object. The correspond-
ing term for this case is s(p™", 21, 1P=2) e t =3, n; =p, e; = 1 = ey = ng,
ne =2 and e3 = p — 2.

Using (2.8), we have

which reduces to
S(p(l)7 2(1)’ ]_(p72))
p

=—1 (mod p)

or

s(pM,2M 172y = _p  (mod p?). (2.21)

Combining the results in (2.17), (2.18), (2.19), (2.20) and (2.21), we get
S(2p,p) =0 (mod p?).
This completes the proof. O

Theorem 2.3.10. For any prime p > 5,

vp(S(2p,p— 1)) =1
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or more specifically

S(2p,p—1)=—p (mod p).

=

Proof. We look into the following cases where p? does not divide s(n;V), ny(¢2),

n3(®3) ... n,(*)) as in the preceding theorem:
1. n; = p for some ¢
2. n; =p+ 1 for some i

3. n; = p+ 2 for some 1.

In the first case, there are two possible terms namely, s(p®, 3 17=3)) and s(p",

2() 1(=4) . So

2p)! 2
1) g qe-3y_ ) _2 4
s, 3 ) (p—3)!p!3! 3P (mod p7)
and
2p)! 3
s(p, 2, 107Y) = (2p) =——p (mod p?).

S 2l(p—4)pl(21)2 T 2
For the second case, the only possible term is s((p + 1)), 21 17=3)) and

(2p)! =2p (mod p?).

s((p+ 1M, 2W 10=3)y = =
(p+1) RS SR

The final case also contains only one term, s((p + 2)®,17=2) and

(2p)!

(a2 = s

I = —p (mod p?).

Thus, we have

2 3
S@pp—1)=3p—gp+2p—p (modp’)
1
= _—p (mod p?).
6
This completes the proof. O
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Using the results of minimum periods in Equation (5.4) and exploiting the same
technique as in the proof of Theorem 2.3.8, we generalize Theorem 2.3.9 and

Theorem 2.3.10 as

Theorem 2.3.11. Let p an odd prime, then
vp(S(2p",p)) = 2.
Theorem 2.3.12. For any prime p > 5,
0p(S(2p"p— 1)) = 1

or more specifically

S@2p",p—1)==p (mod p*).

| =

The proofs of Theorems 2.3.11 and 2.3.12 are similar to the proofs of Theorems

2.3.9 and 2.3.10 respectively.

Theorem 2.3.13. For any odd prime p,
vp(S(2p,p+1)) =0 (2.22)

or

S(2p,p+1)=2 (mod p?). (2.23)

Equation (2.22) is a special case of (2.4) since S(2p,p + 1) is a minimum zero

case. Hence
sp(p+1) — 5,(2p)
p—1

vp(S2p,p+1)) = =0,

where s,(n) is the sum of p-adic digits of n.

Using Equation (2.5), we can also say that

up(S2p" T, (p+ 1)p") =0
for any positive integer n.

52



Chapter 2

The second result (2.23) can be obtained using the same method as in Theorem

2.3.10.

Theorem 2.3.14. For any odd prime p,
vp(S(2p,p +2)) > 1

or

S(2p,p+2)=2" -2 (mod p?).

Proof. There are two cases where p? does not divide s(n; ), ny(e2) ... n ).

The first case is s(1® M (p —i)M)) for 2 < i < (p —1)/2 and

® ) (0 Ay ) (P )
It follows that

Z s(1® iV (p—i)V)y =22 —2—-2p (mod p?).

i=2

The second case is s(1?+D (p — 1)) and

s(1@HD) (p — 1)) = o 1<)2'280‘— i =2p (mod p?).

Now, we have
S2p,p+2)=2"—-2—-2p+2p=2"—-2 (mod p?).
This completes the proof. O

It is well-known that 2P — 2 is always divisible by p using Fermat’s theorem.
The result for mod p? is, however, not known in general. Numerical evidence
suggests that there are some primes p greater than 1000 where p? divides 2P — 2.
So, this leads to an interesting problem in finding out those primes p such that

v,(S(2p,p+ 2)) # 1 or, equivalently, p* { 27 — 2.
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2.4 Conclusions

This chapter introduces an alternate formula for evaluating Stirling numbers of
the second kind, S(n, k). This formula is used to determine the lower bound of
the p-adic valuations of Stirling numbers of the second kind of the class S(p?, kp),
where p is an arbitrary odd prime and k is a positive integer such that 2 < k <
p—1. Some generalized results for the p-adic valuation of S(p™, kp), S(2p™*, (p+
1)p") and S(2p™, p) are also proved using minimum periods. The estimated values
of the p-adic valuation for S(2p,p—1), S(2p,p), S(2p,p+ 1) and S(2p,p+2) are

also obtained.
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Some Congruence Properties of
Stirling Numbers of the Second
Kind?

3.1 Introduction

An interesting congruence relation between Stirling numbers of the second

kind and binomial coefficients is given by Chan and Manna (2010) as

el —a2m? -1
[254) - a2m

1+ (=1)" ( —a2m? —1
_|_ - 7

2 5 — a2m—1

‘»—t

Stz =z

[SISAIN

) (a2

where n, a, and m are positive integers such that m > 3 and n > a2™ + 1.
From the above congruence, we can easily verify that vy(S(4n + 3,k)) > va(k)
for any two positive integers n and k such that k < 4n + 3 and vy(k) > 3. The
generalizations of the result to modulo p™ for odd prime p are discussed in the
second and third sections of this chapter.

In this chapter, we obtain the p-adic valuations of Stirling numbers of the

second kind using congruence property. The main results include the congruence

2The Journal of the Indian Mathematical Society, 91(1-2), 111-128 (2024)
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recursion of S(n, k) (mod p) for different cases of k, equivalence of S(n, kp™) in
terms of binomial coefficient for opposite parity of n and k, congruence recurrence
relation of S(n + kp, kp) for different conditions of n and the lower bounds of
v,(S(p"—1, kp)) and v, (S(p™, kp)). We confirm the results that S(p™, k) = S(p, k)
(mod p?) if 1 <k < pand S(p? k) = (lﬁ)S(p — k1, ko) (mod p?) if k = kip + ko
and kg # 0.

3.2 Preliminaries

In this section, we provide the necessary background material to state and
prove our main results in the next section. Throughout this chapter, p denotes

an odd prime number. Whenever p — 1 divides n — k, we denote the binomial

n-k_q
coefficient ( .
p—1

such that p{ k and n > kp™, then the following holds (Chan and Manna, 2010)

) by Ay for convenience. If m, n, and k are positive integers

Appm-14, (mod p™), ifn=k (modp—1)
St kpmy =4 " (3.1)

0 (mod p™), otherwise.
Sagan (1985) obtained the following congruence using group action on abelian

groups:

1

S0 +20,0) =38+ ot ikt (1= D) = 3 (3) St ikt (- 2

+p(p—1)S(n,k—p) (mod p*); n >0, n+2p > k. (3.2)

Observe that on eliminating the terms containing & — p and k — 2p in (3.2), we

have

S(n,k)=2S(n—p+1,k) —S(n—2p+2,k) (mod p®); k<p, n>2p. (3.3)
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Consequently, using induction, one arrives at the following:
S, k)=(r+1)Sn—r(p—-1),k)—rS(n—(r+1)(p—1),k) (mod p?) (3.4)

ifn—(r+1)p-1)>2.
From Equations (3.3) and (3.4), we get

28(n—p+1,k) (mod p?), if2p<n<2p+k—2;
S(n, k) = (3.5)

(r+1)S(n—r(p—1),k) (modp?), if2<n—(r+1)(p—1)<k.

Feng and Qiu (2020) employed a combinatorial approach and proved the following

result:
w(Stun—k) =v, ([ "))+t k); n>k+1, (3.6)
E+1
where
(

0, if k=1;

vp(3n —5) — v,(4), if k= 2;

vp(n? —5n +6) — v,(2), if k£ =3;

tp(n, k) = S 0,150 — 15002 + 4850 — 502) — v,(48), if k= 4;

v, (3n* — 50n3 + 305n? — 802n + 760) — v,(16), if kK =5;

v,(63n° — 1575n* + 1543n3 — 73801n% + 171150n
— 156296) — v,(576),  if k = 6.

(3.7)

3.3 Main Results

This section is divided into various cases. We first divide into divisibility of
S(n, k) by p and p™ in general. We further divide into divisibility of k£ by p. We

begin by providing the following results;
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Theorem 3.3.1. For an odd prime p and an integer n, we have
a) vp(S(p" =1L kp—=1)) 22:2<k<p—1;v(Sp" -1, (p—p—1)) = 1.
b) S(p+n,k)=S(n+1,k)+ S(n,k—p) (mod p).

Proof. (a) Using Equation (1.33) and the fact that p? divides S(p", kp), we have
S(p"—1,kp—1) = S(p", kp)—kpS(p"—1, kp) = kpS(p"—1,kp) (mod p°). (3.8)

So, it is enough to prove that p divides S(p™ — 1, kp). Takingm =1, n=p" — 1

n (3.1), we get

Appprp (mod p), if k=p—1;
S(p" — 1, kp) = (3.9)
0 (modp), if2<k<p-2

where from (3.9), the result (a) follows when 2 < k < p — 2. To prove (a) for
the case when k = p — 1, we observe using Lucas congruence for n > 2 that

Ap—1)ppr—1p = —1 (mod p). Consequently, from (3.9), we have
S(p"—=1,(p—1)p)=-1 (mod p). (3.10)
Equation (3.10), in view of (3.8), proves that v,(S(p" —1,(p—1)p—1)) = 1.

(b) From Equation (1.40), we get

S(p+n,k) = ZZ(): L S(p, ke — i)S(n, §). (3.11)

=0 j=1

The terms within the summation in (3.11), except those with indices such that
(27.]) € {(k - 17k - 1)7 (k - 17k)7 (k _pak _p)}a
are all divisible by p. This observation, along with (1.33), gives

S(p+n,k)=Snk—1)+kS(n,k)+ S(n,k—p) (mod p)

=S(n+1,k)+ S(n,k—p) (mod p).
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Thus, the result (b) follows. O

3.3.1 Divisibility of S(n,k) by p

Chan and Manna (2010) obtained a congruence for S(n, k) when k is divisible
by p and not divisible by p. The result when k is divisible by p is simple for
acquiring the divisibility of S(n, k). We further look into the case when k is not
a multiple of p, say k = ¢p™ + b, where b # 0 and p 1 b.

We will utilize the following result while proving Theorem 3.3.2.

Lemma 3.3.1. Let p be a prime and n and k be two positive integers such that
n >0 and k < p—1, then there exists a positive integer 1 < m < p—1 such that

S(m, k) (mod p), ifn%0 (modp—1);
S(n, k) = (3.12)

(p—1—k)! (modp), ifn=0 (modp-—1),

where m is the remainder when n is divided by p.

The following theorem is a generalization of Lemma 3.3.1 in which k is restricted
to an integer less than or equal to p — 1 for a given prime p. This theorem,
however, provides the congruence for S(n, k) modulo p for any integer k less than

or equal to n.

Theorem 3.3.2. For an odd prime p and integer k with p { k, let b be the last
p-adic digit of k. Let m = vy(k—b), c = (k—b)p™™, and a is the remainder when
n — k is divided by p — 1. Then

n—k m—1
. L (Lﬁjpj;_cf’ ) (modp),  ifnze (modp—1);
n, = n—k m—
(p—1-10)! (Lp_lJ T 1) (mod p), otherwise.

Cpm—l

Proof. The result for k < p is trivial since ¢ = 0. Due to Chan and Manna (2010,

29



Chapter 3

Theorem 5.3), we have for m > 1 and n > ¢p™ + b that

n

S(n,cp™ +b) = Z S(@i,cp™)S(n —i,b)  (mod p™)
i=c (mod p—1)
n i—cpm™~l 1
= D ( Pl >S(n —i,b) (mod p™).  (3.13)
i=c (mod p—1) p—1

The index i in the last summation runs through ¢ = ¢ (mod p — 1); so i =

c+ (p—1)j for some j with cp™ <c+ (p—1)jandb<n—c—(p—1)j. If we

define A = L"}fpwllfbj, then (3.13) reduces to the form:

A pepip=D-ap™
S(”v cp + b) = Z ( cpm—]&)-i(p—l)—cpm )S(TL — = Z<p - 1)’ b) (mOd p )
0 T
A I
m -1
EEZ(@ o )ﬂn—wm—up—nm><mﬁp%.
i
i=0
(3.14)
If1<b<p-—1, then by Lemma 3.3.1, there exists an integer a such that
S(a,b) (mod p), if n#c¢ (mod p—1);
Sn—cp™ —i(p—1),b) =
(p—1—10)! (mod p), otherwise.
(3.15)

Here, a is the remainder when n — cp™ —i(p — 1) is divided by p — 1, that is, the
remainder when n — ¢ is divided by p — 1. So, for n #Z ¢ (mod p — 1), we have

A -1 . -1
S(n,cp™ +b) = Z (cp ;_Z )S(a, b) = S(a, b)( ;;:Lpl ) (mod p),
i=0

and for the other case, that is, when n = ¢ (mod p — 1), we have

Cpm—l

Stn ™+ = (10 ) Gmod )

as desired. O

Remark 3.3.1. Taking n = p? in the proof of Theorem 3.3.2, we see that A =
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p— c. Hence, for an odd prime p and k > p with p{ k, we have v,(S(p* k)) > 1,

which can also be deduced using FEquation (1.62).

3.3.2 Divisibility of S(n,k) by p™ with p | k

The following theorem extends the result of Chan and Manna (2010, Theorem

5.2) when n and k of S(n, kp™) are of opposite parity.

Theorem 3.3.3. If p is an odd prime and n and k are of opposite parity, then

nk .
o (—1)”_17Akpm717n_17ppm (mod p*™), ifn—1=k (modp—1);
S(n, kp™) =
0 (mod p*™), otherwise.

(3.16)

Proof. Using Equation (1.32) and the hypothesis of parity and k = kp™ (mod 2),

we have

2(kp™)!S(n, kp™) = Z

- ()02 () i
- Z (1) g s - k). ()

where we have used (—1)%" + (—1)"" = 0. Thus, S(n, kp™) =0 (mod p™) if n
and k are opposite parity. It then follows from (3.17) that

t

2S5 (n, kp™) = Z (?) (=) kI p™S(n — j, kp™) (mod pmtY) (3.18)

j=1

holds for 1 < ¢t < m. Since n and k are of opposite parity, so are n — 2 and
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k. Consequently, S(n — 2,kp™) = 0 (mod p™). This observation together with

(3.18) for t = 2 gives us the following;

2S(n, kp™) = (=1)""'nkp™S(n —1,kp™)
+ (Z) )22 S (n — 2, kp™)  (mod p*™)
= (=1)"'nkp™S(n—1,kp™) (mod p°™), (3.19)

which is also true for modulo p*™. Thus, applying Equation (3.1) to S(n—1, kp™)

and combining it with Equation (3.19) produces Equation (3.16). O
Corollary 3.3.1. For an odd prime p and two positive integers n and k,
(a) If k is even and p™ > kp™, then S(p™, kp™) =0 (mod p*™).

(b) If n and k are of opposite parity such that s,(kp™ ' +a — 1) = s,(k) +
spla —1);n—1=k (mod p—1); and o = ”_;#, then v,(S(n, kp™)) =

2m — vy(a) — 1.

Proof. (a) Follows from Equation (3.16).
(b) If s,(x +y) = sp(z) + sp(y), then by Kummer’s theorem (see Mihet, 2010),

Up (<x Z y)) = vp(7) — vp(y + 1), which in view of (3.16) proves (b). -

Remark 3.3.2. If k is even, then replacing n by p" in (3.18), we get

p" n
25(p", kp™) =Y (p, )(—1)P"—%kzpm25(p“ — i, kp™). (3.20)
i

i=1
The i-th term within the summation in (3.20) is divisible by p" ™™ if p{i. How-
ever, if p | i, then the corresponding term within the summation in (3.20) is
divisible by p"~*D+F™ - Then for all t with 1 <t < p™ with p{ (t + 1), we have

the following key congruence:

t
25(p", kp™) = Z <pz )(—1)pn_ikipmi5(p" — i, kp™)  (mod pt+HmEn) - (3.21)

=1
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Theorem 3.3.4. Let p be an odd prime. Let m, n, and k be positive integers
such that n > m, k is even, and p { k. Then v,(S(p", kp™)) > n + 2m, unless

m =1 and k =p — 1, in which case v,(S(p",(p —1)p)) =n+ 1.
Proof. Taking t = 1 in (3.21), we have for even k that

25(p" kp™) = kp" T S(p" — L kp™)  (mod p*™ "), (3.22)
where we have

Agpm—1yn_1, (mod p™), ifk=p—1;
S —1kpmy=4 T (3.23)
0 (mod p™), f1<k<p-2

The binomial coefficient on the right-hand side follows

—1 (mod p), ifm=1<n;
Akpmfl,p"—l,p = (324)
0 (mod p™), if 2<m < n.
Using (3.24) in (3.23) and then (3.23) in (3.22) proves the desired assertion. [J

Theorem 3.3.5. If p > 3 is prime; n, m, k are positive integers with m < n and

k < p, then
k n+1 n+3
DS — 1kp) — L (mod pH),ifm =1, k=p 3
SW R =N e
p2 S(p™ — 1,kp™) (mod pimtn), otherwise.

(3.25)

Proof. Taking t = 2 in (3.21) for even k, we get
2S(p", kp™) = kp" T S(p" — 1, kp™)

n+2m pn_l n m 3m+n
—pt (T) K2S(p" —2,kp™)  (mod p*™ ™).

Since p" — 2 and k are opposite parity, S(p" — 2, kp™) =0 (mod p™), and so

25(p", kp™) = kp" T S(p" — L kp™)  (mod p”" ). (3.26)
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Similarly, on taking ¢ = 3 in (3.21), we have for p > 3 that
1
1

+ é(p" - D(p" — 2)k3p"+3m5(p” —3,kp™) (mod p"+4m). (3.27)

If kiseven, k #p—3,and 1 <k <p—1, then by Theorem 3.3.3 and (3.27), we

have

p"tmS(p™ — 1, kp™)  (mod p*™t™). (3.28)

k
S(p", kp™) = B

For the case k = p — 3, we have from Theorem 3.3.3 that

—3p (mod p?), ifm=1;
Sp"—2,(p=-3)p") = (3.29)
0 (mod p)?™, it m> 1.

Also, from (3.1), we have

—1 (mod p), ifm=1;
Sp" =3, (p=3)p") = (3.30)
0 (modp™), ifm>1.

Combining (3.27)—(3.30), we get (3.25). O

Remark 3.3.3. Identity (1.39) gives rise to the following relation;

(Zp)s(kp +n, kp) = ’no <</<; ]ipgpz Z>

1=

xS((k—Dp+i,(k—1)p)S(n+p—1i,p). (3.31)

If n = t(p — 1), then the i-th term within the summation in (3.31) is divisible
by p* in case i Z 0 (mod p — 1) since p divides both S((k — 1)p + i, (k — 1)p)
and S(n +p —i,p). On the other hand, if i = 0 (mod p — 1) and 0 # i # n,

then p divides ((k’ipsgﬂ). Using Equation (3.1) for i =0 (mod p— 1), we get the
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following equations:

S((k=1p+i, (k—1)p)

<k_ ; pil) (mod p),

p—1
1 (mod p).

Stn+p—ilp—1),p)
We also know that (k}f) =k (mod p?) due to Equation (1.27). It follows that
(k= 1)p

( kp+n
(k—1Dp+n

kS(kp + n, kp) E( kp+n )S(Hp’p)
)@= 1w+~ 1

5 o] PRSI [ () IRU PO RS
forn = t(p— 1)

Theorem 3.3.6. If p is an odd prime, 0 < k+t<p,n=tp+j, and 0 < j <

p—t—1, then
S(kp+n,kp) = %(Z—i_t)s(n +p,p)
k+t
+ﬁé%s«k—mp+nxk—mm (mod 1) (3.33)

for1 <r <k-—1.

Proof. We analyze (3.31) for the case when (p — 1) t nand t(p — 1) < n <

t+1(p—-1). Ifi =0 (modp—1), then S(n +p —i,p) = 0 (mod p) but

S((k—=1p+1i,(k—1)p) = (k_i”%l) (mod p). On the other hand, if n = i
p—1

(mod p — 1), then S((k—1)p+1i,(k—1)p) =0 (mod p) and S(n+p—i,p) =1
(mod p). The rest of the terms where i # 0 (mod p — 1) and n # ¢ (mod p — 1)
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are divisible by p?. It follows that

(3)st+nm Ei(w—lg:@—u) (7)) ster =it

1=
t

3 (i 1)) S D —itr =D, 1p) - (mod 17

(3.34)
Further, we restrict nton =tp+7,0<j<p—t—1,and 0 < k+1t < p. In this
case, the binomial coefficients in both sums of the right-hand side of (3.34) are

divisible by p because of Lucas congruence. So, all the terms except when ¢ = 0

in both summations are divisible by p?. Equation (3.34) thus reduces to the form

(];p>5(kp+n,/€p) E((kp+n )5(”+p’p)

kE—1)p
kp+n )
i ((k —Dp+ n) S((k—=1)p+n,(k—1)p) (mod p~).
(3.35)

If we also apply Lucas congruence to the binomial coefficients, we have

k+t
kES(kp + n, kp) = (k B 1) S(n+p,p)

+ (k+t)S((k—Dp+n,(k—1)p) (mod p?). (3.36)
The theorem follows by using induction on r together with Equation (3.36). [

Corollary 3.3.2. If p is an odd prime, 0 < k+t<p,n=tp+7, and 0 < j <

p—t—1, then

t+k

S(kp+ n,kp) = (t+1

)S(p +n,p) (mod p?). (3.37)
Proof. Take r =k —11in (3.31). O

Theorem 3.3.7. Let p be an odd prime, k, t, and n be positive integers with
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4<k+2<k+t<pandn=tp—1. Then for1 <r <k —1, we have

_ kt—1
S(kp+n, kp) = Z(kki—li_t>5(n+p,p)+ ( (2) )S((k:—l)p—i-n,(k—l)p)
S D (R S e (M) st p - ) (nod ).

i=1
(3.38)

Proof. We analyze (3.34) for the case when n =tp — 1, t+k < p, and t > 2 so
that (p — 1) 1 (tp — 1). In this case, S(n+p—i(p —1),p) =0 (mod p) and

Qk—lfﬁ%—l)) = “”i_l(z:;:) (mod p), i #0,

((Zp—+17;p) = (k ;;_1 i_ t) (mod p) when i = 0.

Also, S((k — Dp+n —i(p — 1),(k — 1)p) = 0 (mod p), (1,20 ) =

(k—1)p+n—i(p—1)

(—1)1 (kj“) (mod p) if i # 0 and ((kfﬁp’in) =k+t—1 (mod p) for i = 0.

Consequently, (3.34) reduces to

E—1+1
k—1

e ()T s

0 (T s - p - 1. - ) o )

kS(kp+n,kp) = ( )S(n +p,p)+(k+t—1)S{(k—1p+mn,(k—1)p)

(3.39)

By Corollary 3.3.2, we have

S((k=1)p+n—i(p—1), (k—1)p)

(k—1+t—i

t—i+1 )S(p+n—i(p—1)7p) (mod p?).

(3.40)
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Combining (3.39) and (3.40), we get

1 (k=141 E+t—1

S(kp—i—n,k:p)EE( p_1 )S(n+p,p)+TS((/§—1)p+n,(k;—1)p)

(0 S (1t (") sttp—ito-1.5) od ),

i=1

(3.41)

The theorem follows by using induction on r and utilizing the preceding congru-

ence (3.41). O

Corollary 3.3.3. Let p be an odd prime, k, t, and n be positive integers such

that 4 <k+2<k+t<pandn=tp—1. Then

t+k—-1

S(kp + n, kp) E( b1

)S(p +1,p)
+sz’5(P+n—i(p— 1).p) (mod p?), (3.42)

i— k—1)!
where bz = (—1) 1%

Proof. Take r =k —11in (3.41). O

Theorem 3.3.8. If p > 3 is a prime and 2 < k < p — 1, where k is even, then

v,(S(p* — 1,kp)) > 2.

Proof. For an even integer k with 2 < k < p — 1, letting n = p*> — kp — 1 and

t = p — k in Theorem 3.3.7 generates the following relation:

S® = 1,kp) = (=) 'S(* +p—kp—1,p)

— ; (29 ;i;i>5(p2 +p—kp—1—i(p—1),p) (mod p?). (3.43)

Replacing k, n, and r by p, p+ p?> —kp — 1, and p — k — 1, respectively, in (3.4),
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we get

Slp+p*—kp—1,p) = (p—k)SBp—k —2,p)

—(p—k—-1)S2p—k—1,p) (mod p*). (3.44)

Similarly, for 1 <i <p—k — 1, we have

Sp+p*—kp—1—i(p—1),p)=(p—k—1)SBp—k—2,p)

—(p—k—i—-1S2p—k—1,p) (mod p?). (3.45)
The preceding three congruences together lead to the following:

S@® = 1,kp) =(=D"p - k)SBp—k =2,p) = (p — k= 1)S(2p — k — 1,p)]

~ b= 0s—k—1p) - (4)sE -k -2

p

g, 1—i
(p )(p—k—i—l)S(Zp—k:—l,p) (modpQ).
i=1

+

k—2
(3.46)

Now using the identities Y7 (“1") = (I;Lfﬂl) and (V.1)") = (kZSQ) (mod p) for

even k, it follows that

7 (p;igi)(p—k—i)zk—l—l (mod p), (3.47)

1
p—1—i
(pk—Q )(p—k—i—l)zk—l—?) (mod p). (3.48)
i=1

From Equations (3.46) and (3.47), we get

S(p* —1,kp) =25S12p —k —1,p) — S(Bp —k —2,p) (mod p?). (3.49)
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Since 2p < 3p — k — 2 < 3p — 2, we obtain from Equation (3.5) that
SBp—k—2,p)=252p—k—1,p) (mod p?), (3.50)
and the theorem follows. m

The following theorem settles the lower bound of v,(S(p? kp)) for even k in

Conjecture 2.3.1.

Theorem 3.3.9. If p > 3 is a prime and k is even with 2 < k <p —1, then
v,(S(p?, kp)) > 5. (3.51)

Proof. Taking n =2 and m = 1 in (3.25), we get

-3 Opd
(p—) S0 1,030 — 2 (mod pf), if k= 53
S(p? 2kp) = { \ 2 1

kp*S(p* — 1,2kp) (mod p°), otherwise.

(3.52)

From (3.52), we have the following weaker congruence:
S(p?, 2kp) = kp*S(p® — 1,2kp)  (mod p°). (3.53)

The theorem follows from (3.53) and Theorem 3.3.8. O

3.3.3 Divisibility of S(p", k) when p [k

From Equation (1.62), we get

(867, 0) = |2, (3:54)

which shows that S(p", k) is divisible by p unless k is a power of p (i.e., k = p™

for some positive integer m). Now we have the following result.

70



Chapter 3

Theorem 3.3.10. Let p be an odd prime and 1 < k < p — 1. Then for any

positive integer n,
S(p", k)= S(p,k) (mod p?). So, v,(S(p", k) — S(p,k)) > 2. (3.55)
Proof. Taking n = p? and r = p — 1 in (3.4), we get
S(p* k) =pS(2p—1.k) — (p— 1)S(p.k) (mod p). (3.56)

Using the minimum period from Equation (5.4) for S(2p — 1, k), the theorem

follows at once. O

Theorem 3.3.11. Let p be an odd prime and p < k < p*>. If k = kip + ko and
ko # 0, then

S(p* k) = (lfl) S(p — ki, ko) (mod p?). (3.57)

Proof. From Equation (1.39), we get

kip + ko 2 i P’ . 2 .
o )SW Rtk =3 (7 )56 kp)SE* i ko)

1=0

p—1 2
= Z (Z) S(ip, k1p)S(p* — ip, ko)  (mod p?) (3.58)
i=ky
since v,((%)) = n — v, (4).
Since p divides (f;) for k1 <i < p—1 and p divides S(ip, k1p) unless i = k;, we
have

2

(/ﬁp + ko p
kip

) s+ =
0

)S(p2 — kip, ko) (mod p?). (3.59)

Also, S(p?, kip + ko) = 0 (mod p) and (k“;;’ko) =1 (mod p). Moreover, (é’fp)

(£) (mod p?). Consequently,

S(p?, kip + ko) = <p

k:1> S(p* — kip, ko)  (mod p?). (3.60)

Now using the minimum periods on the preceding congruence, the theorem fol-
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lows. O

Remark 3.3.4. Theorem 3.3.11 gives an exact p-adic valuation for some special

cases.

Corollary 3.3.4. Let p be an odd prime and k = kip + ko > p, where ki and ko
are the p-adic digits of k. If s,(k) =p or s,(k) <p and t,(p — k1,p — s,(k)) =0,
then

v (S k) = 1. (3.61)

Different values of ¢, are mentioned in Equation (3.7). The following theorem is

a generalization of Theorem 3.3.11.

Theorem 3.3.12. If k is a positive integer not divisible by an odd prime p with

p < k < p" for some positive integer n > 2, then

0 (mod p?), if sp(k) > p;
S(p" k) =
(k‘n7— Pha 7kn175_zz;i k"n'r)S(p N zz;é knT?r? kO) (mOd p2), Otherwise’
(3.62)
where k,_,ky,__,,-- ,kn, are the non zero p-adic digits of k.

Proof. For n = 2, the result follows from Theorem 3.3.11. So, let n > 2. Let
k = Zizo k.p" such that for each 1 < r < t, k, is the r-th p-adic digit of k
and ko # 0 # k;. Removing all the zero digits from the expression of k, we can
re-write

k= Z ko, ™ (3.63)
r=0

where k,, # 0 for every r with 1 <r < 7. Then from (1.39), we have

L p" pn T—1
n _ . N, n__ e 64
(kmpnr> S, k) E ( ; )S(z, ko, p")S(P" — 1, ;:0 Fn,p"") (3.64)

1=0

The binomial coefficients on the right-hand side in (3.64) are divisible by p? unless
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i is divisible by p"~! and hence the preceding equation reduces to

p N -1
S(p" k) = Z (ip]i_l) S(ip" ™ ka, p)S(P" = ip" Y ke, p™)  (mod p?).
- " (3.65)
Here, (Z.p’in_l) = (?) (mod p?) and each of these binomial coefficients are divisible
by p unless i = 0 or p. Using (3.1), we observe that S(ip"~!, k, p") is divisible
by p" if i # k,, . Moreover, S(k,.p" ', k,.p"") =1 (mod p), and so,

7—1

S, k) = ( Y )S (p" = kon, 0" Y k™) (mod p?). (3.66)

r=0

Let U; = S((p — i:o K, )p" 1, Z:;gfl kn,p™), we then have

T—1 (p—kn)p" " 1
kn o - kn K .
(Zr:o Tp ) UO = Z ((p T)p ) S(Z’ knfflpnTil)

kjnq—_lpn"—_l i=0 (3
T—2
X S((p—kn )"t =0, ka,p™). (3.67)
r=0

Using the same technique as in the proof of Theorem 3.3.11, we obtain

_k'ﬂT n—
U — pz (p - kn'r)p ! S( : n—1 k, 7L7—71)
= P ip" !k, _up

i=0 P
T—2
X S((p = ka )p" ™ = ip" D kn,p™)  (mod p)  (3.68)
r=0
which also yields the following:
0 (mod p), if kn, + kn, ., 2 p;
(ijf; JUi  (mod p), otherwise.

Combining (3.66) with the preceding congruence, we get

o ) 0 (mod p?), if kn, + kn,_, > p;
S(p", k) =
(knq— ,knT_l,pZiknfknT_l)Ul (mod p?),  otherwise.
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We employ the same technique recursively to get the congruence

) 0 (mod p?), if 3770 Ky, > 1
S(p", k) = (3.70)

(knf,~~~,kn1,£—21;11knT)UT_l (mod p?),  otherwise.

Now applying the minimum period on U,y = S((p — 327_4 kn, )" ', ko), we

get the desired result. O
Corollary 3.3.5. Let p be an odd prime.

(a) Letk =Y., kip' > p be the p-adic expansion of k with ko # 0. If s,(k) <p
and t,(p — s,(k) + ko, p — s,(k)) = 0, then v,(S(p* k)) = 1.

(b) If n > 2, s,(k) <p, and 1 < kp+1<p", then v,(S(p™, kp+1)) = 1.
(c) If ptk and k < p™ < p™, then S(p", k) = S(p™, k) (mod p?).

Remark 3.3.5. From Corollary 3.3.5(a), we observe that t,(p — sp(k) + ko, p —
sp(k)) = 0 when sp(k) = p—1; s,(k) = p—2 and v,(3p—3k;—5) = 0; s,(k) = p—3;
sp(k) = p— 4 and v,(15n> — 150n? + 485n — 502) = 0 and so on.

3.4 Conclusions

We study the congruence properties of Stirling numbers of the second kind to
obtain their p-adic valuations. We extend the results of Chan and Manna (2010)
(for S(n, kp™) (mod p™)) to a higher congruence for some special cases. If n and k
are opposite parity, we find out that v,(S(n, kp™)) is always greater than or equal
to m and the estimates of the valuation gets doubled when p—1|n—1—k, i.d.,
v,(S(n, kp™)) > 2m. We prove that for even integer k, v,(S(p™, kp™)) > n +2m
unless £k = p — 1 and m = 1, in which case the p-adic valuation is exactly n + 1;
the same result is then strengthened to congruence modulo p*™**. We establish

a congruence recurrence for S(n + kp, kp) in k for different classes of n. The
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recurrence for the case n = tp — 1 with t = p — k is used to evaluate the p-adic
valuation v, (S (p?, kp)) > 5, this confirms the lower bound of Conjecture 2.3.1 is

true.
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Congruence Relation Between
Stirling Numbers of the First and
Second Kind?

4.1 Introduction

Stirling numbers of the second kind are known to have various relations with
the first kind. Stenlund (2019) derived some interesting relations, which include

the following:

and
(S(N+1,m) = S(N,m —1))s(m,n) = (s(m,n—1) — s(m+ 1,n))S(N,m).

This chapter studies the congruence relations between Stirling numbers of the
first and second kind. The main results include the congruences for S(n, kp™)
and s(kp™, n) explicitly in terms of binomial coefficient when n =k (mod p—1).
We further obtain congruences for S(n, k) and s(k,a) in modulo p, p™ and p"

where m = |log,(k)| and n > m. We express the congruences to more simpler

3Indian Journal of Pure and Apllied Mathematics, (2024)
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forms in certain cases. The exact values of v,(S(n,k)) and v,(s(n, k)) for some

special cases are obtained. We also discuss the cases of same congruence property

for S(n, k) and S(n — 1,k —1).

4.2 Preliminaries

The generating functions of S(n, k) and s(n, k) play a significant role in ob-
taining their congruence properties. We will assume p as an odd prime unless
stated otherwise. We use the congruence property of the polynomial (Chan and

Manna, 2010)

kp™

[[a—iz)=@—2")"""  (mod p™). (4.1)

i=1

If we replace x with 1/y, we get

kp™ kp™

. 1 . —1\k m—1 1 1 m—1

[0 —iz) = i [[w—9 and (12" = W(yp -7
i=1 i=1
It follows that

kp™

[[y—=y""" @ =" (modp™). (4.2)

i=1
We can also write this result as

af" = R (gl )R (mod p™). (4.3)

Replacing = by —z in Equations (4.1) and (4.3), we obtain

kp™

[[+iz) =@ —2"H)"" (mod p™) (4.4)

=1

and

1
v

= (=1)*2"" (271 = 1) (mod p™). (4.5)
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Davis and Webb (1993) proved, for a prime p > 3, that

(3)- () i

where € = 3 + v,(n) + vy(k) + vy(n — k) + v,((})). With the help of Equation

(4.6), it is easy to confirm
(1—2) =1 —2"")" (mod p™) (4.7)

for any integers n and m such that 0 < m < n.

4.3 Main Results

In this section, we prove the main results of this chapter which are presented
in theorems and corollaries. The first theorem gives the congruence relations

between Stirling numbers of the first kind and Binomial coefficients.

Theorem 4.3.1. If p is an odd prime and k is a positive integer not divisible by

p, then for any positive integer m, the following congruences hold:
a) s(kp™ kp™ —b) = (=1)*s(kp™, kp™ ' +b) (mod p™),
m m k,pm—l b m
) st k=0 = (T, )P mod o)

ifb=0 (modp—1) andb < k(p—1)p™ " .
¢) s(kp™,b) =0 (mod p™),
if b <kp™ " orkp™ ' —b#0 (modp—1).

d) s(kp™,b) =s(kp™+1,b+1) (modp™),

for any integer b such that 1 < b < kp™ — 1.
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Proof. We know that

kp™—1 kp™—1
H (1 —ix) = Z s(kp™, kp™ — )2’
=1 i=0
kp™
s Z s(kp™,i)a’.
i=0

Due to Equations (4.1) and (4.3), we get

kp™—1
H (1—iz)=(1—2""YH*"""  (mod p™):
i=1

" = :ka%1(:vp_1 - l)kal

(mod p™).

It follows that

e m m -\ 0 gy kpm—l Ji(p—1) 1
> s(kp™ k™ —i)at = ) )= (mod p™);
i=0 =0 J

- m o\ .0 kpm—1 iy kpm—l k—j ,.j(p—1) m
Zs(l{p Ji)xt = a™ Z _ (—1)" 727 (mod p™).
, ; J

=0 7=0

Comparing the coefficients of 2°, we get the first three results, and the last result
is obtained from the congruence

kp™ kp™—1

[[a—ix)= J] @ —ix) (modp™). (4.8)

i=1 i=1

Hence, the theorem follows. n

Corollary 4.3.1. Let n = kp™, m > 1, be an integer with only one non-zero
p-adic digit, and p > 3 be a prime. Then, s(n,a) is divisible by p if and only if
n % a (mod (p— 1)p™ 1. Further, s(n,a) is divisible by p'™, 0 <t <m — 1, if

and only if n —a < kp™* orn # a (mod (p— 1)pm—171).
Proof. Follow the proof of Theorem 4.3.1 and use Equation (4.7). O

Corollary 4.3.2. For an odd prime p and integers k and m such that pt k and
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m > 1, we have
vp(s(kp™ +1,a4+ 1)) = v,(s(kp™,a)) =m —1—v,(a), (4.9)

whenever m — 1 > v,(a), kp™ ™ < a < kp™, and k = a (mod p —1).

Proof. The proof is based on the equality vp((l’j;:)) =n—m when pta,pthb,

and n > m. ]

Remark 4.3.1. If n > m, the p-adic valuation of the binomial coefficient (ng:) is

equal to vy((, . .)). It follows that if m —1 < vy(a) and vy(( K m)) <m—1,

bpmfn kp_aplfm

we have

kp — apt—m

vp(s(kp™ +1,a+ 1)) = v,(s(kp™, a)) :vp<( b )) (4.10)
It is also trivial from Theorem 4.3.1 that
Min{v,(s(kp™ + 1,a+ 1)), vy(s(kp™,a))} > m (4.11)
when a < kp™' or kp™ ! —a #£0 (mod p—1).
The following theorem is a generalization of Theorem 4.3.1.

Theorem 4.3.2. For an odd prime p and positive integers k, m, a, and b, the

following congruences hold;

s(kp™+a, kp™ ' +b) =

|
|
=
e
i
-
i
o~

)s(a,b—z’(p—l)) (mod p™) (4.12)

ifb<a+k(p—1)p™", and

s(kp™ 4+ a,b) =0 (mod p™). (4.13)
if b < kp™1,
Proof. We have
kp™+a
ghrta — Z s(kp™ + a,i)x’ (4.14)
=0
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and
kp™ a—1
gheta H(x — ) H(x — (kp™ +1))
=0 =1

m—1

=" (2P = 1) 2% (mod p™)

kpm—l _1 a
m— kp™ - ,
= b E ( v )(—1)’“_11”(}’_1) s(a,7)x’  (mod p™). (4.15)

X ? -
=0 7=0
Comparing the coefficients of "' *? in the RHS of Equations (4.14) and (4.15),
we obtain
m m—1 k—1 kpm—l . m
s(kp™ 4+ a, kp™ " 4+ b) = Z (—1) ) s(a,7) (mod p™). (4.16)
i(p—1)+j=b

Changing the index j to b—i(p — 1) confirms the first result of the theorem. The
coefficient of ™ on the right-hand side of Equation (4.15) vanishes if n < kp™~!;

hence, the second result follows. O
The following corollaries are special cases of the preceding theorem.

Corollary 4.3.3. For an odd prime p and positive integers k, m, a, and b;
(i) Aap = (=1)'s(a,b) (mod p™) ifb<p-—1,

m m—1—v,(;5]), if (p— 1) 1band [ 5] <p™
(id) vp(Ny714) = ’ ’
m—l—vp(%—l), if(p—1) 1|0 and}% <pm

where /\l;:gm = s(kp™ + a, kp™! +b).

Proof. On observation of Equation (4.16), we can see that;

(i) If b < p—1, then the only solution of i(p — 1) + j = b for (4, j) is (0, b), unless
b = p — 1, in which case there are two solutions, namely (0,p — 1) and (1,0).
The corresponding term for the solution (1,0) vanishes as s(a,0) = 0. Hence, (i)

follows.
(ii) Let b = g(p—1)+r such that 0 < r < p—1. The only solution of i(p—1)+j =
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qlp—1)+rwith j <p—1is (i,j) = (¢g,7), if r # 0. Thus, we get
m m—1 — k— kpmil m
s(tkp™ +p—1,kp™ " +b) = (—1)"1 . s(p—1,7) (modp™). (4.17)

Now, we obtain the congruence for s(p — 1, b):

We have
P
= x—xp+1 = (a? —2)1 -z +2°—---) (mod p).

It follows that

p—1

Zs(p— Li)g'= -z 42> —2°+ -+ 271 (mod p)

i=0
and

s(p—1,7) = (=1)" (mod p) (4.18)

if1<i<p-—1.

Therefore, the valuation of the binomial coefficient (kpr;H) is m —1—v,(q) and
s(p — 1,r) is not divisible by p. Thus, the first case of (ii) follows.

On the other hand, if r = 0 or b = ¢(p — 1), then there are two solutions of
i(p—1)+j=q(p—1), namely (¢,0) and (¢ — 1,p — 1). The corresponding term
for the index (g,0) is zero since s(p — 1,0) = 0. Following the proof of the first

result, we get the second case of (ii). O

Corollary 4.3.4. For an odd prime p and positive integers k, m, a, and b;

kpm—l

s(kp™ + a, l{:pm_1 +b) = (—1)‘1( .

)s(a,r) (mod p™)
ifa<p—1landb=q(p—1)+r with0 <r <p-—1.

Proof. Given Equation (4.16), the only solution of i(p — 1) +j =q(p — 1) +r is

(i,7) = (g, 7). Hence the result follows. O

Remark 4.3.2. The p-adic valuations of large classes of Stirling numbers of the

first kind can be obtained using Theorem 4.3.1, Corollaries 4.5.3, and 4.5.4. The
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first result of Corollary 4.3.4 yields the following exact p-adic valuation,

vp(s(kp™ + a,kp™ ' + b)) =m — 1 —UP<L%J>, (4.19)

ifb=1,a,a—1 ora—3 (mod p—1), assuming conditions of the corollary apply.
Theorem 4.3.3. Let p be an odd prime and k, a, b, m, and t be positive integers
such that max{k, a} <p—1,t<m, and b < ap’. Then,

o s(apt,b) (mod p™), ifazb (modp—1) orb<ap™!;
Nagt o = (4.20)

S(GPt> b) (HlOd pm*”f'(b)’l), otherwise,
where nf, = s(k+a,k +b).

Proof. Replace a and b in Equation (4.16) with ap’ and k(p — 1)p™ ! + b, respec-
tively; we obtain
m t m k—1i kpmil t m
s(kp™ +-ap', kp™ +b) = > (—1) . )stap’g) - (mod p™).
i(p—1)+j=k(p—1)pm™~14b
If we replace the index j with (kp™™' —4)(p — 1) + b, we get

kpm—l
1

s(kp™+a,kp™+0b) = Z(—l)k_i (

%

>s(a, (kp™ ' —i)(p—1)+b) (mod p™).

By reversing the index, we get

k,pm—l
1

s(kp™+ap', kp™ +b) = Z(—l)i <

)s(apt, b+i(p—1)) (mod p™). (4.21)
Using Theorem 4.3.1, s(ap*, b+ i(p — 1)) is divisible by p* if a £ b (mod p — 1)
or b < ap'~'. The valuation of (kprzfl) is m — 1 — v,(i) unless ¢ = 0. Thus, the
valuation of the i—th terms, i # 0, of the right-hand side of Equation (4.21) is
greater than or equal to m — 1+t —v,(i). The range of the index 7 is determined
by the inequality b < b+ i(p — 1) < ap’, which implies that 0 < i < aZf;é .
It follows that v,(i) <t — 1 and consequently m — 1+t — v,(i) > m. Hence, p™

divides all the 7 — th terms except the term with ¢ = 0. Thus, the first case of

83



Chapter 4

the theorem follows.
Now, we assume that a = b (mod p — 1) and ap®~! < b < ap’. Therefore, we can
express b as ap’ — q(p — 1) with 0 < ¢ < ap'~!. Equation (4.21) becomes

m—1

(k
s(kp™ +ap', kp™ +b) = Z(—1)2< v

L)t (@i 1) (o ")

(4.22)

%

Given Theorem 4.3.1, the valuation of the ¢-th term on the RHS of the preceding
congruence is m+t—2 —w,(i) —v,(¢—1) if i > 0. Therefore, two sub cases arise,
namely v,(q) < v,(7) and v,(7) < v,(q);

If v,(q) < v,(i), we have v,(q — 1) = v,(q) and
m+t—2—-v,(i) —v(g—1i)=m—1—v,(q) + (t —1—v,(4)) >m—1—1,(q),

since v, (i) <t — 1.

If v,(3i) < wv,(q), we get
m4t—2—v,(i) —vy(q—i) >m—1—v,(q)+ (t—1—v,(q—1)) >m—1—1v,(q),

since v,(q — i) <t —1.
The equality b = ap’ — g(p — 1) also implies that v,(b) = v,(q) for the given con-
m—1—uvp,(b)

dition. It follows that all the terms except when ¢ = 0 are divisible by p .

Hence, the second case of the theorem follows. O

4.3.1 Valuations of S(n, kp™)

Using Equations (4.38) and (4.1), we have the following result (see Chan and
Manna (2010));

o0 oo m—1 - 1 )
Z S(n+ kp™, kp™)a" = Z (kp + J )xj(p_l) (mod p™),  (4.23)

n=0 7=0 J
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which implies S(n, kp™) =0 (mod p™) if n # k (mod p — 1); otherwise,

kp 4t — 1

S(kp™ + a, kp™) = < ket 1

) (mod p™) (4.24)

for any non-negative integer a with a =0 (mod p — 1).

Due to Equation (4.8), we also have the congruence
S(kp™ +a—1,kp™ —1) = S(kp™ + a,kp™) (mod p™). (4.25)
The following theorem is a consequence of Equations (4.23), (4.24), and (4.25).

Theorem 4.3.4. Let p be an odd prime and k be an integer not divisible by p.
For any positive integer n such thatn =k (mod p—1) andn < kp™+ (p—1)p™!

with m > 1;
(S — 1, kp™ — 1)) = v,(S(n, kp™) =m — 1 —wv,(n).  (4.26)
Ifn#k (mod p—1), then
min{v,(S(n, kp™)), v,(S(n — 1, kp™ — 1))} > m. (4.27)

Proof. The second result is trivial from Equations (4.23) and (4.25).
We assume n > kp™ and let n = kp™ + b(p — 1) with b < p™~!. From Equations
(4.24) and (4.25), we have

S(kp™ +b(p—1) = 1,kp™ — 1) = S(kp™ + b(p — 1), kp™)  (mod p™)

kp™t+b—1 m
(p b ) (mod p™).

The p-adic valuation of the above binomial coefficient is given as

Up((kpm_l +0— 1)) _ Sp(b) + sp(kp™ ™t — 1) — s, (kp™ ! +b — 1), (4.28)

b p—1
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and we have

sp(kp™ ™t = 1) = s,((k = )p™ 4+ p" 7t = 1)
= sp((k — 1)pm_1) + Sp(pm_l —1)

= sy(k—1)+ (m—1)(p—1). (4.29)

Further, k is not divisible by p and then s,(k—1) = s,(k)—1. Therefore, Equation

(4.29) reduces to
sp(kp™ —1) =sp(k) + (m—1)(p—1) — 1. (4.30)
Since m > 1 and b < p™~!, we have

sp(/{pm_1 +b—1)= sp(k:pm_l) + 5,(b—1)

= s,(k) + s,(b—1). (4.31)

Let b = bp»® p t ¥, for some positive integer &'. Replacing kp™ with b in

Equation (4.30), we get
sp(b—1) = sp(b) = L+ v,(0)(p — 1) (4.32)

since s,(b) = s,(b’). Therefore, combining Equations (4.28), (4.30), (4.31), and

(4.32), we get

UI,((kpm_l;b_ 1)) = m—1—v,(b).

It is also trivial from our assumption of b that v,(b) = v,(n). Hence the theorem

follows. L

Definition 4.3.1. Let a be a positive integer whose p-adic expansion is given by

a=ag+ap+ap’ + -+ ap
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For a fived integer k, 1 <k <p—1, we define p,rm(a) as

0 if k+an, <p,
Pp,k,m(a):
l+n ifk+an>pandapi1 = =anin=p— 1% Qminii-

(4.33)

Here, p, k.m(a) is the number of carries when adding a and kp™ in base p. Using

Kummer’s theorem, we can see that p,n(a) is, in fact, v,((“7*")).

The preceding theorem restricts the value of n to less than some particular value.
The following theorem gives an alternate result of Theorem 4.3.4 when there is

no restriction on the values of n but restrict £ < p.

Theorem 4.3.5. Let p be an odd prime and k be a positive integer less than p.

For positive integers m and n such that n =k (mod p — 1);
— kp™
u>7 (4.34)

0p(S(n = 1 kp™ = 1)) = v(S(n, kp™)) = ppp—tm1 -

if pp,k,l,m,l(";#) < m —1 < vy(n). However, if ppykym,l(”;fﬁm) < yy(n) <

m — 1, then
n— kpm)
p—1/
(4.35)

0p(S(n = 1 k™ = 1)) = (S, kp™)) = m — 1 = 0,(n) + ppim (

Proof. Since n = k (mod p — 1), we can write n = kp™ + a(p — 1). Let a =
7 ,aip" be the p-adic expansion of a = ";# for some positive integer ¢q. To
prove the theorem, it is enough to obtain Up((kpmtJ“a_l)) for both cases. For the

first case, we have

a=ayp

for some positive integers ¢’ and ¢ such that p{a’ and ¢ > m — 1. Therefore,

spkp™ tHdp = 1) =s,(k+dp " = 1) +5,(p" " — 1)
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and

sp(kp™ ' = 1) =k —1+s,(p" ' =1).

Thus, the valuation of the binomial coefficient is

m—1 -1 ANEE -1 ! t—m—+1 -1
Up((kp +a )) _ sp(a) — sp(k +adp )+ k ' (4.36)

a B p—1
Suppose t > m — 1, the sum of the digits s,(k—1+a'p"~™"') can be split into the
sum s,(k—1)+s,(a’) since we assume 1 < k < p—1. In this case, the valuation of
the binomial coefficient becomes zero, which is also equal to p,, s.m—1(a), since the
(m — 1)-th p-adic digit of a is zero and k + a,,_1 = k < p. Now, we assume that

vy(a) = m —1, which means that t = m —1 and @’ = a1 + amp+ apmpp® + -+

It follows that if £ — 1+ a,,—1 < p, then
Sp(kpm_l +a—1)=sy(a) + Sp(kpm_l -1)

and Up((kpmiqa_l)) =0=ppr-1m-1(a).

a

Ifk—1+ a1 > p, then

m*Q“FPp,kfl,anl(a) q
a=an1p" "+ (p—1) o P+ > a;p',
i=m i=m—1+pp x—1,m—1(a)

Ep™ ' 4 a—1=(am1 +k—1—p)pm*

+ (amflJer,kﬂ,mq(a) + 1)pm_1+pp’k_l’m_l(a)

q

+ > a;p',

i=m+pp k—1,m—1(a)
which implies

s$p(a) = am-1+ (p— 1) (ppr—1m-1(a) = 1) + Z a,

i=mA4pp k—1,m—1(a)
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q
sp(kp™ ' +a—1)=k—p+an1+ Z a;

i:m""pp,k—l,m—l(a)

= sp(a) = (p = Dppr-1m-1(a) + k — 1.

Therefore, we get

U((k:pml—i—a—l)) spla) —sp(k—1+a)+k—1
p _
a p—1

= Pp,k—1,m—1 (CZ) .

Using this valuation in Equation (4.24), the first result of the theorem follows.

The second result of the theorem can be obtained through the same method. [

Remark 4.3.3. If there is no restriction on the value of k and v,(a) < m — 1,

we can write a as a = cp™ ! + b, where b < p™~t. Therefore,

() mmer—nm (V).

For vy(a) > m — 1, we have a = cp™* for some integer ¢ and hence

Up((kpm—l;ua—l)) :”P<<k+g_1>>'

If the valuations obtained are less than m — 1 for both cases, then they are the

valuations of S(kp™ + a(p — 1), kp™) for both cases.

Theorem 4.3.6. Let p be a prime greater than 3 and n, k, and m be positive
integers. Then, p divides S(n, kp™) if n # k (mod (p — 1)p™~1). More precisely,

P 0 <t <m—1, divides S(n, kp™) if n 2 k (mod (p— 1)p™11).

Proof. The theorem can be proved using Equations (4.38), (4.1), and (4.7). O

4.3.2 Congruence relation between S(n, k) and s(n, k)

Now, we establish congruence relations between Stirling numbers of the first

and the second kind using their generating functions. The next theorem gives
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the results for S(n,k) modulo p. We use the notation [n] to denote the set

{0, 1, 2, ---, n} for simplicity.

Theorem 4.3.7. Let p be an odd prime and n, k, a, and d are positive integers

such that a <p and 0 < d <p—1, then

stk +a) = (0o - ap-a- ("7 ) noa
ifn—k—a=d (modp—1) for somed € [p—1—a], and
S(n,kp+a) =0 (mod p)
ifn—k—a#d (modp—1) foranyd € [p—1—al.

Proof. We have

k+1 .
1 _ Hz(:—ik_‘pzfa-f—l(l - ZZE)
[P —ie) TP —ix)

and we get the following congruences:

Y

1 Pigil(l +ix)
M) (- (mod p),
Hfﬁ (1 —ix) (1 — gp—1)k+1
b p—a—1 k N
ZS(nJra/va/)an Z Z( j) iP=1)" (mod p),
n=0 =0 —
where @’ = kp+a and s7™" = s(p —a,p — a —1).

It follows that if n =d (mod p — 1) for d € [p — a — 1], then

k+ 2=
;7 )ste—a;p—a—d) (modp), (4.37)

S(n+kp+a,kp+a) = (—1)d(
and if n £ d (mod p — 1) for any d € [p — a — 1], then
S(n+kp+a,kp+a)=0 (mod p). (4.38)

If we replace n+ kp+a with n in Equations (4.37) and (4.38), we get the required

results. O
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Remark 4.3.4. The following results are consequences of Theorem 4.3.7, specif-
ically for the prime p =3 and p = 5:
For p = 3, we have two classes (since p— 1 =2) for each a € {0, 1, 2}. We get

the following congruences:

n—k

S(n.3k) = (2) (mod3), ifn—kis even;
0 (mod 3), if n — k is odd,
(
(HTH) (mod 3), ifn—k is odd;
S(n,3k+1) =
\ (R_TH) (mod 3), ifn—k is even,
)
(%572) (mod 3), ifn —k is even;
S(n,3k+2) =
0 (mod 3), if n — k is odd.

\
For p =5, we have four classes (since p — 1 = 4) for each a € {0, 1, 2, 3, 4}.
We get the following congruences:

(n;k) (mod 5), ifn=k (mod4);

S(n,bk) = g

0 (mod 5), ifn#k (mod4),

(mod 5), ifn=k+1 (mod4);

(mod 5), ifn=k+2 (mod4);
S(n,5k+1) =

(mod 5), ifn=k+3 (mod4);

(mod 5), ifn=k (mod4),
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s(3,3)( 4 )=( 1) (mod5), ifn=k+2 (mod4);

S(n.5k 1+ 2) = 3(3,2)(n_£‘3) = 3(“—;‘2—3) (mod 5), ifn=k+3 (mod 4);

s(3,1)( 1) = Q(nTM) (mod 5), ifn=%k (mod4);

0 (mod 5), ifn=k+1 (mod4),

s(2, 2)(%]4’573) = (%;4273) (mod 5), ifn=k+3 (mod 4);
S(n, bk +3) = q s(2, 1)(n_£_4) = (n_TH) (mod 5), ifn=%k (mod 4);

0 (mod b), ifn=k+1ork+2 (mod4),

() (mod5), ifn=Fk (mod 4);

S(n,5k+4) =
0 (mod b), ifn=k+1, k+2, or k+3 (mod 4).

In the case of S(n, 5k), the multiplier s(5,5—d) where d € {0, 1, 2, 3} is divisible
by 5 except when d = 0. It is also easy to see that the binomial coefficients on
the RHS of the above equations reduce to 1 if k = 0. This observation leads us to
acquire the following exact p-adic valuations:

For a prime p = 3 and any positive integer n,

a) vs(S(2n,2)) =0,
b) vs(S(6n +3,3)) = v3(S(6n + 5,3)) = 0,

¢) v3(S(6n,4)) = vs(S(6n + 1,4)) = v3(S(6n + 4,4)) = v3(S(6n + 5,4)) = 0,
d) vs(S(6n+1,5)) = v3(S(6n + 1,5)) = 0,

e) vs(S(6n,6)) =0,

£) vs(S(6n+1,7)) = v3(S(6n +2,7)) =0,

g) v3(5(6n,6)) = 0.
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For a prime p =5, we have the following p-adic valuations:

a) vs(S(4n,2)) = vs(S(4n +2,2)) = v5(S(4n + 3,2)) = 0,

b) s(S(4n,3)) = vs(S(4n +3,3)) = 0,

¢) ws(S(4n,4)) =0,

d) vs(S(20n+7,5) =0, ifre{509,13,17},

€) vs(S(20n+7,6)) =0, ifre[19]\{2,3,4,5},

£) vs(S0n+7,7) =0, ifre[19]\{2,3,4,5,6,10,14,18},
9) vs(S(20n+7,8)) =0, ifre{0,1,809,12,13,16,17},

h) vs(S(20n+7,9)) =0, ifre{1,9,13,17}.

The following theorem gives a generalization of Theorem 4.3.7 from modulo p to

modulo p™.

Theorem 4.3.8. For an odd prime p and positive integers k, b, m, and n such

that b < p™ 1, the following congruences hold;

Sn+b,b) = Z(—l)" ((k i 1)pmj—l I 1)5(0, c—n+j(p-1) (modp™)

(4.39)

and

s(b', b —n) = Z(—l)"ﬂ <<k * E)pm_ )S(n—j(p—1)+c, ¢) (mod p™), (4.40)

where ¢ = p™ — b and b = kp™ + b.
Proof. We have

k+1)p™ ,
1 _ HE:JIZpT)erbH(l — ix)

[0 —ix) TP (1 — i)
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and
kp™ +b—1 (k+1)pm 1—34
[[ a-in)- H(ijl)pm( z'x)‘
i=1 Hi:kpm+b(1 — i)

We obtain the following two congruences

1 _ IS (1 + i) .
17001 — i) (1 — ar=t)sDer (mod p™), (4.41)
and
kp™+b—1 SR
1— 2P J
(1 — ZI’) = ( ﬁ_ ) (mod pm>' (442)
; 0 b<1 + Z;L’)
=1 i

Equations (4.41) and (4.42) generate Equations (4.39) and (4.40), respectively.

Hence the theorem follows. O

Theorem 4.3.9. For an odd prime p and positive integers k, a, m, and n such
that kp™ < p™ and m + 1 < n, the following congruences hold;

-1

S(a+kp™ kp™) = (=1)* Y (p j

| )s<bpm,bpm—a+j<p—1>> (mod p")

(4.43)
and
n—1

s(kp™ kp™ —a) =y (=1)" (p .

] )s<a—j<p—1>+bpm,bpm> (mod p"),
7

(4.44)

where b = p"~ " — k.

Proof. Using the same technique as in the proof of Theorem 4.3.8, we obtain the

following two congruences;

1 TP g
G — = IL% —— (nq ) (mod p") (4.45)
Hizl (1 —iz) (1 —ap-t)p
and
k:pmfl —1\pn—1
1 — Py
[T @—ix)= ((n_mwk) ) (mod p"). (4.46)
i=1 Hiio P (1 +ix)
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These two congruences generate the required results. Hence the theorem follows.

O

Remark 4.3.5. In the second result of the preceding theorem, the generating
function on the RHS of Equation (4.46) generates an infinite term. In contrast,
the LHS generates kp™ — 1 terms only. It follows that the sum wvanishes when

a > kp™, i.e.,

(=1)*[S(a+ bp™, bp™)

Syt

J

—S(a—p™(p—1)+bp™, bp™)] (mod p™*), (4.47)
whenever p — 11 a. Moreover, if a < p™(p — 1) and p — 1t a, we obtain
s(kp™, kp™ —a) = (—=1)*S(a + bp™, bp™) (mod p™*1). (4.48)

We can utilize Theorem 4.3.9 to obtain some values of v,(S(n, kp™)), which are
greater than or equal to m. Although Theorem 4.3.5 deals with v,(S(n,kp™)),
the theorem s restricted to valuations less than or equal to m since the key con-
gruences used in Theorem 4.3.5 are in modulo p™. The congruences obtained in
Theorem 4.53.9 are in modulo p"™ for arbitrary n, usually greater than or equal to

m of S(n, kp™); the next theorem is an application of such congruence.

Theorem 4.3.10. Let p be an odd prime and a, u, k, and m be positive integers

such thatpta anda =0 (mod p—1). Ifpm ™ <u= -5 <p"and = +k > p,

pm
then
vp(S(kp™ + a, kp™)) = m. (4.49)

Proof. Replace n and a in the first result of Theorem 4.3.9 with m+1 and u(p—1),
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respectively; we get

S(a+ kp™, kp™) = Z (p +j]

J

Jsttsm "~ (u = 3)p = 1) (od 7
(4.50)

where b =p — k.

Let u = 2?:01 u;p’ be the p-adic expansion of u. We know that s(bp™, bp™ — (u —

7)(p — 1)) is divisible by p™ if bp™ — (u — j)(p — 1) < bp™ L or j < S upt —

m—1

= « (say). We can also confirm that p divides (pm?’ 71)

bp if j < «a, unless
j = 0, in which case s(bp™,bp™ — (u — 7)(p — 1)) = 0 since bp™ — u(p — 1) < 0.

Thus, all the j-th terms with 0 < j < « are divisible by p™*!, and we obtain

sttt i) =30 (7T st b - =)= 1) Gmod

= J
(4.51)
From Theorem 4.3.1(b), we have
m m . bpm—l u—j m
s(bp™, bp™ = (u—=j)p—1)) = { iy (=D*" (mod p™). (4.52)

It follows that the p-adic valuation of each term on the RHS of Equation (4.51)
is m—uv,(j) +m—1—wv,(u—7j). If pfjand j # u, then the valuation is
2m — 1 — v,(u — j), which is greater than or equal to m + 1 unless v,(u — j) =
m — 1. On the other hand, if p | j, then p { (u — j), and the valuation becomes
2m — 1 — v,(j), which is greater than or equal to m + 1 unless v,(j) =m — 1. If
vp(u —j) =m —1, then u — j = rp™ ! for some r, p{r. If v,(j) = m — 1, then

j = tp™! for some t, p { t. The only remaining term whose p-adic valuation is
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less than m + 1 is the term with j = u. Thus, Equation (4.51) reduces to

b m m—1
m 1 m P tu—rp"T =1 m o m m—
S(a+ kp™, kp™) = E < o )s(bp Jop™ —r(p—1)p" )

-1
r=1

pm_i_u_,rpmfl_l . " .
+< e )S(bp op™ —r(p—1)p™ )

o« pm + tpmil —1 m m m— m
e (T s — et - 1) (mod )

(4.53)

which can be written as

b
S(a+ kp™, kp™) Z

r=0

o~ p + tpmil —1 m m m— m
vy (M (™ b~ (u— 1" (1) (mod p).
t=um—1—b+1 p —1

(p +u—7“p

~1
1 )S(bpm, bp™ —r(p—1)p" )

(4.54)
Now, we have the following congruences
pm 4+ — rpm—l -1 B pm pm +u— Tpm—l

pm -1 pm +u— T.pm—l pm

=2 (mod p™*1), (4.55)
U
m—1 — bpm—l r_— b r
(bp™, bp rp™ (p—1)) = o (-1 = . (=1)" (mod p), (4.56)
pm -1 pm + tpm—l pm

= % (mod p?), (4.57)
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Let

Um—1 m t m—1 1
Y= 3 (p o )S(bpmwpm — (u—tp" ")(p—1)).

m_1
t=upy—1—b+1 p

From Equations (4.55), (4.56), and (4.59), we get

w =5 () moa

r=1

0 (mod p™™).

From Equations (4.57), (4.58), and (4.60), we get

pm - b b—1 t—u -1 m-+1
Y =— — — m—1
D S (R [ (mod ™)
t=Um_1—b+1
b—1
p" b b—1 t—1 m+1
=— - —1
T2 () ey
b—1
_p" b—t (b -1 m+1
== Zum—l —t(t>( 1) (mod p™™).

t=0
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(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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Using partial fraction decomposition, we get

bt (i) (—1)rt = (u% (4.63)

Um—1 — t

b—1

t=0

From Equations (4.54) and (4.59) — (4.63), we obtain

m my (_1>bpm m+1
u(")
Since p { u(“mb‘l),
vp(S(a+ kp™, kp™)) = m. (4.65)
Hence, the theorem holds. O

The following theorem gives a generalization of Theorem 4.3.8 to congruence

modulo p™ for any positive integer n greater than m.

Theorem 4.3.11. For an odd prime p and positive integers a, u, and n such that

a < p", the following two congruences holds;

S(u+a,a) = (—1)“2 (pn ;j B 1>s(p”—a,p"—a—u+j(p—1)) (mod p")

(4.66)

and

s(a,a—u) = Z(—l)““ (pnj_l)S(u—j(p—1)+p"—a,pn—a) (mod p"). (4.67)

Proof. The proof is similar to the proof of Theorems 4.3.8 and 4.3.9. O

Remark 4.3.6. It follows from Theorem 4.53.11 that if 0 < u < p — 1, then the

index j has only one possible value, which is j = 0. Therefore,
S(u+a,a)=(—1)"s(p" —a,p" —a—u) (mod p") (4.68)

and

s(a,a —u) = (=1)"S(u+p" —a,p" —a) (mod p"). (4.69)
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4.4 Conclusions

We study the congruence relationship between Stirling numbers of the first
and second kinds using their generating functions. We have developed some
powerful congruences for both S(n, k) and s(n, k) separately. The congruence
connecting the two numbers are also obtained. One of the interesting result is
that the congruence properties of S(n — 1, kp™ — 1) and S(n, kp™) are the same.
We also find that some congruences developed in this chapter are effective in
finding their p-adic valuations. It is evident from the results that the congruence
obtained are more effective in evaluating p-adic valuations of S(n, k) when v, (k) is
non-zero (v,(n) in the case of s(n, k)). We even establish that a super congruence
in modulo p™ for any m € Z* can be obtained for any S(n, k) in terms of a sum
containing products of Stirling numbers of the first kind and binomial coefficient

and vice versa.
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Periodicity and Divisibility of
Stirling Numbers of the Second
Kind*

5.1 Introduction

The sequence of Stirling numbers of the second kind, S(n, k) for a fixed k,
is periodic in modulo pY for a positive integer N and a prime p. Generally,
7(k;p") denotes the minimum period of the sequence {S(n,k) (mod p™)},>o.
Trivially, (1, p") = 1 for any N > 1. We denote y(k; p") as the greatest positive
integer such that S(y(k;p™) —1,k) £ S(y(k;p") —1+m(k; pV), k) (mod pV) and
v(k; pV) = 0 if there exists no such positive integer. Carlitz (1955) proved that

the period of Bell(r,s) (mod p*) is a divisor of

m

PP 1), P < s <™

for s = 1, there is a slightly better period p*(p? —1)/(p — 1) corresponding to the

known result (p» —1)/(p — 1) in the case k = 1. Kwong (1989a) confirmed the

4Journal of Science and Technology, 11(01), 82-89 (2023)
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following minimum period:

1) 7(1;2Y) = 7(2;2Y) =1, (5.1)
2, if N=1or 2;

2) 7(3,2Y) =7(4,2") = (5.2)
2N=1if N > 3,

3) w(k;pt) =2NT72 qf 2l < <28 b >3, (5.3)

4) w(k;p™)=(p—DpV T2 ifk>p>2and pPl <k < ph (5.4)

In this chapter, we use the periodicity properties and partial Stirling numbers
to obtain results about the divisibility of Stirling numbers of the second kind.
The main results include different congruence results of S(n, k) (mod pV), N €
Z7*, where n and k are classified into different cases. We classify n base on its
divisibility relation with (p — 1)p™ =1 or (p — 1)p". On the other hand, different
cases of kare 1 <k <p, k=p, p <k <2pand k > p. The main results also
include evaluation of different values of v,(S(n, k)) in terms of s,(k) for different
classes of n and k. We present some applications of the results for primes p = 2

and p = 3.

5.2 Materials and Methods

Definition 5.2.1. For any prime p and positive integer k, the partial Stirling

numbers a,(n, k) and B,(n, k) are defined as

an) =3 (5) oy

pli

and
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Thus,
(=1)*k!IS(n, k) = ap(n, k) + By(n, k),

which follows
a,(n,k) =0 (mod p™) (5.5)
and

Bp(n, k) = (=1)*k!S(n, k) (mod p™), (5.6)

whenever m > n.

Guo and Zhang (2014) proved the following identity

> 2n
—1)fF=2.3""" 5.7
> () 5.7)
Bach (1968) generalized the above identity as
> 2n +7r k 14 T
—1)F =2 3" HEps 5.8
= (e oo’ 69

for positive integers n and r.

Theorem 5.2.1. (Lundell, 1978) Let p be an odd prime. For positive integers r

and k such that r < k,

> (-1 <k) (i) =0 (mod pmes(r i) (5.9)

!
i>0 p

The notation |z| denotes the greatest integer function of x. A stronger result

for the above result with a restriction on k such that r — (p — 1) ;55| =1 <

k—(p—l)LZ%J and k >7r > pis
iKY maz{| 5y |~ |55 +op(k)r)
S (=1 )@p) =0 (mod prerthirilmrite®lh) (5.10)
>0 p

Another result analogous to Theorem 5.2.1 with restricted k to k— (p—1) L%J <

r—=@-1Dl;El-1is

Theorem 5.2.2. (Lundell, 1978) Let k =q(p—1)+a=up+b, 0 < b <p, and
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1<r<p—1.1If0<a<r—1, then

i) forb=0 orb>a+1:
> (-1) (k> (ip)" =0 (mod pa~t+ur(h), (5.11)

ii) fOT‘ b=a+1:
;(—1)1' (z];) (ip)" = (=D (=p)* (a+ DI(S(r +1,a+1)
—bS(r,a+1))] (mod p?). (5.12)
ZZZ) fOT’ b=a > 0:
Z(—l)’L(k) (ip)" = (=1)*(=p)? alS(r,a) (mod p?). (5.13)

w) for 0 <b<a:

Z(—w’(k) (ip)" =0 (mod p?). (5.14)

)
i>0 p

Theorem 5.2.3. (Gessel and Lengyel, 2001) Let p be an odd prime and m be an

integer with 0 < m < min{k,p} such that r = ’;‘Tq” is an integer. We set r =1’

(mod p) with 1 <" < p. If ' > m, then for any integert

> (lf)<—1>%mz<—1>m+’2‘—T—1m!(k)p';:T—l (mod =% Fm())
1

(5.15)

The above results are employed in the next section to determine the p-adic valu-

ations of S(n, k).

5.3 Results and Discussion

This section presents our main results in theorems. We begin with the divis-

ibility of S(n, k) by power of a prime, p when k < p.
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Theorem 5.3.1. Let p be an odd prime and k be a positive integer such that
k < p. For any positive integer N, the following congruence holds:

i) Ifn=0 (mod (p— 1)p"~') with n > 0, then
(-1
S(n, k) = T (mod p"). (5.16)
i) If n =m (mod (p — 1)pN~1Y) for some integer m such that 1 < m < k, then
S(n,k) =0 (mod p™). (5.17)
i) If n =k (mod (p — 1)pN=1) with n > m, then
S(n,k) =1 (mod p™). (5.18)
Proof. Using Equation (1.32), we have
k
1 k k—i m
S(m, k) = EZ (i)(—m i
Since k < p, for any 7, 1 <17 < k, we have
=P = (mod pt)
for any positive integer N and m. It follows that

k
S(m, k) = 1 (k> (—1)’“_iiWr(p_lMDM1 =Sm+ (p—1p" 4 Ek) (modph).
i=1

If1<m<k, S(m,k) =0, and the second result follows.
If we put m = k, we obtain the third result.

The first result is the consequence of the following congruence

%gcyAWWW“ %gcy4Wimmw>
Sl -1k (-1 =
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Remark 5.3.1. We know that (p— 1)p™ =1 is the period of the sequence {S(n, k)
(mod p™)} when k < p. However, the minimum period of the sequence is the
least common multiple of the orders of i modulo p™ for 1 < i < k. Theorem
5.3.1 still holds if we replace (p — 1)p™ =1 with w(k;p™). From the theorem, we

can observe that y(k;p™) =1 if k < p.

The next theorem presents the divisibility properties of S(n,p) for an odd prime

D-

Theorem 5.3.2. Let p be an odd prime and n be an integer such that n > p.
The following congruences hold:

i) If n =0 (mod (p — 1)p™~1) for any positive integer N, then
S(n,p) =0 (mod pV). (5.19)
ii) If 1 <m < p, then
S(n,p) =p™~'  (mod p™), (5.20)
for any integer n. with n = m (mod (p — 1)p™™ 1) and n > m. Consequently,
vp(S(n,p)) =m — 1. (5.21)
Proof. For any positive integer m, we have

Sm.p) p‘z() plm:p' p‘z() Ly

Let N be any positive integer. Then

— v p i m+(p 1)pN N
S(m,p) = '—i-p'Z() (mod p™).
Since p > 2, N < m+ (p — 1)p"~! for any positive integer m, we obtain

S(m,p) = % +S(m+(p—1)p" 1 p) (mod p").
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Replacing N with m in the preceding equation, we get the second result.

To obtain the first result, we have

=17 = 3 (1) e
z%i;(f)(—l)pi (mod p)

0 (mod p™).

Hence the theorem follows. O

Remark 5.3.2. The proof of the preceding theorem also confirms that (p; pV) =
N.

We now discuss the divisibility of S(n, k) when k is greater than a given odd

prime p.

Lemma 5.3.1. Let p be an odd prime, k and N be positive integers such that
k > p, then
N +v,(k) < 7(k;p™). (5.22)

Proof. The proof is straightforward. m

Theorem 5.3.3. For an odd prime p and non negative-integers n, k, m, and N

such that k > p and min{N, m} > 1, the following congruence holds:

1 7k mod p?V , ] N D k! ;
S(n4+mm(k;p™), k) = s Pl k) (mod p7) Y < Nt uplk) (5.23)

S(n,k) (mod p") if n > N +v,(k!).

If n < k, then

O (n,k) (mod p") if n < N + v,(k!);
S+ mr(kipV) k) =4 "7 ’

0 (mod pV) if n > N +v,(k!).
(5.24)
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Proof. We have

Let v,(k!) = t, then

t P’ [k k—i
If pti, it is well known that

. T (p— .
jntp (p—1) n T+1>‘

(mod p

Il
-~

However, if p | i, the preceding congruence holds only when n > r 4+ 1. Thus, we

get

klz() kzn+ppl)+k'z<) i (mod 5+

pli

=p'S(n+p'(p— k,z< ) )M (mod pt).

pli

Choose r such that r + 1 = v,(k!) + N for some positive integer N. Therefore,

S(n, k)= S(n+ k) + <_k1!)kozp(n, k) (mod pV), (5.25)

7

where p = (p — 1)p™ ! and a,(n, k) = > ol (l?)(—l)k ii". The term Zay,(n, k)

vanishes if n > N + v,(k!), and it follows
Y(k;p™) < N + v, (K!). (5.26)

Using the concept of minimum periods and the fact that v(k; p™) < N +wv,(k!) <

m(k;p), it is easy to confirm that
S(n+ p, k) = S(n +mn(k;p¥), k) (mod p™), (5.27)

for any positive integers m and n. Hence, Equations (5.25) and (5.27) confirm

the first result of the theorem.
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If we restrict the value of n strictly less than k, then S(n, k) = 0 and the second

result follows immediately. O

Remark 5.3.3. Observing the theorem, it can be seen that
up(S(n, k)) = vp(S(m, k)) (5.28)

whenever n = m (mod ﬂ(k;plﬂp(s(n,k)))'
Equation (5.25) confirms that v(k; pN) is the greatest non-negative integer n such

that

%ap(n —1,k) Z0 (mod p™).

Equation (5.24) confirms that for any positive integer N,
vp(S(n, k) > N (5.29)
ifn =71 (mod w(k;p")) for some positive integer r such that N +uv,(k!) <r < k.

Theorem 5.3.4. For an odd prime p and integers n, m, N, and k such that

p<k<2pandl <m< N +1,

(=D
(p — D!k —p)!

S(n, k) = (mod p"), (5.30)

whenever n = m (mod (p — 1)p") with n > m. Hence, the corresponding ezact

p-adic valuation s

vp(S(n, k) =m — 1, (5.31)
whenever n = m (mod (p — 1)p™) with n > m.

Proof. Here, v,(k!) = 1. Let m be a positive integer such that m < N +1 =

N + v,(k!) and m < k, then using Theorem 5.3.3, we have

(—=D! N
S(n, k) = X ap(m,k) (mod p™) (5.32)
for any positive integer n satisfying n = m (mod 7(k;p")) with w(k;p") =
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(p — 1)p". Since p < k < 2p, we have

ap(m, k) = (];)(—1)%7”. (5.33)
It follows that
_ (=D N
S(n, k) = T (mod p™)
_ (=1)Fpm! mod
= - Dtk —p)i (mod p™). (5.34)

Hence, the first result holds. If we replace N = m, we get the second result. [

Theorem 5.3.5. Let p be an odd prime, k and m be positive integers such that
m >k and p > k, then for any integers a and n # m with n = m (mod (p —

1>pm—k+1)7

S(n,kp+a) = Mk'S(m k) (mod p™Fth) (5.35)
’ — (kpta)t ' '
Furthermore, if p1 S(m, k), then
vp(S(n,kp+a)) =m — k. (5.36)

Proof. In this case, v,((kp+a)!) = k. Replace N with m—k+1 and k with kp+a
in Theorem 5.3.3, then we get m < v,((kp+a))+ N=k+m—-k+1=m+1

and
(_ 1 ) kp+a—1

(kp+a)!
if n=m (mod m(kp + a; p™ 1)), where m(kp + a; p*+) = (p — 1)p" R+,

S(n, k) = ay(m, kp+a) (mod p™F*t1) (5.37)
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Now, we have

(_1)k’p+a—1 (_1>k+a—1 k kp—i—a o
) k L N A —1)® m
(kp +a)! a(m; kp + ) (kp+a)! = ip (=1)"(p)
k
(_1)k+a—1pm k o Cpa1
=" — 1) ()™ d pmrt
a2 (5@ mod gy
(_1)k+a—1pm .
Combining Equations (5.37) and (5.38), the theorem follows. O

Theorem 5.3.6. Let p be an odd prime, N, m, and k be integers such that
m < L%J +u,(k) =N, k>m, and s,(k —1) > m. Then

sp<k—1>—mJ

- (5.39)

(S0 ) = |

for any positive integer n > m, such that n = m (mod w(k;p")).

Proof. Taking N = Lk;ﬁlj + v,(k), m < N, and m < k, it is trivial that

m < N + v,(k!). Therefore, using Theorem 5.3.3, we have

(~1)*

S(n, k) = X ap(m, k) (mod p), (5.40)
if n =m (mod m(k;p")).
From Theorem 5.2.1, we also have
ay(m, k) =0 (mod p) (5.41)

since we assume N > m.

Combining Equations (5.40) and (5.41), we get
S(n,k)=0 (mod p"N =)y, (5.42)
assuming N > v,(k!). It follows that
vp(S(n, k) > N — v,(k!), (5.43)
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Now, we have

N—%W%—————ﬁ+%W—%%U

Hence the theorem follows.
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[]

Theorem 5.3.7. Let p be an odd prime, N, k, a, b are non-negative integers such

thatk > p, k=a (modp—1), k=b (modp), 0 <b<p,and1 <r <p-—1.

Ifo<a<r—1<N+uv,(k)—1,n>r and n =r (mod 7(k;p")), then the

following results hold:

i) forb=0orb>a+1, and N = L%J — 14 v,(k), then

(00, = | 2D

i) forb=a+1, and N = | -2 |, then

p—1

if S(r+1,b) #Z bS(r,b) (mod p).
ii) forb=a >0, and N = | % |

fptS(r,a).
w) for 0 <b<a, and N = [p%lj, then
sp(k)

0, (S(n, k) > LFJ |

Proof. We use Theorems 5.2.2 and 5.3.3 to prove the theorem.
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i) Following the proof of Theorem 5.3.6, we have

N — v, (k) = %J — 1ty (k) — oy (R)
k
S =R ()|
| T4 s (R —1) )
B p—1 J_ ’

where N = L}ﬁj — 1+ v,(k).
ii), iii), and iv). If N = [ %], then

N —v,(k!) = _%J — v,(k!)
= _]% - Up(k!)J
_ Sp(k)J 1
lp—1

]

Theorem 5.3.8. Let p be an odd prime, k and m be integers with k > p and

0 <m < p such that k =m (mod p — 1) and%zr (mod p) with 1 < r <p.
If r > m, then
sp(k —m)
v,(S(n, k) = | ———— (5.48)
p—1
for any integer n satisfyingn = m (mod 7 (k;p")), where N = ';_T”f —|—Up(m!(7];)).

Proof. We use Theorems 5.2.3 and 5.3.3 to prove the theorem. Following the

proof of Theorem 5.3.6 and the preceding theorem, it is easy to show that

N — v, (kl) = {%J . (5.49)

Hence the theorem follows. O
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5.3.1 The case for prime p =3

In this case, we can classify k into six different equivalent classes, namely, 6m,
6m + 1, ---, 6m + 5. Using Equations (5.7) and (5.8), we obtain the following

results for m > 0,

(—1)m2.33m=1 ifr =0

(—1)m33™, ifr=1or2;

a3(0,6m +r) = 0, it r = 3; (5.50)

(—1)mHigsm+l if = 4

(_1)m+133m+2’ ifr =5.
\

Using the binomial identity of the form

kY, . k kE—1
(o) =)= ()]

wp wp wp

we get the following recursion relation for a,(n, k) as
i k . \n i k . \n—1 zk_l . \n—1
S () ) =[S ()t - T (") ]
The above identity can also be written as
ap(n, k) = klap(n — 1,k) —ay(n — 1,k — 1)]. (5.51)

Using Equations (5.50) and (5.51), we obtain the following tables for the values

of az(n,6m + r) within the range n € {1, 2, 3} and 0 < r < 5. The entry (r,n)

gives the value of %.

Table-1: (r,n) — %w
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n=1 n=2 n=3
r=0 6m 4m(3m + 1) 36m?
r=1 (6m +1) (6m +1) —(6m +1)(12m? — 2m — 1)
r=2 0 —(6m+1)(6m+2) | —3(6m+1)(6m+2)(2m+1)
r=3 | —92m+1) —27(2m + 1)? —3(2m + 1)(72m? + 90m + 25)
r=4 | —9(6m+4) | —9(6m +4)(4m +3) | —9(6m + 4)(12m? + 22m + 9)
r=5 | —18(6m +5) | —54(6m +5)(m +1) | —9(6m + 5)(12m? + 32m + 18)

If we set N = v3(as(n,6m +r)) —vs((6m +7r)!) + 1, then n < N 4 v3((6m +7)!)

form>1,n=1,2 or3,and 0 <r <5 but (r,

n) # (2,1). It follows that if

u=n (mod 7(6m + r;p")), the exact 3-adic valuations can be expressed by

v3(S(u, 6m + 1))

2

+ frn(m

v3(ag(n, 6m + 1)) — vs((6m +1)!).
sz(6bm+r) —r

),

(5.52)

for some function f,,. The values of f,,(m) for n = 1, 2, and 3 are given in the

following table:

Table-I1: (r,n) — f.,(m)
n=1 n=2 n=3

r=0 v3(m) vg(m) — 1 203(m) + 1

r=1 -1 -1 v3(12m? —2m —1) — 1
r=2 NA -1 v3(2m + 1)
r=3|vs2m+1)+1|2v32m+1)+2 v3(2m + 1)

r=4 1 v3(dm +3) +1 | v3(12m? +22m +9) + 1
r=>5 1 vs(m+1) +2 | v3(12m? + 32m + 18) + 1

From Table-I, we can see that as3(1,6m + 2) = 0. It follows that

v3(S(u, 6m + 2))

115

> N

Y

(5.53)



Chapter 5

whenever u = 1 (mod 7(6m + 2;pY)) for any positive integer N and u > N +

v3((6m + 2)!).

5.3.2 The case for prime p =2

The minimum periods, for this case, are obtained by Kwong (1989a) as

.
1, ifk=1or2;

2, ifk=3ord4and N =1 or 2;

m(k; 2N) = ¢ (5.54)
oN=1 if k=3 or 4and N > 2;

QN+b=2 i ob=1 < | < 20 and b > 3.

\

Unlike the above case, the sum as(n, k) does not have the alternating sign as
k
k) = E "
a2l £) - (z>l |

which gives
k
a(0,k) => <Z) = okl (5.55)
2i

Using Equation (5.51), we obtain the following identities:

ar(1,k) = k22 (k>2) (5.56)

(2, k) = k(k+1)2"3 (k> 3) (5.57)

(3, k) = K*(k + 3)2F 4, (k> 4) (5.58)

o4, k) = k(k + 1)(k* + 5k — 2)2"5 (k> 5) (5.59)
(5, k) = k*(k® 4+ 10k* + 15k — 10)2~, (k > 6) (5.60)

aa(6, k) = k(k + 1)(k* + 14k + 31k* — 46k +16)2°7, (k. >7)  (5.61)
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and so on. It follows that as(n, k), where k > n, can be written in the form
az(n, k) = gn(k)2F"1 (5.62)

where g,(k) is a polynomial over Z of degree n. The polynomial g, can be

generated by the recursion

gua (k) = k20, () = gu(k — 1)]. (5.63)

with initial polynomial ¢; (k) = k.
Let us take k = 3 and k£ = 4. The second result of Theorem 5.3.3 is also valid for
an even prime p = 2 if we add a condition n + mn(k;p") > v,(k!) + N. In case,
k=4 and N = 2, we get

vo(k!) + N = 5.

We also know that m(4;22) = 2 and it follows that

0.4 mod )= -5 (mod =1 (mod 1

S(n,4) = 1

if n >5and n =0 (mod 2). On the other hand, if n = 1 (mod 2) or n is odd

and n > 5, then

(—1)3 422
1 as(1,4) (mod 4) = — 1

S(n,4) = (mod 4) =2 (mod 4).

It follows that

0, if n is even,

v2(S(n,4)) = (5.64)
1, if nis odd.

The case for k = 3 can be tackled similarly as

1 (mod 4), if nis odd;
S(n,3) = (5.65)

2 (mod 4), if n is even.
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Thus, the exact p-adic valuation is given by

0, if n is odd,
v2(S(n,3)) = (5.66)

1, if n is even.

If we take N = 3, then the minimum period is 4 for both £ = 3 and 4. The
periodicity starts from n = 5, i.e., 7(4;8) = 5 and the cycle of the sequence
{S(n,4) (mod 8)},>0 is (2, 1, 6, 5). Thus, the sequence looks like

{0, 0,0,0, 1,2, 1,6, 5,2, 1,6, 5}
The sequence for {S(n,3) (mod 8)},>¢ takes the following form
{0, 0,0, 1,6, 1, 2, 5,6, 1, 2, 5,---}.

The periodicity starts from n =4 = N + v,(3!), and the cycle of the sequence is
6, 1, 2, 5).

From Equation (5.56) for k& > 4, we get
vo(S(n, k)) = so(k—1) —1 (5.67)

if n=1 (mod 7(k;2")) with N = sy(k — 1) and n > vy(k!) + N.

The generalization of Equation (5.67) can be obtained using Equation (5.62) as

Im(k)

vo(S(n, k) = s2(k — 1) —m + vy 7

), (5.68)

where k >4, n > vy(k!) + N > m, N:UQ(ng(k))—FSQ(k’— l)—=m+1landn=m
(mod 7 (k;2")). Looking into the fact in Equations (5.56) to (5.61), we confirm

that g, (k) is always even if 2 < n < 6.
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5.4 Conclusions

The partial sum of Stirling numbers a,(n, k) plays a key role in obtaining
v,(S(n, k)). The minimum periods help us determine a class of Stirling numbers
of the second kind, {S(m, k)}men, for some indexing set A, which share the same
p-adic valuation. We have found that the periodicity of the sequence, {S(n, k)
(mod p™)},>0 sometimes starts before the k-th term, i.e., y(k;p") < k. We have
proved that v(k; p"v) < N+wu,(k!) when v(k; pV) < k, the first k—~(k; p) entries

of the cycle of {S(n,k) (mod p™)},>o are zeros.
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Summary and Conclusions

We study the p-adic valuations of Stirling numbers of the second kind through
different approaches. The existing results in the literature mostly account for
2-adic valuations and certain results for the odd prime p. The exact p-adic valua-
tions of S(n, k) estimate and lower bound for v,(S(n, k)) are obtained for various
classes of n and k. These results are usually accompanied with congruences mod-
ulo prime power. Some of the results are the generalization and extension of
existing theorems and lemmas. We introduce alternate approach and material to
obtain certain results. We also develop a new formula to count S(n, k) which is

very useful in obtaining the divisibility properties of S(n, k).

The first chapter is the general introduction of the thesis, which includes a
review of classical results, basic definitions, a brief introduction of p-adic analy-
sis, applications of p-adic valuations and Stirling numbers, and a review of the
literature.

Chapter 2 introduces a new formula for S(n,k) using a combinatorial ap-
proach. The new formula is utilized to obtain some p-adic valuations and con-
gruence properties of S(n, k) for different classes of n and k. These results are
then extended and generalized using minimum periods. We have also proved that

the lower bound of v,(S(p?, kp)), 2 < k < p — 1, is 2, which confirms a part of
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Conjecture 2.3.1.

Chapter 3 presents the p-adic valuations of S(n,k) when n is a power of
a prime. We find that the results when k is divisible by p (or p™) are quite
different from the ones where k is not divisible by p. We have proved that
v,(S(p?, kp)) > 5 when k is even, which confirms the lower bound as in Conjecture
2.3.1. Furthermore, we find that the values of v,(S(n, kp™)) are affected by the
parity of n and k. In fact, if n and k are opposite in parity, i.e., n — k is odd,
then v,(S(n, kp™)) > 2m when (p — 1) t (n — k) and v,(S(n, kp™)) > m when
(p—1) | (n — k). However, if the parity of n and k are the same, i.e., n — k
is even, then v,(S(n, kp™)) > m when (p — 1) { (n — k). We further investigate
the divisibility of S(p", k) when p does not divide k and we have found that the
divisibility depends on the sum of the p-adic digits of k.

In Chapter 4, we study a series of congruence relations between Stirling num-
bers of the first kind and the second kind. Certain congruence properties are
obtained from the rational generating functions. We also obtain congruences for
S(n,k) and s(k,n) in terms of certain sums involving binomial coefficients. We
even introduce a super congruence modulo p™ for the Stirling numbers. These
congruences are also utilized to determine the p-adic valuations of some classes
of Stirling numbers of the first and second kinds. The application of these results
for specific primes, p = 3 and p = 5 are also presented.

Chapter 5 develops a method to utilize the periodicity and minimum periods
of the sequence {S(n, k) (mod p")},>¢ to obtain the p-adic valuations of some
classes of Stirling numbers of the second kind. We obtain p-adic valuations of Stir-
ling numbers of the second kind using partial Stirling numbers. We also find that
some specific terms of the cycle of the periodic sequence {S(n, k) (mod p™)},>0
are always zero which confirm N as the lower bound of the p-adic valuations of
the Stirling numbers. These results are confirmed for the case of p = 2 and p = 3.

Chapter 6 is a summary and conclusion.
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Finally, a list of references is given at the end.
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Abstract: In this paper, we introduced certain formulas for p-adic valuations of Stirling numbers of the second
kind S(n, k) denoted by v,(S(n, k)) for an odd prime p and positive integers k such that n > k. We have obtained the
formulas, v,(S(n, n — a)) fora =1, 2, 3 and v,(S(cp", ¢p")) for 1 < ¢ <p — 1 and primality test of positive integer n. We
have presented the results of v,(.S( P, kp)) for2<k<p—1,2<p <100 and a table of v,(S(p, k)). We have posed the
following conjectures from our analysis:

1. Let p # 7 be an odd prime and k be an even integer such that 0 <k <p — 1. Then

v, (S(p*kp) =, (S(p*, p(k +1)) =3.
2. If k be an integer such that 1 <k <p — 1, then the p-adic valuations satisfy

Sor6, if kiseven

% (S(p ’kp))z{z or3, if kisodd

for any prime p > 7.
3. For any primes p and positive integer & such that 2 <k <p — 1, then

v,(S(p, k) <2.
Keywords: p-adic valuations, stirling numbers of the second kind, congruence, primes, minimum period

MSC: 05A18,11A51,11B73, 11E95

1. Introduction

Stirling numbers of the first and second kinds were introduced by James Stirling [1]. These numbers have been
found to be of great utility in various branches of Mathematics such as combinatorics, number theory, calculus of finite
differences, theory of algorithms, etc. The p-adic valuations of Stirling numbers of the second kind appear frequently
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in algebraic topology by Davis [2] to obtain new results related to James numbers, v,-periodic homotopy groups and
exponents of SU(n). More details of Stirling numbers of the second kind may be seen on Comtet [3] and Graham et al. [4].
Stirling numbers of the second kind are more interesting than the first kind by their intrinsic nature. There are
many interesting results of 2-adic valuations of Stirling numbers of the second kind in the open literature. Recently,
Wannemacker’s proof [5] of Lengyel’s conjecture [6], results of v,(k!S(c — 2n + u, k)) for ¢ > 0 by Lengyel [7], the proof
of Wannemacker’s conjecture by Hong [8], the works of Amdeberhan et al. [9] and Zhao et al. [10] are other notable
results of 2-adic valuation. Gessel and Lengyel [11] proved that for an arbitrary prime p and n=a(p — 1)p’, 1 <k <n

k-1
p—1

v, (k!1S(n, k) = { +r(k)J,

where a and ¢ are positive integers such that (a, p) = 1, ¢ is sufficiently large, % is an odd integer and z(p) is a non-

negative integer.

Strauss [12] and Pan [13] discussed the problems of 3-adic valuations and 2-adic valuations of certain sums of
binomial coefficients respectively. Sun [14] also presented the results of p-adic valuations for multinomial coefficients.
Friedland [15] used 2-adic valuations of certain ratios of factorials to prove a conjecture of Falikman-Friedland-Lowery
on the parity of degrees of projective varieties of n x n complex symmetric matrices of rank at most £&. Some more
results of p-adic valuations are also given in Gouvea [16], Koblitz [17] and Adelberg [18].

This paper consists of some interesting results about p-adic valuations for a few class of Stirling numbers of the
second kind S(n, k). This number v,(S(n, k)), where either n or k is related to p, has been obtained independently for
some values of p, n and k. The values of v,(S(n, k)) are computed by using GP/PARI software and they are presented in
Table 1.

2. Materials and methods

Definition 2.1 Let p be a prime. For any non-zero integer a, the p-adic valuation of a, denoted by v,(a), is defined
as the exponent of the highest power of p dividing a.

It may be noted that v,(0) = o and v,(a) for a non-zero integer a, is a non-negative integer.

So, v5(25) =0, v5(25) = 2.

Note that, for any prime p, v,(+1) = 0. For a given prime p and any two integers a and b, we have

v,(a+b)2min{v,(a),v,(b)}, v,(ab)=v, (a)+v,(b).

The p-adic valuation v, can further be extended to the field of rational numbers, » = % ,a,be Zand b #0 as

v,(r)=v,(@)-v,(b).

Definition 2.2 Given two non-negative integers n and k, not both zero, the Stirling number of the second kind S(», k)
is defined as the number of ways one can partition a set with » elements into exactly £ non-empty subsets.

Example 2.1 All partitions of the set {1, 2, 3, 4} into 2 non-empty subsets are {1}, {2, 3, 4}; {2}, {1, 3, 4}; {3}, {1,
2,4%; {43, {1,2,3}; {1, 2}, {3,4}; {1, 3}, {2,4} and {1, 4}, {2, 3}. Hence, S(4,2) =7.

By convention, we set S(0, 0) = 1 and S(0, k) = 0 for £ > 1. Thus, S(n, k) is the number of ways of distributing »
distinct balls into £ indistinguishable boxes (the order of the boxes does not count) such that no box is empty.

It is clear that S(n, k) =0 if 1 <n <kand S(n, n) =1 for all n > 0.

We use the following properties to prove the results of v,(S(n, k)):

£ (k )
S(n.k) = %Z(J(—l)’“ " (1)

*i=0
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which gives
S(n,2)=2""-1, S(n,1) =1, S(n,0)=0. )

It is easy to derive the following specific identities of S(#, k) using the results of ([19] p. 115-116).

S(n,n—l):[g if n>2, 3)

S(n,n—2)z(§)+3(2j if n>4, @)
Sn=3)=| " |+10| " |+15| " | ir n>6

(n,n=3)= : + 5 + ) if n>6. 5)

3. Results

In this section, we present some basic results of the p-adic valuations of Stirling numbers starting with S(z, n — 1)
forn>1.
Proposition 3.1 For any positive integer » > 1 and an odd prime p

v, (S(n,n—l))=vp (n)+vp (n—l).

Proof. Using the identity (3), we have

S(n,n-1)= [Zj = —”(”2_ D

The multiplicative property of v,(a) implies that
v,(S(n,n=1))=v,(n) +v,(n—1)—v,(2)
=v,(n)+v,(n—1)
as v,(2) = 0, p being odd.
Applying Kummer’s theorem [20] to the binomial coefficient [Z] = S(n, n — 1), the above result can be put in the

following form

v (S(rn-1) = sp(n—2)—sp(n)+2’ ©)
p-1

where s (1) denotes the sum of the p-adic digits of n.
Corollary 3.1 Let p be an odd prime. For any positive integer n and ¢ such that ged(p, c) =1,

v, (S(ep”, ep” —1) =n.

Proof. By the proposition, we have
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v, (S(ep”,cp" =) =v,(cp") +v,(cp" - ).
Since v,(cp” — 1) = 0 and using the multiplicative property of v (@), we can obtain
v, (S(ep”, cp” —1)) =v,(cp")
=n+v, (o).

As ged(p, ¢) =1, it is clear that v,(c) = 0. This completes the proof.
Proposition 3.2 For any positive integer » > 2 and an odd prime p,

v (n)y+v (n=-1)+v (n=2)+v (3n-95), if p>3,
v (S(nn—2)) = L)+, (n=D+v, (n=2)+v,( ) fp
? vi(m)+v;(n=D+v,(n—2)—1, if p=3.
These results can be proved in the similar manner.
Corollary 3.2 For any positive integer » and an odd prime p,

n, if p>5,
v,(S(ep",cp" =2))=n+1, if p=5 and n>],
n_17 lf‘p:37

if ¢ is a positive integer not divisible by p.
Proposition 3.3 Let p be an odd prime. For any positive integer n > 6,

v,(m)+v,(n=1)+2v,(n=2)+2v,(n-3), if p=5,

vp(Smn=3)) :{vp(n)+vp(n—1)+2vp(n—2)+2vp(n—3)—l, if p=3.

Proof. Using the identity (5), we have

S(n,n—3) =[ZJ+10(ZJ+15[ZJ, if n>6.

It can also be expressed as

4 2

:(ZJ[(n_Z)z(n_3)]

B [n(n ~-D(n-2)*(n-3)
- 243

S(n,n—3)= (nj[w]

The multiplicative property of v,(—) implies that

v, (S(nn=3)) =v,(n)+v,(n=1)+2v,(n=2)+2v,(n-3) =v,(3)
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as v,(2) = 0 and p being odd. .
Using Kummer’s theorem [20] to [ 4J , we get the following result,

s,(n=4)=s,(n)+s,(4)
p—1

v,(S(n,n=3)) = +v,(n=2)+v,(n-3). (7

where s,(n) denotes the sum of the p-adic digits of n. This completes the proof.
Corollary 3.3 For any positive integer 7 and odd prime p, the following result holds

n, if p>3,
v (S(ep",cp" =3)) =
L, (S(ep”,cp” =3)) {l’l+1, if p=3,
if p does not divides ¢ (provided cp” # 3 if p = 3).
Proof. By the proposition, we have

v,(S(ep”,ep” =3))=v,(cp")+v,(cp" =D +v,(cp" =2)+2v,(cp" =3)—v,(3).
Since V/,(Cpn — ]) = vp(cpn — 2) = VI,(Cpn — 3) = Vp(3) =0 lfp > 5, we get

v(S(ep”, ep” = 3)) = v,(cp")
=n+v,c).

As ged(p, ¢) = 1, it is clear that v,(c) = 0.
For the case p =3, 2v3(¢3" — 3) —v5(3) = 1 and v4(¢3" — 1) = v4(¢3" — 2) = 0 and hence

v3(S(ce3", c3" = 3)) =v,(c3") + 1
=n+1

This completes the proof.

Now, we give an alternate proof of the primality of integer n by divisibility of S(#, k) given by Deamio and Touset
[21]. The proof of corollary 2 in their paper is not correct if we take n = 4 and p = 2, then S(4, 3) = 6 # 1 mod 2 and
2|8(4, 3). We tackled this problem, in this paper, more simpler manner. This problem with an alternate solution also
appears in Polya et al. [22].

Theorem 3.1 If p is an odd prime, then p | S(n, k) if 5,(k) > s,(n).

The above theorem is an immediate consequence of ([18], Lemma 2.1) which states that

(k)=s,(n) ®
=

v (S(nk) =2 1

Replacing n by an odd prime p in the above theorem, we get the following results.

Corollary 3.4 If p is an odd prime, then p|S(p, k) if2<k<p— 1.

The problem in the above Corollary 3.4 appears in Graham et al. [4] and proof was given by Demaio and Touset [21].
Theorem 3.2 A positive integer z is a prime if and only if n | S(n, k) forall 2 <k <n—1.

Proof. The generating function of S(n, k) in terms of falling powers is given by

x =Y Sk (), ©)
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for any non-negative integer .

or

If n is a positive integer such that n | S(n, k) for all 2 <k <n — 1, put x = n in Equation (9)

n' = Zn:S(n,k){n}k

—{n), +ln+ S S(n k) (),

:n(n—1)(n—2)---3-2~1+n+Sn(n—l)---(n—(k—l))S(n,k).

k=2

It follows that

! :(n—l)(n—2)---3~2-1+1+§(n—1)(n—2)---(n—(k—l))S(n,k)

k=2

Since n|S(n, k) forall2<k<n-—1, we get

O=(n—1!'+1 modn

(n—1)!'=—1 mod n.

Hence, n is prime.
The converse follows from Corollary 3.4.

Lemma 3.1 If p is a prime, then
p_l i p_l
vp[( ; j—(—l)jzl or vp(( ; DzO.

Proof. For i = 0, the case is trivial. |
. . . =1, .
We assume that 7 > 0. The binomial coefficient ( ; ] is given by

p=1__ (p-D!
i (p-1-i)li"
Therefore,
(p-1 . . .
l!( ; J =(p-D(p-2)..(p—i+2)(p-i+1)(p—i)

= (-1)(-2)...(—i) mod p
=(~1)'i! mod p.

Since 0 <i<p, gcd(p, i) = 1. Then,
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-1 .
(p ) j =(-1)" mod p.
i
Theorem 3.3 Let p be an odd prime. For any positive integer n > p,

v (S(n, p)) =0

ifandonly if (p — 1)|(n—1).
Proof. Using the above Lemma 3.1, we have

PIS(rn.p) =i(‘_’ j(—l)”"i"

1

M

[f’ J(-l)ﬂ" i" mod p.

i 1

: P _ p—l E
Since (i]f(i—lj T, we get
p-l ) )
(p —1)'5(}’1, p) = Z(_l)l—l(_l)Pﬂ l-n—ll
i=1

Using Wilson’s theorem, the preceding congruence reduces to

p-1

S(n.p)=Y.i" mod p,

i=1

as p is odd.
Now, we use the following well-known results

Pz*'in,lz 0modp, i (p-D](n-1)
-1 mod p, i (p=D|(n-1).

i=

Hence, the theorem follows.
Theorem 3.4 Let p be an odd prime and ¢ be a positive integer such that 1 < ¢ <p — 1. Then, for positive integers n
and & such that £ <n,

v,(S(cp”, ep)) = 0.

Proof. The theorem is a special case of ([18], Th. 2.2).
We have

n—k-1
op" —cp* =c(p" - p)=c(p-1) D, p"*

Jj=0

which implies that cp” — cp* is divisible by p — 1. We also have 1 <c<p—1land 1 <c¢p' <cp".
It follows that S(cp”, cp*) is a minimum zero case and hence we have

Contemporary Mathematics 30 | S. S. Singh, et al.



s, () =s,(ep") _

o 0, (10)

v, (S(cp”,cp*)) =

since s,(cp") = sp(cpk) =s,(c)=c.
Theorem 3.5 Let p be an odd prime, then

v, (S(p".2p)) 2 n

for every integer n > 2.
Proof. Using identity (1)

2p 2 o
@2p)!S(p".2p) = z[ ” j<-1)2w %

i=0

which can also be written as

(2 : "
@p)'S(p".2p) = Z[ZP{ J(—l)’ @p-i”

(2 . n
- Z[ ? j(—l)“’" @p-iy".
=0\ !
m m
Since [i]: [mﬂ] for every integers 0 <i<m and 2p — i =i mod 2, we have
. 2 (2p S N
22p)!S(p",2p) =), S |EDTE +Cp =), (11)
i=0
If p|ifor 0 <i<2p, then
2p —i=—i mod p,
which also yields the congruence

Q2p-i)"" = —(@i)"" mod p"'.

It follows that
2 . . 2
( fvj(—l)“" (@p—i)" +@)”")=0 mod p"*?, sincep|( ?J. (12)
1 1

Thus, each terms of the right hand side of (11) is divisible by p"** and hence
(2p)!S(p*,2p) =0 mod p"*?
Therefore
vp(2(2p)!S(p2,2p)) >n+2

v, (S(r,2p) 27
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Hence, the theorem follows.

Theorem 3.6 Let p be a prime and n and & be two positive integers with £ < p — 1, then there exists a positive

integer m in 1 <m < p — 1 such that

S(m,k) mod p, if n#£0 mod(p-1),

S(n,k)z{ o
(p—1-k)! modp, if n=0 mod(p-1).

Proof. By division algorithm, we have
n=(p=Dg+m

where ¢ is the quotient and m is the remainder such that 0 <m <p — 1.
Now

kL (k ,
k\S(n,k) = [ .J(—l)’“ i"

1

i

— Zk: (kj(_ l)kfi l-(pfl)q+m
i 1

i=1

since i”"' =1 mod p for 1 <i<k<p— 1 by Fermat’s little theorem.
If m #0, we have

k'S(n, k) = k!S(m, k) mod p.
Since £ is less than p, it follows that p [ k! which results
S(n, k) = S(m, k) mod p.

for every n such that n # O mod p — 1.
Next, if m =0, we have

k\S(n, k)= i[lfj(—l)“ mod p
i=1 \ !

k [lj(—l)’” ~(=1)" modp

1

= (_1)k+1 mod p,

We also know that

(pk_lJ =(-1)" modp or

Contemporary Mathematics

32| S. S. Singh, et al.



(p=1)!

Y A A BV ¢
-1k =(-1)" modp or

% =(-D)""(p-1-k)! modp

which implies that
S(n,k)y=(p—1—k)! modp,

which completes the proof.
From the above theorem, we see thatif 1 <m <k

S(n,k)=0 mod p since S(m, k) =0.
However, the case for m = k results
S(n, k)=1 mod p.

We can write the following results
Corollary 3.5 Let p be an odd prime and & be a positive integer less than p, then

1 mod p, if n=k mod(p-1),

S(n,k)=
(n.5) {o modp, if n=i mod(p—1) for 1<i<k-1.

If we applied the above theorem and corollary to the special cases fork=p — 1, p —2 and p — 3, we get

I modp, if n=0 mod(p-1),
S(n,p-1)= :
0 mod p, otherwise.
S(n.p-2)= 1 mod p, if nE.O,p—Z mod (p —1),
0 mod p, otherwise.

2 mod p, if n=0 mod(p-1),

3 mod p, if n=p-2 mod(p-1),
1 mod p, if n=p-3 mod(p-1),
0 mod p, if otherwise.

S(n,p=3)=

assuming p # 3 for the last two cases.

4. Discussions

We have computed v,(S( P, kp)) for primes 3 <p <100 and 2 <k <p — 1 using PARI/GP software.
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Table 1. (p, k) such that v,(S(p, k)) =2 for3<p <1000 and2<k<p—1

(p, k) (p, k) (p, k) (p, k) (p, k) (p, k) (p, k)
(.3) (167, 7) (307, 12) (463, 340) (653, 429) (857, 592) (947, 204)
(13,5) (167, 103) (307, 146) (467, 278) (659, 457) (859, 300) (947, 478)
(19, 14) (173, 52) (317, 188) (499, 63) (661, 417) (859, 357) (953, 391)
(29, 14) (181, 166) (331, 20) (499, 320) (677,367) (859, 558) (977, 476)
31, 16) (193, 23) (337, 261) (509, 324) (683, 271) (863, 712) (991, 953)
(41, 13) (193, 45) (353, 162) (521, 169) (683, 401) (877,77) (997, 786)
(42, 12) (197, 85) (359, 96) (521, 180) (691, 468) (877, 204)
(47, 12) @11, 62) (359, 316) (521, 479) (709, 330) (877, 542)
(53,5) (211, 159) (373, 230) (523, 343) (709, 371) (881, 63)
(53, 41) (223, 61) (379, 253) (523, 483) (709, 669) (881, 72)
(53, 45) (227, 187) (383,323) (569, 123) (733, 47) (881, 408)
(59, 35) (229, 25) (397, 27) (569, 348) (743, 23) (881, 625)
(73, 8) (233,7) (397, 78) (569, 363) (751, 744) (887, 149)
(79, 14) (239, 134) (401, 198) (577, 119) (761, 54) (887, 208)
(89, 32) (239, 219) (409, 45) (577, 434) (773, 143) (887, 443)
(89, 34) (241, 15) (409, 80) (593, 498) (773, 262) (907, 611)
(107, 16) (251, 233) (419, 133) (601, 303) (787, 228) (911, 560)
(127,8) (251, 247) (419, 256) (601, 515) (797, 290) (919, 163)
(139, 28) (257, 131) (419, 310) (607, 173) (809, 119) (929, 347)
(149, 5) (269, 98) (431, 25) (607, 242) (811, 733) (929, 469)
(151, 50) (271,211) (431, 112) (607, 518) (821, 533) (929, 801)
(151, 58) (283,91) (431, 116) (617, 209) (827, 257) (937, 528)
(157, 45) (283, 201) (433,91) (647, 117) (827, 765) (941, 342)
(163, 101) (293, 76) (439, 308) (647, 309) (839, 50) (947, 85)
(163, 127) (293, 162) (461, 341) (653, 369) (839, 744) (947, 116)

The obtained values of v,(S( p’, kp)) for different values of ( p, k) are

v, (S(p*,kp) =

W AN

N D

i

>

)

b

>

if (p,k)=(7,4)
if (p,k)=(37,4),(59,14),(67,8)
if k=p-land (p,k)=(37,5),(59,15),(67,9)

if kisevenand (p,k)#(7,4),(37,4),(59,14),(67,8)

if kisoddand (p,k)#(37,5),(59,15),(67,9).

(13)

We also provide in Table 1, the pairs of p and k where v,(S(p, k)) = 2 for 3 <p < 1000 and 2 < k< p — 1. It should
be noted that v,(S(p, k)) = 1 for all the remaining pairs (p, k).
After a closed examinations of the output, we have observed that the arrays of v,(S( ', kp)) follow certain patterns
which interpret as conjectures.
1. Let p > 7 be an odd prime and & be an even integer such that 0 <k <p — 1. Then

2. If k be an integer such that 1 <k <p — 1, then the p-adic valuations satisfy

Contemporary Mathematics

v, (S(p* kp) v, (S(p*, p(k +1)) = 3.
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(S hp) 5or6, if kiseven
v 2 = .
PP 2or3, if kisodd
for any prime p > 7.

3. For any odd prime p and a positive integer k such that 2 <k <p — 1,

v,(S(p, k) <2.

5. Conclusions

This paper deals with some results of p-adic valuations of Stirling number of the second kind, S(#, k) for odd prime p.
We have derived the formulas for v,(S(n, n — 1)), v,(S(cp”, cp” — 1)), v(S(n, n — 2)), v,(S(p", p" — 2)), v,(S(n, n — 3)) and
v(S(p", p" — 3)). It has been shown the primality test of # using divisibility of n to S(n, k), 1 < k < n. We have obtained
the results that v,(S(n, p)) depends on the divisibility of n — 1 by p — 1 and v,(S(cp”, cp")) = 0 for every integer n > k> 1
and p — 1 > ¢ > 1. We also posed three conjectures after analyzing Table 1 and computational results of (13).
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Abstract

In this paper, we introduce and prove an alternate formula of Stirling numbers of
the second kind as

n!
S(n, k) = > T entnie

5 eimb 5 nieimn LLiz €t (0!
We have obtained some results of p-adic valuations of S(p?, kp) for2 < k < p — 1,
S(2p,p—1), S(2p,p), S(2p,p + 1) and S(2p,p + 2) and also expressed in terms of
congruence mod p?. The generalization of the p-adic valuations and congruences mod
p? of S(p", kp) for 2 < k < p—1and S(2p", k) for k = p — 1, p are also presented.

Keywords: congruence, divisibility, primes, p-adic valuations, Stirling numbers
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1. INTRODUCTION

Stirling numbers of the second kind S(n, k) counts the number of partitions of n objects
into k£ non-empty distinct subsets as [S]

S(n, k) = ;ZE (f) (—=1)F=74m.

It has a well known recurrence relation
Sn+1,k+1)=Snk)+ (k+1)S(n,k+1).

Various results and patterns of p-adic valuations of Stirling numbers of the second kind have
been developed through recent years. Lengyel [L] proved that there exists a function f such

*E-mail address: saratcha32@yahoo.co.uk.
YE-mail address: abchhak @ gmail.com.
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that v2(S(c2", k)) = sa(k) — 1 for n > f(k) and positive integer ¢, where v, (1) with p
prime is sup{a > 0 : p® | r} and s2(k) is the sum of the digits in the binary representation
of k. He proposed a conjecture stating that it holds for every positive integer n and for
¢ = 1. This conjecture was later proved by Wannemacker [W] using the induction hypoth-
esis. Some notable problems about 2-adic valuation of Striling numbers of the second kind
are Amdeberhan et al. [AMM], Davis [D], Friedland and Krattenthaler [FK], Hong et al.
[HZZ] and Zhao et al. [ZHZ)].

The results of 2-adic valuations of S(n, k), where n is a power of 2, tempted many
researchers to look into the results for odd primes p. A few results of v,(S(n, k)) have
been developed for some specific classes and found that the patterns and results are quite
different from the case when p = 2. Gessel and Lengyel [GL] proved that the order of
divisibility by prime p of k!S(a(p — 1)p?, k) does not depend on a and g is sufficiently
large and k/p is not an odd integer. Recently, Singh er al. [SLS] proposed a conjecture
which states that for k = 2,...,p — 2 we have

2or3 if k is odd,
5or6 if k is even.

vp(S(p*, kp)) = {

Miska [M] proved, for any prime p,
vp(S(n, k) = vp(S(a +p™0 (p—1),k)) + vp(n —a) —mo+1

for any positive integers mg, n, k and a such thata < k < pandn = a mod (p™ ' (p —
1)).

Feng and Qiu [FQ] concluded that the formula of v, (S(n, n — k)) depends on the value
of Sa(i,i— k), where k +2 < i < 2k (The r-associated Stirling number of the second kind
denoted by S, (n, k) is defined as the number of ways to partition a set of n elements into k
non-empty subsets such that each of the k subsets has at least r elements). They also give a
formula to compute v, (S(n, n — k)), which enables to show v, ((n — k)!S(n,n —k)) <n
with 0 < k < min{7,n — 1} and p > 3. Certain useful results of Stirling numbers may
be explored in Clarke [C], Comtet [Co], Graham et al. [GKP], Nijenhuis [NW], Sun [Su]
Tsumura [T], Young [Y] and Zhao [ZZH].

This paper deals with some interesting results of p-adic valuations of S(n, k) for n as a
power of prime p. We have developed an alternate formula for evaluating Stirling number
of second kind and also proved certain results like v,(S(p?, kp)) > 2, v,(S(p", kp)) >
2, vp(S(2p,p)) > 2,v,(S(2p,p—1)) = 1,v,(S(2p,p—1)) > 2 and v, (S(2p, p+2)) > 1.

2. TOOLS AND IDENTITY OF S(n, k)

In order to formulate S(n, k), we divide partitions into different classes based on the number
of subsets with same cardinality in the partitions. Let {n; : 1 <7 <t}and{e; : 1 <i < ¢}
be two sets of positive integer such that 2221 n;e; = n and Z§=1 e; = k, where n/s are
distinct and ¢/s need not to be distinct. We define s(n1(e) nyle2) ngles) . n(e)) as the
number of those partitions of n objects into k non-empty subsets containing exactly e;
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subsets with cardinality n;. So, we introduce

S(’I’L,k‘) = Z S(nl(el)»n2(62)an3(63)v"'7nt(€t))' (2.1
S ei=k,> nie;=n

In the partition of 6 objects into 3 non-empty subsets, we see
9(6,3) = s(1,40) 4 5(10), 200,30 4 5(21)),

where 3(1(2), 4(1)) counts the number of those partitions containing exactly two singleton
subsets and one subset with four elements, 3(1(1), 2(h), 3(1)) counts those partitions contain-
ing exactly one singleton subset, one subset with two elements and one subset with three
elements and 3(2(3)) is the number of those partitions containing exactly three subsets with
two elements.

Kwong [K] proved that the sequence of Stirling numbers of the second kind S(n, k)
modulo M for any positive integer M > 1 is cyclic and gave the minimum periods for
different values of k£ and M. One of the interesting result that he mentioned is

m(k;p™) = (p— DpNT2if pl <k < pb, (2.2)

where 7(k; p™) denotes the minimum period of the sequence {S(n, k) mod p™},>1 for
an odd prime p. Adelberg [A] obtained the following important results:

1. If n > k, then

w(sto k) = [2E=20)]

2. If S(n, k) is a minimum zero case, i.e., (p — 1)|(n — k) and p { ("t?)), then
sp(k) — sp(n
vp(S(n, k) = M' (2.3)
p—1
3. If S(n, k) is a minimum zero case, then so is S(np, kp) and

vp(S(n, k)) = vp(S(np, kp)). (2.4)

The above results about minimum zero case gives an exact p-adic valuations for a large
class of S(n, k).

3. RESULTS

In this section, we introduce an alternate formula to find the Stirling numbers of the second
kind and p-adic valuations of some classes of S(n, k). Some of these results have been
generalized using minimum periods.

Lemma 3.1. Ifn and k are two positive integers, then

s(n®)) = kl:[l <n(kn—_i)1— 1>.

1=0
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Proof. The case for n = 1 is trivial.

We provide the proof for n > 1 by using induction hypothesis on k.

We know that s(n(*)) counts the number of partitions of nk objects into k subsets such
that each k subsets contains exactly n objects.

The case for k = 1 is trivial since s(n(!)) = 1.

Assume that the theorem holds for every positive integer less than k. Let

al a9 as s Qp,
An+1 ap+2 an+3 ct A2n
Qk-1)n+1  Uk-1)n+2 YUk-1)n+3 " Qkn

be the nk objects. The order of the subsets in the partition does not count as each subsets
have the same cardinality. We can now safely assume that the first object a; always belongs
to the first subset of the partition. Thus, the number of choices for the first subset is equal

to the number of choices of the remaining n — 1 objects from nk — 1, i.e., (Tf:ll). Now,

the remaining nk — n = n(k — 1) objects are partition into k£ — 1 subsets each containing
n elements. The number of such partitions are s(n(*~1)) and hence

s(n®)y = (nk - 1>S(n(k1)).

n—1

By induction hypothesis, we get

It follows that .
s(n\") H < h 1 .
1=0
Using the binomial coefficients in terms of factorials, the above result may be written as
(nk)!
El(nh)k

s(n®)) =

This completes the proof. O

Theorem 3.1. Let {n; : 1 < i <t} and{e; : 1 < i <t} be two sets of positive integers
and ns are distinct. Ifo:l nje; = n and 22:1 e; = k, then

t n— 17; nie; )
S, ns(@) @) @) = [ < 0 >s(n§?ﬂ>) (if o = co = 0)
j=1

;€

n!

T 0/ .Nes
Hj:l ej!(nj!)ef
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Proof. We first choose n1e; objects from n objects and the number of such choices is
(m"el). These nje; objects are then partition into e; subsets containing n; objects each.
The total number of such partitions is

s(nl(el) — (711761)!

61!(711!)61

Now we partition the remaining n —nje; objects into k — e; subsets such that each partition
contains e; number of subsets with cardinality n; for each 2 < ¢ < ¢. The total number of
such partitions is s(n2(¢2), n3(¢3) .. n,(¢)). Thus,

n

S(m (@), np@) pglen) (e ( )s(nl(el))s(n2(62),n3(63),...,nt(et)).

niel

Similarly, we can see that

s(n2(®?) ng®) . n,(*)) = (n a nlel)s(ng(eQ))s(ng(e3), ng | n,e)).

noeo
Therefore,
s(n (), ng(e2) |, (#)) = ( " ) (n - 71161)3(”1(@1))8(”2(@2))
niex noeo

x s(n3(®3) ng(e) . p,le)),

Repeating the same process over and over, we get

n n—niep n— Z,tf:2 n;e;
5(nq (1) ng(e2) pglea) | p,(e0) :< > ( ) ( i=1 >
nijey n2e9 Nt—1€¢—1

% 5(ng (1)) - s(ny (o)) (3.1
t—1 - j—l .
s ] (” >ico nzez)s(nj@;))
i=1 n;e;

. ;
tOnel (e5) 32
H< . )s(m ), 3.2)

t—1

since n — n;e; = nte; when ng = eg = 0.
i=0 Ui tEt 0 0

The above expression may be expressed as

| t
(e1) p(e2) . (e3) (er)y — - (e5)
s(n1') ng'®?) mgles) (o)) (e (maea)l (ntet)|]1:[15(n] )
H n (PJ)
=1 (nje;)!
By using the results of Lemma 3.1, we have
s(nj(ei)) 1

(nje;)! — ejl(n )’
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It follows that

t
1
s(n1 () ny(e2) pgles) (o)) =pl I | _—
' i eit(ng)®

- (3.3)

[T €5!(n;1)°
Hence the theorem follows. OJ
We come to an alternate formula for evaluation of S(n, k) with the help of (2.1) and (3.3).
Corollary 3.1. Let n and k are two positive integers such that n > k, then

n!
S(n7k) = Z 41—1 ei!(m!)ei’
S ei=k,Y nie;=n

where the sum runs over every pair of sets of positive integer {n;} and {e;} with same
cardinality satisfying Y e; = k and y_ n;e; = n provided n;s are distinct.

It is easy to verify from the above theorem that the p-adic valuations of S(p, k) is always
greater than or equal to 1 if p is an odd prime and k lies between 2 and p — 1. We can also
state the following results:

Theorem 3.2. Let p be an odd prime and k be an integer such that 2 < k < p — 1, then

v, (S(p?, kp)) > 2.

Proof. We know (due to (2.1))

S(p? kp) = Z s5(ny () nyle2) pgles) | p ey,
> ei=pk, 3 nie;=p?
To prove the theorem, we divide each terms of the sum over the partitions containing e;
subsets with cardinality n; into the following cases depending on the divisibility of n;e; by
D.
Case 1: ptn;e; forsome 1 < i < t.

If p { n;e;, re-arrange the index by interchanging 7 and 1 so that p { nye;. Using Eq.
(3.2), we have

p? b — S ne
S(nl(el)a 712(62), n3(63)7 "'7nt(et)) - <n161>5(n1(61)) HQ < o >$(nj(ej))
j=

n;€;

which implies that
2

niex
We also know that p?| ( 261) if p 1 nye;. It follows that

p
ni

p2|5(n1(61)7 n2(€2)’ ng(e:s)7 " nt(Et))-
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Therefore,
vp(s(n1 (), ny (%) mg () () > 2
if p { nse; for some i, 1 < i < t.

Case 2: p|n;e; forevery 1 < i < ¢.

In this case, either p|n; or ple; for all 1 <4 < t. We divide this case into two sub-cases,
where the first sub-case deals with p|e; for all 1 < ¢ < ¢ and the second sub-case deals with
pte;forsomei, 1 <i<t.

Case 2.1: ple; forevery 1 < i < t.
It is clear that there exists a positive integer a; for each 1 < ¢ < ¢ such that e; = pa;.
By the given condition, we have
t
> ei=hp
i=1

which implies that

Now, we have
p?!

[Ty el (nat)e

s(nl(el),n2(€2),n3(e3), ...,nt(et)) -
which yields
t
vp(s(nl(el), n9 ) ng(es) . n,ley)) = vp(p?!) — vp(H eil(n;))%)

i=1
t t
=p+1-— va(ei!) - Zeiup(ni!). (3.4)

i=1 i=1

Since 22:1 nie; = p? and by replacing e; = pa;, we get

t
E nia; =p
i=1

which implies that 1 < n; < p forevery 1 <1 < ¢ since Z§:1 a; = k > 2. It follows that
’Up(’I’Li!) =0.
We also have

vp(eil) = vp((aip)!)
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Now Equation (3.4) reduces to

vp(s(nl(EI)anQ(ez)a n3(63)7 et) =p =+ 1- Zal
:p+1—k
>p+1—(p—1) sincek<p-1
=2.

Thus, it follows that vy (s(n1 (1), ng(¢2) ng(es) . ny(e))) > 2ifple; V 1 <i <t.

Case2.2:pfte; forsomel < i <t.
Let o be the number of egs which are divisible by p. Then, 0 < o < t. If @ = 0, then
each e}s are not divisible by p which means p divides each n; and we can write n; = pm;

for each ¢. Therefore
mem = p2 = Zmiei =p

which implies " e; < p as each m/s are positive integers. This is a contradiction as
>~ e; = kp with k > 2. Thus, we must have o > 0.

Now, we re-arrange the index in such a manner that ple; if 1 < ¢ < « and p 1 ¢; if
a < i < t, which implies that e; = pb; for some positive integer b; forall 1 < i < a. We
also have n; = pm; for some positive integer m; and for all o + 1 < ¢ < ¢. It follows that

We also have

t
PP =) e = Zmeﬂr Z nie; = pznzb +p Z mie;,
i=1

i=a+1 i=a+1
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which implies that

« t
p=Y _mibi+ > mie;
i=1

i=a+1

« t
> E n;b; + E e; (since m/s are positive)
i=1 i=a+1

«
> nibi+p.
i=1
Thus, we get
«
Znibi <0,
i=1

which is a contradiction as each term is positive and o # 0. Therefore, this case cannot

happen.
We conclude that p? divides s(n1(¢), ny(€2) ng€s) . n,(e) for each case, where

22:1 nie; = p* and Ele e; = kp. So,
P2S(p kp)  if2<k<p-1.
0

The preceding theorem confirms that the lower bound of v,(S(p?, kp)) for 2 < k <
p — 1 is 2 as mentioned in the conjecture of Singh [SLS] is true. The next theorem is a
generalization of the above theorem.

Theorem 3.3. Let p be an odd prime and k be an integer 2 < k < p — 1, then
vp(S(p", kp)) = 2
for any integer n > 2.
Proof. Replacing N = 2 in Eq. (2.2), we get
m(kp;p®) = (p—1)p° if pb=! < kp < ph.
Since 2 < k < p — 1, we also have p < kp < p? and hence b = 2. Therefore,
m(kp;p®) = (p = 1)p*.

It follows that
S(a+d(p—1)p? kp) = S(a, kp) mod p? (3.5)

for every positive integer a and d.
Now, we prove the theorem by induction on n. The previous theorem states that our
hypothesis is true for n = 2, i.e.,

vp(S(p?, kp)) > 2



72 S. S. Singh and A. Lalchhuangliana

which can be written as
S(p? kp) =0 (mod p?).

Assume that the theorem holds for all n < m for some positive integer m > 2 so that
vp(S(p", kp)) > 2 forall2 <n<m
which implies
S(pP™ kp) =0  (mod p?).

Putting a = p™ and d = p™~2 in Eq. (3.5), we get
S(p™ 1 kp) =0 (mod p?).

Thus the theorem is also true for n = m + 1. It follows that the theorem is true for every
integer n > 2. O

Theorem 3.4. Let p be an odd prime, then

vp(S(2p,p)) > 2.

Proof. Using Eq. (2.1) and Theorem 3.1, we have

S(2p7p) = Z S(nl(EI)anQ(ez)v’rLB(eg))"'ant(et))v (36)
>oej=p, > nje;=2p

and o
s(n1 () ng(e2) pglea) ey — %
szl €j.(7’Lj.) J

for some positive integer ¢. It follows that

t

t
”Up(s(nl(el), no®) ng(es)  ple)) =2 — va(ej!) - Zejvp(nj!)).
j=1

Jj=1

Now we consider the following cases in Eq. (3.6).

Case 1: n; < pand e; < p for every j.

It is easy to see that v,(s(n1 (1), ny(¢2) nz(e) . n,(¢))) = 2 if each e}s and n’s are
less than p and we get

s(n1(€1)7n2(52),n3(e3), - nt(e‘)) =0 (mod p?) (3.7)

if both e; and n; are less than p.

Case 2: e; > p for some j.

We know that )~ e; = p which implies each e;»s are less than p unless for the case
t =1, e; = psothatnie; = 2p or n; = 2. In this case, the term is
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and can be written as

s@2®) (p+1)(p+2)---(p+p—1)

p 20—t
=(p-1!'=-1 (mod p).

or
s(2P) = —p (mod p?). (3.8)

Case 3: n; > p for some j.

If nj > p for some j, thene; = 1dueto ) e; = pand ) nje; = 2p. The upper bound
for the value of n; is p + 1 since the remaining 2p — n; objects cannot fill the remaining
empty p — 1 subsetsif n; > p + 1.

Case 3.1: n; = p + 1 for some j.

If n; = p + 1 for some j, all the remaining p — 1 subsets must contain a single object
and the corresponding term for this case is s((p + 1), 17D ie, t = 2,n = p+ 1,
e1 =1=ngand es = p — 1. Then

_ 2p)!
sp+ 1) 100y @t
(p+1) )= oo D)
which can also write as
s((p+1)M 1-1)
p

=2 (mod p)

or
s(p+ 1), 17Dy =2p  (mod p?). 3.9

Case 3.2: n; = p for some j.
In this case, one subset contains p elements, one another subset contains two elements
and remaining p — 2 subsets must contain a single object. The corresponding term for this
case is s(p(1), 20 100-2)) e t =3, n  =p,ey =1 =ey =n3, ng =2and e3 = p — 2.
Using (3.3), we have
2p)!
W) o) -2y _ (P!
which reduces to
s(p(l)’ 2(1)7 1(]7—2))

p

=-1 (mod p)

or
s(pM, 20 12y = _p  (mod p?). (3.10)

Combining the results in (3.6), (3.7), (3.8), (3.9) and (3.10), we get
S(2p,p) =0 (mod p?).

This completes the proof. O
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Theorem 3.5. For any prime p > 5, we have

up(S(2p,p— 1)) =1
or more specifically

1
S@2p,p—1)=gp (mod p?).

Proof. We look into the following cases where p? does not divide s(nl(el), no(€2),
ns(€) . nt(et)) as in the preceding theorem:

1. n; = p for some ¢
2. n; = p+ 1 for some ¢
3. n; = p+ 2 for some 1.

In the first case, there are two possible terms namely, s(p(l),S(l), l(p_3)) and s(p(l),

2(2) 10—y o

) )2
W) g 1e-3y_ () _ 2 d 2
s(p, 3%, ) —3)p3 — 37 (mod p°)
and
1) o(2) 1(p—4) (2p)! 3 2
s(pt”, 2,1 )= =——p (mod p”).

S 2(p—4)pl(2)2 T 2
For the second case, the only possible term is s((p + 1)), 2(1) 1(=3)) and

sy ()
s((p+ 1M, 20, 10-9) = (p_3)!{; T =2 (med 2.

The final case also contains only one term, s((p + 2)(), 1(=2)) and

(2p)! I =—p (mod p?).

(o201 = T

Thus, we have

3
S@p,p—1)=3p—5p+2p—p (mod p?)

p (mod p2).

| =W N

This completes the proof. O

Using the results of minimum periods in Eq. (2.2) and exploiting the same technique as
in the proof of Theorem 3.3, we generalize Theorem 3.4 and Theorem 3.5 as follows.

Theorem 3.6. Let p be an odd prime, then

vp(S(2p",p)) > 2.
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Theorem 3.7. For any prime p > 5, we have
up(S(2p",p—1)) =1
or more specifically
S p—1)=gp (mod p?).
Theorem 3.8. For any odd prime p, we have
0p(S(2p,p+1)) =0; (3.11)

noreover,

S(2p,p+1)=2 (mod p?). (3.12)
Eq. (3.11) is a special case of (2.3) since S(2p, p + 1) is a minimum zero case. Hence

(p+1) —s,(2p)
p—1

up(S(2p,p+ 1)) = 2 —0,

where s,(n) is the sum of p-adic digits of n.
Using Eq. (2.4), we can also say that

wp(S(2p" T, (p+1)p") =0

for any positive integer 7.
The second result (3.12) can be obtained using the same method as in Theorem 3.5.

Theorem 3.9. For any odd prime p,
up(S(2p,p+2)) 2 1

or
S(2p,p+2) =2 -2 (mod p?).

Proof. There are two cases where p? does not divide s(n1 (), no(¢2) ng(es) . p,(e0),
The first case is s(1%), i) (p — 7)) for2 < i < (p —1)/2 and

. . 2p)! p

l(p) (l) — (1) = 7( p = 2 2 .
s(1W, i, (p—0)') D — 1)1 ;) (mod p7)
It follows that

1

s(1®,i0, (p—i)V) =20 —2-2p  (mod p?).

IS
vl |

@
Il
o

The second case is s(17*1), (p — 1)) and

5(1(p+1)’ (p— 1)(1)) - (1)—1—1()2']2)'—1)' =2p (mod p?).

Now, we have
S2p,p+2)=2P—2—-2p+2p=2" -2 (mod p?).

This completes the proof. O
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It is known that 2P — 2 is always divisible by p using Fermat’s theorem. The result for
mod p? is however not known in general. There are some primes p especially greater than
1000 where p? divides 2P — 2. So, this leads to an interesting problem as to find out those
primes p such that v,(S(2p, p + 2)) # 1 which is equivalent to p* { 2P — 2.

4. CONCLUSION

This paper introduce an alternate formula for evaluation of Stirling numbers of the second
kind S(n, k). This formula is used to determine the lower bound of the p-adic valuations
of Stirling numbers of the second kind of the classes S(p?, kp), where p is an arbitrary odd
prime and k is a positive integer such that 2 < k < p — 1. Some generalized results of
p-adic evaluation of S(p™, kp), S(2p"*L, (p + 1)p™) and S(2p™, p) are also proved using
minimum periods. The results of p-adic valuation for S(2p,p — 1), S(2p,p), S(2p,p + 1)
and S(2p, p + 2) are also obtained.
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INTRODUCTION

A sequence {x } is said to be periodic if there exist positive
integers u and 7 such that x = x _for every n 2 . The
number 7 is called a period of the sequence {x }, which may
not necessary to be unique. In fact, any multiple of a period
is also a period, and the smallest possible value of such
period is called a minimum period. The minimum period
of a given sequence is unique and divides other periods
of the sequence.

The sequence of Stirling numbers of the second kind
S(n, k), for a fixed k, is periodic in modulo p” for some positive
integer N and a prime p. We denote m(k; p) for the minimum
period of the sequence {S(n, k) (mod p")} . It is trivial that
(1, p") =1 forany N = 1. Given any positive integers k and n,
the explicit formula of S(n, k) can be expressed as

sl = 23k, () ok (1.1)

For a prime p, the p-adic valuation of an integer n denoted

vp(n) is the highest exponent of p that divides n. Ifa = % for

a,c€Z,c#0,thenv (a) =v (b) — v (c). Every integer a has
aunique p-adic expansion of the form,a=a +ap + -+ ap*
for some positive integer, t and a, such that 0 < i < t. Here,
a/s are called p-adic digits of a and sp(a) denotes the sum of

the p-adic digits of a.

Carlitz (1955) showed thatif k > p > 2 and p*~! < k < p* for
b =2 and (p — 1)p"**=?is a period for {S(n, k) (mod p")}
Kwong (1989) later confirmed that the periods obtained by

n=0"

Carlitz (1955) are in fact the minimum periods and may be
expressed as

w(k;p")=(p - Dp"*2ifk>p>2andp’i<k<pt. (1.2)
Kwong also stated that if 1 < k < p, n(k; p") is the least

common multiple of the orders of i modulo p" for 1 <i < k.

The 2-adic valuation of the partial Stirling numbers is an
interesting topic in the field of Algebraic topology, see
Bendersky and Davis (1991), Crabb and Knapp (1988), and
Davis (2012). Davis (2013) obtained some 2-adic valuations

https://doi.org/10.22232/stj.2022.11.01.05



of the partial Stirling numbers including the following
important result v, (Zi (;l + 1) i") >, (ED

For more details about different approaches and results

for the divisibility of Stirling numbers, one may explore
from Lengyel (1994), Wannemacker (2005), Amdeberhan
et al. (2008), Adelberg (2018), Feng and Qiu (2020),
Adelberg (2021), Singh et al. (2021) and Singh and
Lalchhuangliana (2022).

In this paper, we use the periodicity properties and the
partial Stirling numbers to obtain the p-adic valuations of
Stirling numbers of the second kind. The necessary material
and essential results are provided in the second section.
The third section presents the main results and discusses
some results in the Remarks. The application of our results
for specific primes are presented at the end of the third
section. The final section deals with some observations and
conclusions of the paper.

MATERIALS AND METHODS

Definition 2.1. Let y(k; p") be the smallest positive integer
such that S(n + n(k; p"), k) = S(n, k) (mod p") for every
integern 2y (k; p").

Definition 2.2. For any prime p and positive integer k, the
partial Stirling numbers ap(n, k) and ﬁp (n, k) are defined as
ap(nk) = Ty (f‘) (=1)ii" and By 1) = Syt (1) (110"

Thus, (-1)*k! S(n, k) = ap(n, k) + ﬁp(n, k), which follows

a,(n, k) = 0(mod p™) (2.1)
and
B,(n k) = (-D*k! S(n, k) (mod p™), (2.2)
whenever m =2 n.
Guo and Zhang (2014) proved the following identity
w 2n _ vk — 9 . an—1
e (1) 5p) CDF =237 (23)
Bachraoui (2020) generalized the above identity as
. 2n + —1+L rT
o (a3 CDF =23 s 2

for positive integers n and r.

Theorem 2.1. (Lundell, 1978) Let p be an odd prime. For
positive integers r and k such thatr <k,

Simo (¢ (§) @) = 0 moa p" T 5
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The notation |x| denotes the greatest integer function of x.

A stronger result for the above result with a restriction on k
r k

suchthatr—(p—l)l;]—l Sk—(p—l)l;] and k >

r>pis

k r
Yiso (=1)E (fp) (ip)” = 0 (mod pmax{lﬂl_lﬁjwv(@’})_ (2.6)
Another result analogous to Theorem 2.1 with restricted k

tok—(p—l)lﬁ]<r—(p—1)lﬁj—1is

Theorem 2.2. (Lundell, 1978) Letk=q (p-1) +a=up + b,
O<b<pandl<sr<p-1.

If0<a<r-1,then

(i) forb=0orb>a+1:

B0 (<1 (§1) (9" = 0 (mod p=+®). (27)

(ii) forb=a+1:
B0 (-1 () 0 = D (-pe
[(a +1)! (S(r +1,a+1)—bS(r,a+ 1))] (mod p?). (2.8)
(i) forb=a>0:
Zieo (1) (0" = (D (-p)al 5 @) (mod p). (2.9)

(iv) forO<b<a:

(kY .
Sieo (<D () (P = 0 (mod p). (2.10)
Gessel and Lengyel (2001) introduced the following theorem:
Theorem 2.3. Let p be an odd prime and m be an integer
with 0 <m <min{k, p} such that r = I:TT is an integer. We set

r=r'(mod p) with 1 <r' < p.If r' > m, then for any integer t
k s kom_ g
Yi=t modp (i ) (-Diim = (-1)™ P T
kY, S I;_TTWP m!(fn)
(m) pr (mOd p ( ) .

The above results are employed in the next section to

(2.11)

determine the p-adic valuations of S(n, k).

RESULTS AND DISCUSSION

This section presents our main results in theorems. We
begin with the divisibility of S(n, k) by power of a prime, p
when k < p.
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Theorem 3.1. Let p be an odd prime and k be a positive
integer such that k < p. For any positive integer N, the
following congruence holds:

(1) Ifn=0(mod (p - 1)p" ') withn > 0, then

(_l)k—l
k!

S(n,k) = (mod p™). (3.1)
(i) If n = m (mod (p - 1)p"') for some integer m such

that1 <m <k, then

S(n, k) = 0 (mod p") (3.2)
(iii) Ifn=k (mod (p - 1)p" ') with n > m, then
S(n, k) =1 (mod p") (3.3)

Proof. Using Equation (1.1), we have

>

i=1

S(m k) = % (Z‘) (—1)k-igm,

Since k <p, forany i, 1 <i <k, we have

jm+@-DpNt = ym (mod p™)

for any positive integer N and m. It follows that

k
1 . ]
Som k) = E (f‘) (—1)k-im+@-DpN

i=1
=S(m+ (p — Dp"~1,k) (mod p™).

If1<m<k, S(m, k) =0, and the second result follows.
If we put m = k, we obtain the third result.

The first result is the consequence of the following
congruence

k k
1 ; v 1 _
a2 (et =2 () C1timod
i=1 im1
1 -1 k-1

Remark 3.1. We know that (p - 1)p"! is the period of
the sequence {S(n, k) mod p"} when k < p. However, the
minimum period of the sequence is the least common
multiple of the orders of i modulo p" for 1 <i < k. Theorem
3.1 still holds if we replace (p - 1)p"! with n(k; p"). From
the theorem, we can observe that y(k; p") = 1 ifk < p.

The next theorem presents the divisibility properties of
S(n, p) for an odd prime p.

Theorem 3.2. Let p be an odd prime and n be an integer such
that n 2 p. The following congruences hold:

(i) Ifn=0 (mod (p - 1)p"™Y) for any positive integer N, then

84

S(n, k) =0 (mod p"). 3.4
(ii) If1<m<p,then
S(n, k) = p™* (mod p™), (3.5)

for any integer n with n = m(mod(p - 1)p™*') and n > m.
Consequently,
vp(S(n, p))=m-1

Proof. For any positive integer m, we have

(3.6)

p-1
m

P

p
sonp) =" (F) -aptim =2
i=1

2, () o
L=
Let N be any positive integer. Then
p—1
_p" 1
S(m, p) = F +

o (?) (=1)P=im+@=DP""" (mod pN).
F=)

Since p > 2, N < m + (p — 1)p"~* for any positive integer m,
we obtain

m

S(m,p) = ’;—, +5(m+ (p — 1)p"~1,p) (mod p").

Replacing N with m in the preceding equation, we get the
second result.

To obtain the first result, we have

14 p-1
- 1 14 —tip-npN-t _ L p —i
S~ Dp"Lp) = FZ () (pyp-tie-ve = ;Z (?) (=1t (mod p*)
= 0 (mod p").
Hence the theorem follows.
Remark 3.2. From the proof of the preceding theorem, it is
clear that y(p; p") = N.

We now discuss the divisibility of S(n, k) when k is greater
than a given odd prime p.

Lemma 3.1. Let p be an odd prime, k and N be positive
integers such that k > p, then

N +v (k) s m(k; M.
Proof. The proof is straightforward

(3.7)

Theorem 3.3. For an odd prime p and non negative-integers
n, k,m,and N such that k >p and min {N, m} 2 1, the following
congruence holds:

S(n + mn(k; p™), k)
= (_kl!)k Bp(n, k)(mod pY), if n <N +v,(kD);
S, k)(mod p") if nz N +vy(kD). (38)
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I k, th 1
fn< en —a,(n—1,k) Z 0 (mod p").
k!
S(n + mnr(k; pV), k)
_1)k-1 Equation (3.9) confirms that for any positive integer N,
_ ( 1}; a,(n, k)(mod pV), if n <N+ v,(k!); quation (3.9) confi y posttive tntes
0 (mod p") if n=N+v,(kY. (3.9) v, (S(n. k)= N (3.14)
Proof We have if n = r (mod n(k; p")) for some positive integer r such that
N+v (k)sr<k.
k r
S(n, k) = %Z (k) (—Dktim, Theorem 3.4. For an odd prime p and integersn, m, N, and k
= suchthatpsk<2pandl<sm<N+1,
Let v (k!) =t, then (—1)kpm-1
p = —_ N
. S(n, k) = (p_l)!(k_p)!(modp ), (3.15)
ptS(n, k) = %Z (i{) (—=Dktm, whenever n = m(mod(p - 1)p") with n > m. Hence, the
it corresponding exact p-adic valuation is
pr t i, it is well known that UP(S(TL, k)) -m- 1’ (316)
M (P= = " (mod pT*Y). whenever n = m(mod(p - 1)p™) withn > m.

However, if p|i, the preceding congruence holds only when

Proof. Here, v_(k!) = 1. Let m be a positive integer such that
nzr+ 1. Thus, we get ?

m<N+1=N+ vp(k!) and m < k, then using Theorem 3.3,
t t
pfS(n, k)= %Z (f) (_1)k—iin+pr(p—1) + %Z (fc) (_1)k—iin (mod pr+1) we have

pHi pli
(_1)}(—1

k!

t = N
= ptS(n + pr(p — 1),k) + %Z (i‘) (_l)kfiin (mod pr+1)_ S(n' k) - ap (m’ k) (mOd p ) (317)
Tl
for any positive integer n satisfying n = m (mod n(k; p"
Choose r such that r + 1 = vp(k!) + N for some positive y P 8 ying ( (k: 7))

; LNy = _ N Q;
integer N. Therefore with rt(k; p") = (p - 1)p". Since p < k < 2p, we have

k k m
S, k) = S+ k) + Sy (n, k) (mod p¥),  (3.10) ap(m k) = (p) (=1Fp™. (3.18)

; It follows that
where = (p - 1)p"*"* and a a,(n, k) = Xp;i ({() (—Dktim, otiows tha

1 ) . ) — CDFp™ Ny — (DFpmt N
The term - a, (n, k) vanishes if n 2 N + v (k!), and it follows S(nk) = (mod p") = (mod p"). (3.19)

p!(k-p)! (P-D!(k-p)!
y(k;p" )< N+ vp(k!). (3.11)  Hence, the first result holds. If we replace N = m, we get the
Using the concept of minimum periods and the fact that Second result.
YU p") < N +v (k1) < 7(k; p*), it is easy to confirm that Theorem 3.5. Let p be an odd prime, k and m be positive
S+, k) = S(n + ma(k; p"), k)(mod p"), (3.12) integers such that m = k and p > k, then for any integers a and

L i n#mwithn=m (mod (p - 1)p™*),
for any positive integers m and n. Hence, Equations (3.10)
and (3.12) confirm the first result of the theorem. _ (cpkta-tpm m—k+1
Snkp +a) = o)l k!'S(m, k)(mod p )- (3.20)
If we restrict the value of n strictly less than k, then

S(n, k) = 0 and the second result follows immediately. Furthermore, if p t S(m, k), then

Remark 3.3. Observing the theorem, it can be seen that vp(S(n, kp +a))=m-k. (3:21)
Proof. In this case, v ((kp + a)!) = k. Replace N withm - k + 1
U,,(S(n' k)) = Up(s(m' k)) (313)  and k with kp + a in Theorem 3.3, then we get m < vp((kp +
whenever n = m (mod n(k; p**»S™hY), a))+N=k+m-k+1=m+1and
Equation (3.10) confirms that y(k; p") is the greatest _ (cpkptat —k+1
q (3.10) vk pY) g S(n k) = Wa,,(m, kp + a)(mod p™**1) (3.22)

non-negative integer n such that
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if n = m (mod w(kp + a; p™*1)), where n(kp + a; p™**) =
(p - 1)pm—k+1.

Now, we have

(—1)"1’*‘1—1 i (_1)k+a—1 k kp + o
(kp + a)! dp(m kp +a) = (kp + @) Z (15 a) =17 (ip)
1)kta-1,m K )
= a2, () evior maaprsen

i=

_ 1)k+a-1pm
(kp+a)!

k!S(m, k)(mod p™~¥*1), (323)

Combining Equations (3.22) and (3.23), the theorem
follows.

Theorem 3.6. Let p be an odd prime, N, m, and k be integers
such thatm<[" |+ v (k) =N, k>m, and s (k- 1) >
m. Then

p—-1

vp(S(n, k) = | (3.24)

for any positive integer n > m, such that n
(mod m(k; p)).

m

Proof, Taking § = lk_—";lJ +v,(k), m < N, and m < k, it is
P

trivial thatm <N + v (k!).

Therefore, using Theorem 3.3, we have

(1)

S(nk) = ap(m k)(mod p"), (3.25)
ifn=m (mod m(k; p”)).
From Theorem 2.1, we also have
ap(m, k)=0(modp,) (3.26)
since we assume N >m.
Combining Equations (3.25) and (3.26), we get
S(n, k) = 0 (mod pV ™), (3.27)
assuming N > vp(k!). It follows that
v (S(n, k) =N - v (k!), (3.28)
with the given condition of n.
Now, we have
N — v, (k1) = [%J + v, (k) — v, (k1) = [k - L -1y

_ lsp(k 1)-m )

Hence the theorem follows.

Theorem 3.7. Let p be an odd prime, N, k, a, b are non-
negative integers such thatk >p, k =a (modp-1),k=b
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(modp),0<sb<pandl<r<p-1If0sa<r-1<N+v,
(k) -1, n>r and n = r (mod n(k; p")), then the following
results hold:

(i) forb=0orb>a+1,andN = I%J — 1+ v,(k), then

v, (S(n, k) = [S”(" 22, (3.29)
(ii) forb=a+1,andN = [ |, them
v,(S(n, k) = [s”(") (3.30)
if S(r + 1, b)  bS(r, b) (mod p).
(iii) forb=a>0,and N = |-5|, them
v, (S(n, k) = [%)j -1 (3.31)
ifp tS(r, a).
(iv) forO<b<a and N = [L] them
5(SG 1) = |22, (3.32)

Proof. We use Theorems 2.2 and 3.3 to prove the theorem.

(i) Following the proof of Theorem 3.6, we have

K
— v, (kl) = [—J — 1+ vy (k) — vy (k1) = [ -
1+ sp(k - 1)J

—vp((k— 1)‘)] -1

where N = [LJ —1+v,(k).
(i), (iii), and (iv). If N = Lo 1J

~ (kD) = I—J — (kD) = [L— vp(kl)l lsp(k)j

Theorem 3.8. Let p be an odd prime, k and m be integers
with k > p and 0 < m < p such that k = m (mod p - 1) and
k-

p—_TEr(modp) with 1l <r <p.Ifr >m, then

5p(Str k) = | L= (333)

for any integer n satisfying n = m (mod n(k; p")), where
k—-m k
N = E + vp(m! (m))

Proof. We use Theorems 2.3 and 3.3 to prove the theorem.
Following the proof of Theorem 3.6 and the preceding
theorem, it is easy to show that

sp(k—m)

N — v, (k!) = [ — (3.34)

Hence the theorem follows.



THE CASE FOR PRIME P =3

In this case, we can classify k into six different equivalent
classes, namely, 6m, 6m + 1, ---, 6m + 5. Using Equations
(2.3) and (2.4), we obtain the following results for m > 0,

Periodicity and Divisibility of Stirling Numbers of the Second Kind

we get the following recursion relation for a (n, k) as

> 0 () =k
5 o5 oy o]

(Dm2-33"71 if r=0; The above identity can also be written as
(—1m33m, ifr=1or2;
as(0,6m +71) =140, ifr=3; (3.35) ap(n, k) = k[ap(n -1,k) - ap(n -1,k-1)]. (3.36)
(_1)m+133m+1’ if r= 4; . ) . )
Using Equations (3.35) and (3.36), we obtain the following
(_1)m+133m+2’ if r =G5.
tables for the values of a,(n, 6m + 1) within the range n € {1,
Using the binomial identity of the form 2,3} and 0 < r < 5. The entry (r, n) gives the value of (-1)™
kYoo S _ k k-1 a.(n,6m+r).
(ip> (ip) =k [(ip) (ip )] ’
Table 1: (r, n) - (-1)"a, (n, 6m + 1)
n=1 n=2 n=3
r=0 2m 33 4m(B3m+1)33-! 4m?33m+1
r=1 (6m + 1)33m1 (6m+1)33m-1 -(6m+1)(12m? -2m - 1)3m-1!
r=2 0 -(6m + 1)(6m + 2)3%" ! —-(6m + 1)(6m + 2)(2m + 1)3°™
r=3 —-(2m + 1)33m+ —-(2m + 1)?33m=+2 -(2m+ 1)(72m? + 90m + 25)33™
r=4 —(6m + 4)33m1 -(6m + 4)(4m + 3)3%m+1 -(6m + 4)(12m? + 22m + 9)33"+1
r=5 -2(6m + 5)3%m*t -2(6m + 5)(m + 1)33m+?2 -(6m+5)(12m? + 32m + 18)33™*!

IfwesetN =v,(a,(n,6m+7))-v,((6m+7))+1,thenn<N
+v((6m+7))form=1,n=1,2,0r3,and0<r<5but(r,n)
# (2,1). It follows that if u = n (mod w(6m + r; p")), the exact
3-adic valuations can be expressed by

v3(S(u, 6m + 1)) = v3(az(n,6m + 1)) —vs((6m +r)!h).
3.37

_ sz(6m+r)-1
2

+ fra(m),

for some function f, . The values of f (m)forn=1,2, and

3 are given in the following table:

Table 2: (r, n) - £, (m)

n=1 n=2 n=3
r=0 v,(m) v,(m)-1 2v,(m) +1
r=1 -1 -1 v,(12m?-2m-1)-1
r=2 NA -1 v,(2m+1)
r=3|v,2m+1)+1|2v,(2m+1)+2 v,(2m + 1)
r=4 1 v,(4m+3)+1 | v,(12m*+22m+9) +1
r=5 1 v,(m+1)+2 |v,(12m,+32m+18) +1

From Table-I, we can see that a,(1,6m + 2) = 0. It follows that

v,(S(u, 6m+2))2 N, (3.38)

whenever u = 1 (mod (6m + 2; p")) for any positive integer
NanduzN +v,((6m + 2)!).
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THE CASE FOR PRIME P =2

The minimum periods, for this case, are obtained by Kwong
(1989) as

if k=1or2;
ifk=3o0or4and N =1or2;
if k=3o0or4and N > 2;
if2"" 1<k <2andb = 3.

1,
2,
m(k;2N) = J oN-1 (3.39)

k2N+b—2'

Unlike the above case, the sum a,(n, k) does not have the

2 )

200

alternating sign as

a,(n, k) =

which gives
@0, k) = By (1) = 2. (340)

Using Equation (3.36), we obtain the following identity:

a,(1, k) = k252, (k > 2) (3.41)

@,(2, k) = k(k + 1)2¢3, (k 2 3) (3.42)

@,(3,k) = k,(k +3)2¢°, (k 2 4) (3.43)

@,(4, k) = k(k + 1)(k? + 5k - 2)2¢75, (k2 5)  (3.44)
a,(5, k) = k(K + 10k? + 15k - 10)2%°5, (k2 6)  (3.45)
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a,(6, k) = k(k + 1)(k* + 14k + 31k* - 46k
+16)2%7, (k=7)
and so on. It follows that a, (n, k), where k 27, can be written
in the form

(3.46)

a,(n, k) =g (k)2k1, (3.47)
where g (k) is a polynomial over Z of degree n. The
polynomial g, can be generated by the recursion

9.0 =k[2g,(k) - g,(k - 1)],
with initial polynomial g, (k) = k.

(3.48)

Letus take k = 3 and k = 4. The second result of Theorem 3.3
is also valid for an even prime p = 2 if we add a condition n +
mm(k; p") = vp(k!) + N.Incase, k=4 and N = 2, we get

v, (k) + N =5.
We also know that 7(4; 2?) = 2 and it follows that
(-1)° 23
S(n,4) = TR (0,4)(mod 4) = — o (mod 4) = 1 (mod 4)

ifn=5andn =0 (mod 2). On the other hand, ifn = 1 (mod
2)ornisoddandn 25, then

-1)3 4.22
S(n,4) = %az(l,él)(mod 4)=— 0 (mod 4) = 2 (mod 4).
It follows that
0, if nis even,
v,(S(n,4)) = {1, if n is odd. (3.49)
The case for k = 3 can be tackled similarly as
_ (1 (mod 4), if nis odd;
S(n.3) = {2 (mod 4), if nis even. (3.50)
Thus, the exact p-adic valuation is given by
_ (0, if nisodd,
v2(S(n.3)) = {1, if nis even. (3:51)

If we take N = 3, then the minimum period is 4 for both
k = 3 and 4. The periodicity starts from n = 5, i.e., y(4; 8)
= 5 and the cycle of the sequence {S(n, 4) (mod 8)}  is (2,
1, 6, 5). Thus, the sequence looks like {0, 0,0,0,1, 2,1, 6, 5,
2,1,6,5,-}

The sequence for {S(n, 3) (mod 8)}

form

takes the following

n20

{0,0,0,1,6,1,2,5,6,1, 2,5, -}.

The periodicity starts from n =4 = N + v,(3!), and the cycle
of the sequence is (6, 1, 2, 5).

From Equation (3.41) for k > 4, we get
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v,(S(n, k) =s,(k-1) -1, (3.52)
ifn =1 (mod r(k; 2")) with N =s, (k - 1) and n 2 v,(k!) + N.

The generalization of Equation (3.52) can be obtained using
Equation (3.47) as

where k>4, n2 v, (kl) + N>m, N = vz(g";((k)) +s,(k - 1)

-m+ 1 and n = m (mod n(k; 2")). Looking into the fact in

(S, K)) = s(k — 1) —m + v, (gmoo

: (3.53)

Equations (3.41) to (3.46), we confirm that g (k) is always

evenif2<n<eé6.

CONCLUSION

The partial sum of Stirling numbers a,(n, k) plays a key
role in obtaining v (S(n, k)). The minimum periods help us
determine a class of Stirling numbers of the second kind,
{S(m, k)}, ., for some indexing set A, which share the same
p-adic valuation. We have found that the periodicity of the
sequence, {S(n, k) (mod p")} ,  sometimes starts before the
k-th term, i.e., y(k; p") < k. We have proved that y(k; p") < N
+v (k') when y(k; p") < k, the first k - y(k; p") entries of the
cycle of {S(n, k) (mod p")} ., are zeros.
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ABSTRACT. This paper establishes certain formulas for p-adic valuation
of Stirling numbers of the second kind S(p". k) where p is a prime and
some related classes. The parity of k also affects the p-adic valuation
of S(n. k) if k is divisible by p. In fact, vp(S(p?, kp)) > 5 if k is even,
The congruence properties of S(p™, k) (mod p?) depend on the sum of
the p-adic digits of k when k is not a multiple of p.

(Received: May 12, 2022, Accepted: November 06, 2022)

1. INTRODUCTION

For a prime p and integer a, the p-adic valuation of ¢ is the highest exponent
vp(a) of p such that p*»(@) divides a. For non-negative integers, n and k, Stirling
numbers of the second kind denoted by S(n, k) (see [6, p. 204] and [11, p. 265])
are defined by S(0,0) = 1; S(n,0) =0 for n > 0;

k
S(n.k) = %Zl G)(—l)"—fj“, for k > 0, (1.1)
_'.I=

where (%) is the binomial coefficient, 27°s coefficient in the expansion of (1+)*.
Stirling numbers of the second kind are known to satisfy the recursion

Sn+1,k+1)=Snk)+ (k+1)S(n,k+1). (1.2)

Besides, there are two other important identities; the first one (see Wan-
nemacker [19]) is the following:

st =33 ()

i=0 j=i

g:: 31. S(m, k —i)S(n, j)- (1.3)

2020 Mathematics Subject Classification. Primary 11A0T; Secondary 11B73, 11E95.
Key words and phrases: Congruence, Divisibility, Primes, p-adic valuation, Stirling
numbers.
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The second identity (see Graham [11, p. 265]) is given by

(a—l—b)s(n,a—l—b) - i (?)S(i,a}S(n—z’, b). (1.4)

a
i=0

One of the key highlights of the development regarding 2-adic valuation is

Wannemacker’s proof [19] of Lengyel’s conjecture [14]. In fact, Wannemacker

evaluated the 2-adic valuation on each term of identity (1.3) and proved that

v2(S(2", k) = s2(k) — 1 (1.5)

where s, (k) is the sum of the digits in the base-p expansion of k for a given
prime p.

Recently, Adelberg [2] introduced the concept of Minimum Zero Case (MZC),
Almost Minimum Zero Case (AMZC), Shifted Minimum Zero Case (SMZC),
and Shifted Almost Minimum Zero Case (SAMZC) for 2-adic valuations of
S(n, k). This classification is based on the patterns of non-zero 2-adic digits
of n, k, and n — k. For further details about the 2-adic valuation of S(n,k),
we refer the reader to consult Amdeberhan et al. [3], Davis [7], Friedland and
Krattenthaler [9], Hong et al. [12], and Zhao et al. [20].

For an odd prime p dividing k, Gessel and Lengyel [10] proved that the order
of divisibility by prime p of k!S(a(p — 1)p4, k) does not depend upon a for ¢
sufficiently large and k/p odd. The proof is based on divisibility results for
p-sected alternating binomial coefficient sums. For 2 < k < p — 1, Singh et al.
conjectured in [17] that

2or 3, if k is odd;
vp(S(p?, kp)) = o (1.6)
5or6, if k is even.

For the case when p—1 divides n—k and p does not divide ("ﬂ?f), Adelberg [1]
obtained the following formula using a higher-order Bernoulli number:
up(S(n, k) = 2k} = &(®) (1.7)
p—1
In this paper, we obtain the p adic valuations of Stirling numbers of the second
kind from their congruence properties. The main results are presented in Sec-
tion 3 and include the following: Theorem 3.1 presents a congruence recursion
for S(n, k) (mod p); Theorem 4.2 tackles S(n, k) modulo p for the case when
k is not divisible by p; Theorem 4.4 deals with S(n, kp™) modulo p>™ when
n and k are opposite parity, and further specific results in Theorems 4.7 and
4.8; Theorems 4.10 and 4.12 establish congruence recursions of S(n + kp, kp)
(mod p?) for different conditions of n, and Theorems 4.14 and 4.15 give the
lower bounds of v, (S(p" — 1, kp)) and v, (S(p", kp)) respectively; Theorem 4.16
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confirms that S(p", k) = S(p, k) (mod p?) if 1 < k < p; Theorem 4.17 estab-
lishes the congruence S(p? k) = (,f’l)S[p — ki1, ko) (mod p?) if k = kip + ko,
ko # 0 and Theorem 4.20 then generalizes the result of Theorem 4.17.

2. PRELIMINARIES

In this section, we provide the necessary background material to state
and prove our main results in the next section. Throughout, p denotes an odd
prime number. Whenever p—1 divides n— k, we denote the binomial coeflicient

n—k
(”;_‘,wl) by Ay ,p for convenience. If m, n, and k are positive integers such

—1

that pt k and n > kp™, then the following holds (see Chan and Manna [5]):
Apymo mod p™
S(ﬂ, kpm) — kp Jap ( p J
0 (mod p™), otherwise.

ifn=k (modp-—1);

(2.1)

In [16], Sagan obtained the following two congruences using group action on

abelian groups:

i 2
S{n+2p,k)EZS(n+p+i,k+(i—l)p)—Z(?)S(n+i,k+(i—2)p)

i=0 i=0
+p(p—-1)S(n,k —p) (mod p?); n>0, n+2p>k;  (2.2)

(2)+) i

Oun eliminating the terms containing k — p and & — 2p in (2.2), we have
S(n, k) = 28(ny, k) — S(nz, k) (mod p?); k<p, n>2p,  (24)

where n, = n —r(p — 1). Consequently, using induction, one arrives at the
following:

S(n,k) = (r +1)S(n,,k) — rS(ny41,k) (mod p®); mpyr > 2. (2.5)
From Equations (2.4) and (2.5), we get

2S(n1, k mod p?), f2p<n<2p+k-2;
Gk 2Puk) (o) g g (2.6)
(r+1)S(n,. k) (modp?), if2<n, . <k.
Bailey [4] obtained a higher congruence version of Equation (2.3) through sums
of binomial coefficients that

(2)+) i
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Singh and Lalchhuangliana [18] generalized the results on p-adic valuation and
congruences concerning S(p", kp) (mod p?) for 2 < k < p—1 and S(2p", k)
(mod p?) for k = p—1 and k = p with the help of minimum periods.

Feng and Qiu [8] employed a combinatorial approach and proved the following
result:

vp(S(n,n — k)) = vp((k :'“L 1)) Ftp(nk); n>k+1, (2.8)

4

0, ifk=1;
vp(3n — 5) — v, (4), ifk=2;
vp(n? — 5n +6) — vy(2), ifk=3;
where #,(n,k) = { v,(15n° — 150n? + 4850 — 502) — v,(48), if k = 4;
v,(3n* — 50n® + 305n? — 802n + T60) — v,(16), if k = 5;
v,(63n° — 1575n* + 1543n3 — 73801n? + 171150n — 156296)
| —v,(576), if k =6.

(2.9)
Adelberg [1] also gave a rough margin for the lower bound of the p-adic valua-
tion of S(n, k) in terms of the sum of the p-adic digits s,. More precisely, the

following estimate was obtained:
M}

wp(S(n, k) > [ =5

The above estimate tells us that p divides S(n, k) whenever s,(n) < s, (k).

(2.10)

For an odd prime p, Kwong [13] obtained the minimum period w(k;p") of
the sequence {S(n,k) (mod p™)}.>1 using the generating function of S(n, k),
which will be used in the sequel and is defined as

a(k;p") = (- Dp" 2 Pl <k <P (2.11)

The techniques used in this article are from number theory and combinatorics.
The value of v,(S(n, k)) is estimated through the obtained congruence proper-
ties of S(n, k). This approach makes it more simpler than the other techniques.

3. MaiN REsULTS

This section is divided into various cases. We first divide into divisibility
of S(n,k) by p and p" in general. We further divide into divisibility of k by p.
We begin by providing the following results;

Theorem 3.1. For an odd prime p and an integer n, we have
(a) vp(S(P"—1,kp—1)) > 2;2< k<p—1;v,(S(P"—1,(p—1)p—1)) = 1.
(b) S(p+n,k)=S(n+1,k)+ S(n, k —p) (mod p).
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Proof. (a) Using Equation (1.2) and the fact that p? divides S(p", kp), we have
S(p" —1,kp — 1) = S(p", kp) — kpS(p™ — 1,kp) = kpS(p™ — 1,kp) (mod p?).

(3.1)
So, it is enough to prove that p divides S(p” — 1, kp). Takingm =1, n=p"—1
in (2.1), we get

Agppnp (mod p), ifk=p—1;

(3:2)
0 (modp), f2<k<p-2,

S(p™ — 1, kp)

where from (3.2), the result (a) follows when 2 < k < p— 2. To prove (a) for

the case when k& = p — 1, we observe using Lucas congruence for n > 2 that

Ap_1)ppn—1,p = —1 (mod p). Consequently, from (3.2), we have
SE"-1,(p-1)p)=-1 (mod p). (3.3)

Equation (3.3), in view of (3.1), proves that v,(S(p" —1,(p—1)p—1)) =
(b) From Equation (1.3), we get

S(p+mn.k) ZZ( ) S(p k —i)S(n, j). (3.4)

i=0 j=i
The terms within the summation in (3.4), except those with indices such that
(i,j) e {(k— 1,k -1),(k—1,k),(k—p,k —p)},
are all divisible by p. This observation, along with (1.2), gives
Sp+nk)=Snk—1)+kS(nk)+ Sn k—p) (modp)
=8Smn+1,k)+ S,k —p) (mod p).
Thus, the result (b) follows. O

4. DIVISIBILITY OF S(n,k) BY p

Chan and Manna [5] obtained a congruence for S(n, k) when k is divisible by
p and not divisible by p. The result when k is divisible by p is simple for
acquiring the divisibility of S(n,k). We further look into the case when k is
not a multiple of p, say k = ¢p™ + b, where b # 0 and p 4 b. We will utilize the
following result due to Singh et al. [17] while proving Theorem 4.2.

Lemma 4.1. Let p be a prime and n and k be two positive integers such that
n >0 and k < p—1, then there exists an integer 1 < m < p — 1 such that
S(m.k) (mod p), ifnzZ0 (modp-—1);

S(n, k) =
k) (p—1-k) (modp), ifn=0 (modp-1),

(4.1)

where i is the remainder when n is divided by p.
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The following theorem is a generalization of Lemma 4.1 in which k is restricted
to an integer less than or equal to p — 1 for a given prime p. This theorem,
however, provides the congruence for S(n, k) modulo p for any integer k < n.

Theorem 4.2. For an odd prime p and integer k with p{ k, let b be the last
p-adic digit of k. Let m = vy(k — b), ¢ = (k — b)p™™, and a is the remainder
when n — k is divided by p — 1. Then

S(a, b) (

n—k m—1
p—-1- b)!(l-p—lJ I Cflp ) (mod p), otherwise.
cpm—

At Hep™

Cpm_l (mOd p): ifn -‘,_t-—ﬁ c (IﬂOd P — 1);

S(n. k) =

Proof. The result for k < p is trivial since ¢ = 0. Due to Chan and Manna [5,
Theorem 5.3], we have for m > 1 and n > ¢p™ + b that

n
S(n,ep™ +b) = Z S(i,ep™)S(n —4,b) (mod p™)
i=c (mod p—1)
n i—ep™ ! 1
= > ( = e )S(n —i,b) (mod p™). (4.2)
i=c (mod p—1) p—1

The index i in the last summation runs through ¢ = ¢ (mod p — 1); so i =
¢+ (p—1)j for some j with ep™ < ¢+ (p—1)jand b<n—c—(p—1)j. If we
define A = |2=%"=t| then (4.2) reduces to the form:

p—1

A r_‘pm+i{p—1)—cp“‘_l 1

. p—1

S(n,cp™ +b) = Z ( P S — )5'1 (mod p™)

i=0 7 p—1
A fepmli—1

=) i S; (mod p™) (4.3)
i=0

where S; = S(n — ep™ —i(p — 1), b).
If1 <b<p—1. then by Lemma 4.1, there exists an integer a such that
S(a,b) (mod p), ifn#c (modp-—1);
5= [S@b) (mody) #c (modp—1) .
(p—1-0) (modp), otherwise.
Here, a is the remainder when n — e¢p™ —i(p — 1) is divided by p — 1, that is,
the remainder when n — ¢ is divided by p — 1. Seo, for n # ¢ (mod p — 1), we

have

A yom— o
S(n,cp™ +b) = Z (Lp ' + ! I)S(a., b) (mod p)

i=0 ¢
A+ epmt

=St . (mod p).
()
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and for the other case, that is, when n = ¢ (mod p — 1), we have

) (mod p).

as desired. O

A+ epm™!

S(n,ep™ +b)=(p—1- b)!( cpm=1

Remark 4.3. Taking n = p? in the proof of Theorem 4.2, we see that A = p—e.
Hence, for an odd prime p and k > p with p { k, we have v,(S(p% k)) > 1,
which can also be deduced using Equation (2.10).

4.1. Divisibility of S(n, k) by p™ with p | k. The following theorem extends
the result of Chan and Manna (see [5, Theorem 5.2]) when n and k of S(n, kp™)
are of opposite parity.

Theorem 4.4. If p is an odd prime and n and & are of opposite parity, then

1tk

S(n, kp™) = (-1) TAkp'“—l,n—l.ppm (mod pzm): ifp—1|n—1-Fk
0 (mod p*™), otherwise.
(4.5)
Proof. Using Equation (1.1) and the hypothesis of parity and k = kp™ (mod 2),
we have
kp™ kpm
205k = 3 () (ke + G - i)
i=0
kp™ T
=3 (") v { vt + o
i=0 .
+ 3 (5) iy}
=t
kpm y m . T G Y £y 3
=3 () oy (3) o
3 i — \ j
i=0 j=1

_ (”)(—1)"—J'kfpmf(kp“*)!5(n—j,kpm), (4.6)
2\

where we have used (—1)¥i" + (—1)"i" = 0. Thus, S(n, kp™) =0 (mod p™) if
n and k are opposite parity. It then follows from (4.6) that

t

2S(n, kp™) = (?) (-1)" Ik p™ S(n — j, kp™) (mod p™*V)  (4.7)

=1
holds for 1 < t < n. Since n and k are opposite parity, so are n — 2 and k.
Consequently, S(n — 2,kp™) = 0 (mod p™). This observation together with
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(4.7) for t = 2 gives us the following;
28(n, kp™) = (1) nkp™S(n — 1,kp™)
+ ()OS =2 k™) (mod
= (=1)" 1nkp™S(n —1,kp™) (mod p*™), (4.8)
which is also true for modulo p?>™. Thus, applying Equation (2.1) to S(n —
1,kp™) and combining it with Equation (4.8) produces Equation (4.5). O
Corollary 4.5. For an odd prime p and two positive integers n and k,
(a) If k is even and p™ > kp™, then S(p", kp™) =0 (mod p®™).
(b) If n and k are of opposite parity such that
sp(kp™ ' +a —1) = s,(k) + sp(a —1); n—1 =k (mod p — 1); and
o= “‘—;:'{Lm, then v,(S(n, kp™)) = 2m — vy(a) — 1.
Proof. (a) Follows from Equation (4.5).
(b) If sp(z + y) = sp(x) + sp(y), then by Kummer’s theorem [15],

L‘p((x : y)) = vp(x) — vp(y + 1), which in view of (4.5) proves (b). a
Remark 4.6. If k is even, then replacing n by p™ in (4.7), we get
p" n
250" kp™) = (‘Z ){—m RS (" — i, kp™). (49)
i=1

The i-th term within the summation in (4.9) is divisible by p"*t™ if p | i.
However, if p | 7, then the corresponding term within the summation in (4.9)
is divisible by p"—vr()+mt_ Then for all £ with 1 < ¢ < p™ with pt (t + 1), we
have the following key congruence:

1

7 = e <y
ZS(pn., kpm) = Z (pi )(_l)p“—tktpmns(pn sl kpm) (mod p(t+l)m+n).
i=1

(4.10)

Theorem 4.7. Let p be an odd prime. Let m, n, and k be positive integers
such that n > m, k is even, and p { k. Then v,(S(p", kp™)) > n + 2m, unless
m =1 and k = p— 1, in which case v,(S(p",(p—1)p)) =n+1.
Proof. Taking t =1 in (4.10), we have for even k that

2S(p", kp™) = kp"tmS(p" — 1,kp™)  (mod p¥™+),  (411)
where we have
Akpﬂl—l'pﬂ_l.p (lﬂod ptn)= lf k =p— ].,

SG" —1,kp™) = |
0 (mod p™), if1<k<p-2

(4.12)
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The binomial coefficient on the right-hand side follows
—1 (modp), ifm=1<mn;
WMot _ (4.13)
0 (modp™), if2<m<n.
Using (4.13) in (4.12) and then (4.12) in (4.11) proves the desired assertion. [

Theorem 4.8. If p > 3 is prime; n , m, k are positive integers with m < n
and k < p, then

k n+3

oty o 9 (mod p"t!), fm=1landk=p-3;
S(pn: k_pm) = E 4

Epn-f-me (mod pim+n), otherwise

(4.14)
where X; = S(p" — 1, kp*).
Proof. Taking ¢t = 2 in (4.10) for even %, we get
25(p", kp™) = kp™ ™ S(p" — 1, kp™)
(RS — 2,k™)  (mod ).

Since p™ — 2 and k are opposite parity, S(p" — 2,kp™) =0 (mod p™), and so

28(p™, kp™) = kp"T™S(p" — 1,kp™) (mod p>™*™). (4.15)
Similarly, on taking ¢ = 3 in (4.10), we have for p > 3 that

1
2s{pn7kpm) = k.pn+m3(pn _ l,kpm) _ E(pn _ 1)k2pn+‘2m8{pn o 21 kpm)

1 T T - T+ 31 n m 113 m
+50" -1 — 2)k°p" ¥ S(p" — 3,kp™)  (mod p" ™).

(4.16)
Ifkiseven, k# p—3,and 1 < k < p—1, then by Theorem 4.4 and (4.16), we
have
S" kp™) = S~ 1kp™)  (mod p ) (4.17)
For the case k = p — 3, we have from Theorem 4.4 that
SEr-2,@-gpm=] P @A) dEm=l 4,

0 (mod p)®™, ifm>1.
Also, from (2.1), we have
o - —1 (modp), ifm=1;
S(p"-3,(p—-3)p™) = _ (4.19)
0 (modp™), ifm>1.

Combining (4.16)-(4.19), we get (4.14). O
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Remark 4.9. Identity (1.4) gives rise to the following relation;

kp) 2 kp+n
S(kp+ n,kp) = ( .
(p ( ) ‘Z; (k—1)p+i

x S((k-1)p+i,(k-1)p)S(n+p—ip). (4.20)
If n =t(p—1), then the i-th term within the summation in (4.20) is divisible
by p? in case i Z 0 (mod p — 1) since p divides both S((k — 1)p + i, (k — 1)p)
and S(n + p —i,p). On the other hand, if i = 0 (mod p— 1) and 0 # i # n,

kp4n

then p divides (”e Dot

). Using Equation (2.1) for i = 0 (mod p — 1), we have

(k - iﬁ) (mod p),

p—1
Sn+p—i(p—1),p) = 1 (mod p).

We also know that (’;"] =k (mod p?) is due to Equation (2.3). Tt follows that

kS(kp + n, kp)

:((k—l )S(n+p,p)+((k_l)p+n)S({k 1)p+n, (k—1)p)

t k—2+1i :
+Z({t—3)p+p—t+?)( 7 ) (mod p?) for n=1t(p—1). (4.21)

Theorem 4.10. If pis an odd prime, 0 < k+t<p,n=tp+j,and 0 < j <
p—t—1, then

S((k—=1)p+i, (k—1)p)

rfk4-1
S(kp+n, kp) = £ (k B I)S(n+p;p)+

()
()

S((k=r)p+n, (k—r)p) (mod p?)
(4.22)

forl<r<k-1.

Proof. We analyze (4.20) for the case when (p — 1) fn and t(p — 1) < n <
(t+1)(p—1). Ifi =0 (mod p — 1) then S(n + p —i,p) = 0 (mod p) but
S((k—1Vp+i(k—1)p) = (k e -T) (mod p). On the other hand, if n = i
(mod p—1), then S((k—1)p+1, (k —1)p) =0 (mod p) and S(n+p—i,p)=1
(mod p). The rest of the terms where i # 0 (mod p—1) and n # i (mod p—1)
are divisible by p2. It follows that

() st + .t E;((k— |

kp+n )

xS(n+p_i(p_l)7p)+;({k—l)PJrn—i(P—l)
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xS((k=1)p+n—i(p-1),(k—1)p) (modp?). (4.23)

If werestrict nton=1tp+4,0<j<p—-t—1, and 0 < k+1 < p, then the
binomial coefficients in both sums of the right-hand side of (4.23) are divisible
by p because of Lucas congruence. So, all the terms except when i = 0 in both
summations are divisible by p?. Equation (4.23) thus reduces to the form

(’E") S(kp + n, kp) = ( ot ) S(n+p.p)

(k—1)p
kp+n 5
((k —1p+ n) S((k=1)p+mn,(k—1)p) (mod p®). (4.24)

If we also apply Lucas congruence to the binomial coefficients, we have

kS(kp+n,kp) = (k

+1
o 1)t n)

+(k+t)S((k—1p+n,(k—1)p) (modp?). (4.25)
The theorem follows by using induction on r together with Equation (4.25). O

Corollary 4.11. If p is an odd prime, 0 < K+t < p, n = Ip+ j, and
0<j<p-t—1, then

t+k

S(kp+mn, kp) = (t+ .

)s+nn) mod ) (4.26)
Proof. Take r = k — 1 in (4.20). O

Theorem 4.12. Let p be an odd prime, k, t, and n be positive integers with
4<k+2<k+t<pandn=tp—1. Thenfor 1 <r < k-1, we have

S(kp+n, kp) = %(k glit)S(ﬂ-f-p;p)
i k—r(r o
gL ] )S((k—l)p+n:(k—1)p)+W( ki;—t)

X ¥ 1 (tt 1) S(n+p—i(p—1),p) (modp?). (4.27)

i=1

Proof. We analyze (4.23) for the case whenn =tp—1,t+k <p, and t > 2 so
that (p—1) f (tp — 1). In this case, S(n +p —i(p—1),p) =0 (mod p) and

((k-fﬁn ) = (—1)“1(k_1+t) (mod p), i #0,

)p+i(p—1) k—2+i
k k—
((kp—+];1p) = ( E _1 _ll— t) (mod p) when i = 0.
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Also, S((k—1)p+n—i(p—1),(k—1)p) = 0 (mod p), ([k—l);f:ft(p—l]) =
(—1)"=1(*71") (mod p) if i # 0 and ((kfﬂ;rp’:_"] =k+t—1 (mod p) for i = 0.

Consequently, (4.23) reduces to

kE—1+1¢
k-1

+§(—1)“ Gor) (T )swrr-io-vm)

+ 300 (TS - Dot ito = 1. - D) (anod )

kS(kp+ n,kp) = ( )S(n +p.p)+(k+t—=1S{(k-1)p+n,(k—1)p)

1
(4.28)

By Corollary 4.11, we have
S((k=1p+n—i(p—1),(k—1)p)
o (BTl g e 4
= ( jgd )S(p—}— n—i(p—1),p) (mod p~). (4.29)
Combining (4.28) and (4.29), we get

stk = (111500 )+ LS (- Dot 0, (- 1)
2 (el ) e () s emit 1) ot

(4.30)

The theorem follows by using induction on r and utilizing the preceding con-
gruence (4.30). O

Corollary 4.13. Let p be an odd prime, k, ¢, and n be positive integers such
that 4 <k+2<k+t<pandn=tp—1. Then

t+k—1 :
i=1
(4.31)
where bi = (—])ii:l%.
Proof. Take r =k —1 in (4.30). O

Theorem 4.14. If p > 3 is a prime and 2 < k < p — 1, where k is even, then
vp(S(p? — 1,kp)) > 2.
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Proof. For an even integer k with 2 < k < p— 1, letting n = p? — kp — 1 and
t = p — k in Theorem 4.12 generates the following relation:

S(* —1,kp) = (-1)*'S@* +p— kp— 1,p)
L N (.
=D, ( E—2 )5(P2 +p—kp—1—i(p—1),p) (modp?). (4.32)
i=1
Replacing k. n, and r by p, p+p*—kp—1,and p—k—1, respectively, in (2.5),
we get
Sp+p’—kp—-1,p)=(p-k)S@p—k-2,p)
—(p—k—-1)S(2p—k—1,p) (modp?). (4.33)

Similarly, for 1 <i < p—k— 1, we have
Sp+p* —kp—1-i(p—1),p)=(p—k—9)SGBp—k—2,p)
—(p-k—-i—-1)S(2p—k—1,p) (mod p®). (4.34)
The preceding three congruences together lead to the following:
S(p* —1,kp) = (-1)*[(p—k)SBp—k—2,p) — (p— k- 1)S(2p— k — 1,p)]

~ k-0 —k- 1) - (§)s6r- k-2

p—

k-2 i
-3 (P emk-is@r-k-2)
=1

p—k-2 §
0 z:: (pglgl)(pkil)s@pkl:p) (mod p%). (4.35)

i=1 -

Now using the identities Y"1, (*}*) = (*1¥17) and (*;157) = (*}3?) (mod p)
for even k, it follows that
p—k :
" o— 1 .
Z(pk_zz)(p—k—i)zk—f—l (mod p), (4.36)

i=1

S (Pl )e-k-i-n=kes mean. (s

i=1

From Equations (4.35) and (4.36), we get
S(p?—1,kp)=28(2p—k—1,p) — SBp—k —2,p) (modp?). (4.38)
Since 2p < 3p— k — 2 < 3p — 2, we obtain from Equation (2.6) that

SBp—k—2.p)=252p—-k—1,p) (mod p?), (4.39)
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and the theorem follows. O

The following theorem settles the lower bound of v,(S(p?, kp)) for even k in
the Conjecture of [17], which we mention in Equation (1.6).

Theorem 4.15. If p > 3 is a prime and k is even with 2 < k < p— 1, then
v,(S(p?, kp)) 2 5. (4.40)

Proof. Taking n =2 and m =1 in (4.14), we get

P—3Y 36(p2 _ _ayy ¥ 6 01 _ p=3.
S(p2, 2kp) = ( 3 )pS(p 1, (p—3)p) . (mod p%), ifk ==;

kp3S(p® — 1,2kp) (mod p%), otherwise.
(4.41)

From (4.41), we have the following weaker congruence:
S(p?,2kp) = kp*S(p? —1,2kp) (mod p°). (4.42)
The theorem follows from (4.42) and Theorem 4.14. O
4.2. Divisibility of S(p",k) when p [k. From Equation (2.10), we get
sp(k) — 1“ _

—a (4.43)

w(SG™0) 2 |

which shows that S(p™, k) is divisible by p unless k is a power of p (i.e., k = p™
for some positive integer m). Now we have the following result.

Theorem 4.16. Let p be an odd prime and 1 < k < p— 1. Then for any
positive integer n,

S(p".k) = S(p,k) (mod p?). So, v,(S(p™, k) — S(p.k)) > 2. (4.44)
Proof. Taking n = p? and r = p— 1 in (2.5), we get
S(p* k) =pS(2p—1,k) — (p—1)S(p,k) (mod p?). (4.45)

Using the minimum period from Equation (2.11) for S(2p — 1, k), the theorem
follows at once. a

Theorem 4.17. Let p be an odd prime and p < k < p?. If k = kyp + kg and
kﬂ :/é 0: then

S, k) = (}:)S(p —k1.kg) (mod p?). (4.46)
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Proof. From Equation (1.4), we get

2

kip + k (P o ,
( 1pk0 O)S(pz:klp+kﬂ) = (I: )S{z,klp)s(p2 - i’:kﬂ)
i=0
p—1 pg
= ( ip) S(ip, k1p)S(p* —ip.ko) (mod p?)
i=ky

(4.47)

since v, ((7 ) = n — v,(i).
Since p divides (E.p) for ky <i < p—1 and p divides S(ip, k1p) unless i = kq,
we have

k k
( 1Pk1' O)S(PQ,klp—f- ko) = ( )5‘032 klP kO (mod pZ). (448)
AlSO S(pil k]p -+ ko) 0 (mod p and (k‘rp+k‘o) =1 (mod p)' I\"IOI'EO\'erj

(-'n p) =(f ) (mod p?). Consequently,

S kip+ ko) = (,f’ )S(pz ko) (04,5 (4.49)

Now using the minimum periods on the preceding congruence, the theorem
follows. |

Remark 4.18. Theorem 4.17 gives an exact p-adic valuation for some special
cases.

Corollary 4.19. Let p be an odd prime and k = kp+ ko > p, where k) and kg
are the p-adic digits of k. If s, (k) = p or sp(k) < pand t,(p— ki, p—sp(k)) =0,
then

u,(S(P? k) = 1. (4.50)

Different values of t, are mentioned in Equation (2.9). The following theorem
is a generalization of Theorem 4.17.

Theorem 4.20. If k is a positive integer not divisible by an odd prime p with
p < k < p" for some positive integer n > 2, then
S(p"™, k)
0 (mod p?), if s,(k) > p;

(, nl-i—Z:;xl . )S(p— 375 kn._.. ko) (mod p?), otherwise,
(4.51)

e ok

where k,_ kn__,.'+ ,kn,.kn, = ko, are the non zero p-adic digits of k.
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Proof. For n = 2, the result follows from Theorem 4.17. So, let n > 2. Let
k= Z::g k.p" such that for each 1 < r < ¢, k, is the r-th p-adic digit of k
and kg # 0 # k;. Removing all the zero digits from the expression of k, we can
re-write

k= i: kn, P (4.52)

r=0

where k,_ # 0 for every r with 1 < r < 7. Then from (1.4), we have

k n p" pn . . N . 71 .
(k‘nrp”‘r)s(p 1K) = E( i )S(z;kn,p )S(p"™ — E,an,p )- (4.53)

i=0 =0
The binomial coefficients on the right-hand side in (4.53) are divisible by p?
unless i is divisible by p"~! and hence the preceding equation reduces to

p e T—1
S k) =) (ipﬁ_l) S(ip" ™t ka,p")S(P" —ip" 1) ka,p™)  (mod pP).
i=0 r=0
(4.54)
Here, (ipﬂ“_l) = (?) (mod p?) and each of these binomial coefficients are divis-
ible by p unless i = 0 or p. Using (2.1), we observe that S(ip"~1,k, p7) is
divisible by p"r if i # k,_. Moreover, S(kn_ p" ', k, p") =1 (mod p), and
so,

T—1
s6m 0= (2 )56~ ks LY k™) (mod ). (@59)
r=0

ns

We then have

7—1 T 71 (p—kn,)p" " _ e
(Z’=“ 51 )5 (2" —kn, p"0 D k)= ) ((p e )
r=0

kn,_2p"r i=0 !
T—2
X S(iskn,_,p"")S((p — kn, )Pn_l -1, Z kn.p""). (4.56)

r=0

Using the same technique as in the proof of Theorem 4.17, we obtain

=1 p—kn, (p _ k )pn—l
07 ks Sk = 3 (P s ke
r=0

i=0 ip"'_l
=2

X S((p = ku o™ — g™, 3k p™) (modp) (457)
r=0

which also yields the following:

7—1
S(p™ - knrpn_]: Z kn,p"")

r=0
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0 (modp), ifk, +k. ,>np
(i:i‘:)S((p —kn, —kn,_ )P 22 ka, p")  (mod p), otherwise.
(4.58)

Denoting A, = S((p — Z“_l ko, )p" 1Y ks, p™) and combining (4.55)

r=0 r=0
with the preceding congruence, we get
0 (mod p?), if ku, +ku,_, 2 ;
S(p" k) = ) e e ) _ (4.59)
(kn,,kn,_l,pfknffkn,_l))\g (mod p*), otherwise.
We employ the same technique recursively to get the congruence

0 (mod p?), if Y725 kn, . 2 p;

7L o
S, k) = s sl PE_E:;II k“r)/\f (mod p?), otherwise (4.60)
if g = 0.
Now applying the minimum period on S((p— 3723 kn,_,)p" 1, k), we get the
desired result. ]

Corollary 4.21. Let p be an odd prime.
(a) Let k = S2'_, kip' > p be the p-adic expansion of k with kg # 0. If
sp(k) < pand t,(p— sp(k) + ko, p — sp(k)) = 0, then v,(S(p?, k)) = 1.
(b) If n =2, sp(k) <p,and 1 < kp+1 < p”, then vp(S(p", kp +1)) =1.
(c) fptkand k < p™ < p", then S(p", k) = S(p™, k) (mod p?).

Remark 4.22. From Corollary 4.21(a), we observe that t,(p — s,(k) + ko, p —
sp(k)) = 0 when sp(k) = p—1; sp(k) = p— 2 and v,(3p — 3k1 — 5) = 0;
sp(k) = p—3; s,(k) = p—4 and v,(15n® — 150n? + 4851 — 502) = 0 and so on.
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Abstract This paper consists of certain congruence properties of Stirling numbers of the first and second kinds.
Some congruence relations between s (n, k) and S(n, k) for different modulo are obtained through their generating
functions. We also present some exact p-adic valuations of s(n, k) and S(n, k) for some cases, mainly when
n — k is divisible by p — 1 for odd prime p. Some estimates of the p-adic valuation of these two numbers are
also presented when p — 1 does not divide n — k.

Keywords Congruence - Generating function - Primes - p-adic valuation - Stirling numbers
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1 Introduction

The p-adic valuation of an integer a denoted by v, (a) is the highest exponent of p that divides a, where p is a
prime. It follows that p*»@ | a but p!+%»(@ 4 a. Every integer has a unique p-adic expansion. If

a=a0+a1p+a2p2+-~~+an1)",

where 0 < a; < p — 1, this expression is unique, and g;’s are called the p-adic digits. The sum of a’s p-adic
digits is denoted by s, (a). Thus,

n
spla) = Z a;.
i=0
This sum is related to the p-adic valuation of binomial coefficients [14] as

n\\ _ spk) +sp(n —k) —s,(n)
U”((k)) - p—1 '
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Some important generating functions of Stirling numbers of the second kind S(n, k) and the first kind s(n, k) are

= ans(”’ D', "= Xn:(—l)"*"s(n, i)x', (1)
n—1 n_1 i=0 . n_i]:()
H(l—ix)=Zs(n,n—i)xi, H(H'ix):Z(—l)iS(n,n—i)xi, .
) i=1 l ooi:o kizl | (;:0
o i) Z,Z;)S(Hk’ o Dm Zg(_l)"ﬂwk,k)x”, 3)

where the notations x” and x stand for the falling factorial and the rising factorial of x, respectively.

Stirling numbers are related to several sequences of numbers, making them interesting to many researchers. In
recent years, divisibility properties of Stirling numbers of the second kind for an even prime appeared in Adelberg
[2], Hong et al. [7], Lengyel [11], Wannemacker [22] and Zhao et al. [24].

For positive integers a, k, and a prime p such that a < k < p, and for each positive integer n = a
(mod p™~1(p — 1)), Miska [15] confirmed that

v (S, k) = vp(S@+ (p— Dp™ ™1 k) +v,(n —a) —mo + 1.

Singh and Lalchhuangliana [18] proved, using a combinatorial approach and a concept of minimum periods,
that

v (S(p", kp)) > 2,

for any integern > 2and2 <k < p — 1.
Chan and Manna [4] obtained a congruence relation for S(r, kp™) modulo p” and found that p™ always divides
S(n, kp™) whenever n # k (mod p — 1). Adelberg [1] discussed the concept of Minimum Zero Case (MZC),
and if n = aph, l<a<p-—1,and (p — 1) | (n — k), then S(n, k) is MZC with exact p-adic valuation
— s,k
vp(S(n, k) = M_
p—

For more results about the divisibility properties of Stirling numbers of the second kind, we refer to Davis [5],
Sagan [17], Singh et al. [19], Tsumura [21], Sun [20], and Young [23].
For any prime p, Lengyel [12] confirmed that

vp(s(ap" +b,ap” +b—k)) = v,(s(b, b —k)),

where a, k, b, and n are integers such that a > 1 with (a, p) = 1,2 < k + 1 < b and n is sufficiently large.
Qiu and Hong [16] showed that va (s (2", k)) = v2(s(2" + 1,k + 1)) for | <k < 2", and v2(s(2n,2n —k)) =
2n —2 —wvy(k—1)ifkisoddand 2 < k < 2"=1 4 1. Komatsu and Young [10] proved that

vp(s(n + 1,k + 1)) = vp(n!) — v, (k!) — kr,

where n, k, m, and r are positive integers such that n = kp” +m and m < p”. More results about the divisibility
of Stirling numbers of the first kind can be seen in Cao and Pan [3], Hong and Qiu [8], Howard [9], and Leonetti
and Sanna [13].

This paper present the congruences of S(n, kp™) and s(kp™, n) explicitly in terms of binomial coefficient when
n = k (mod p — 1). We further obtain congruences for S(n, k) and s(k, a) modulo p, p™, and p", where
m = |logp(k)] and n > m. We reduce the congruences to simpler results for some special cases. The exact
values of v, (S(n, k)) and v, (s(n, k)) for some special cases of n = k (mod p — 1) are obtained. We also discuss
the case when S(n, k) and S(n — 1, kK — 1) have the same congruence property.
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2 Preliminaries

The generating functions of S(n, k) and s(n, k) play a significant role in obtaining their congruence properties.
We will assume p as an odd prime unless stated otherwise. We use the congruence property of the polynomial

Chan and Manna [4]

kp™
[Ta—i0 = —x=H"" (mod p™).

i=1
If we replace x with 1/y, we get

kp 1 kp)?l
[Ta-i0=—w]lo-D
i=1 Y i

nlle
and

m—1 m—1

(1 —xP=He TN Vi

~ kp=Dp

It follows that

m

kp

. m—1 _ m—1
[Jo-D=y""0""=D""" (mod p™.
i=1

‘We can also write this result as

mn 1

P = k" e D" (mod ™.
Replacing x by —x in Equations (4) and (6), we obtain

kp™

m—1

]_[(1 +ix) = (1 —xP~Hkr (mod p™)

i=1
and

kP = (kR T Pl DR (mod p™).

Davis and Webb [6] proved, for a prime p > 3, that

()-() o

where e =3 +v,(n) +v, (k) +vp(n — k) + vp((Z)). With the help of Equation (9), it is easy to confirm

(1—=x)" =1 —=x"""y" (mod p"*')

for any integers n and m such that 0 < m < n.

“4)

®)

(6)

(7

®)

)

(10)
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3 Results

In this section, we prove our main results which we present in theorems and corollaries. The first theorem gives
the congruence relations between Stirling numbers of the first kind and Binomial coefficients.

Theorem 1 If p is an odd prime and k is a positive integer not divisible by p, then for any positive integer m,
the following congruences hold;

a) skp™, kp™ —b) = (=D¥s(kp™, kp™ ' +b)  (mod p™),
kp™ ! b
by stkp™ kp™ —by= (", )(=D?T (mod p™),

p—1
ifb=0 (mod p—1)andb <k(p—1)p" .
¢) stkp™,b) =0 (mod p™),
ifb<kp™ 'orkp™ ' —b£0 (mod p—1).
d) s(kp™,b) =skp™ +1,b+1) (mod p™),
for any integer b such that 1 < b < kp™ — 1.

Proof We know that

kp™—1 kp™—1
[] a—in= > stp” kp™ —i)x!
i=1 i=0
kp™
ke — Zs(kpm, iHx'.
i=0

Due to Equations (4) and (6), we get

kp™—1
m—1

[] a-ixy=@a—xr=h (mod p™);
i=1

A2 = " =t R (mod p™).
It follows that
kpm—] ' kpm71 kpm—] o
Z stkp™, kp™ —i)x' = Z < ' )(—l)fxf(”_l) (mod p™);
i=0 j=0 J
kpm ‘ . kpm_l kpm—] o
Zs(kpm,i)x’ = xkr Z < ) )(_1)k1x/(p1) (mod p™).
i ; J
i=0 j=0

Comparing the coefficients of x?, we get the first three results, and the last result is obtained from the congruence

kpm kpm—l
]_[(1 —ix) = ]_[ (1 —ix) (mod p™). (11)
i=1 i=1
Hence, the theorem follows. m]

Corollary 1 Let n = kp™, m > 1, be an integer with only one non-zero p-adic digit, and p > 3 be a prime.
Then, s(n, a) is divisible by p if and only if n # a (mod (p — l)pm_l). Further, s(n, a) is divisible by p"H,
0<t<m—1,ifandonlyifn —a < kp™ Y orn #a (mod (p — 1)p™177).

Proof Follow the proof of Theorem 1 and use Equation (10). O
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Corollary 2 For an odd prime p and integers k and m such that p t k and m > 1, we have

Vp(stkp™ +1,a+ 1)) = vp(skp™, a)) =m — 1 —v,(a), (12)
whenever m — 1 > v,(a), kp’”_1 <a<kp" andk =a (mod p — 1).
Proof The proof is based on the equality vp((gg,':,)) =n—mwhenpta,ptb,andn > m. O

Remark 1 If n > m, the p-adic valuation of the binomial coefficient (ZI’)’,’:,) is equal to v P((b p,i_,l)). It follows

thatif m — 1 < vp(a) and vp((kp_:pl,m)) < m — 1, we have
k
0y (s(kp™ + 1,a + 1)) = v, (s(kp™, a)) = vp(<kp ~ aplm)>' (13)
It is also trivial from Theorem 1 that
Min{v,(stkp™ +1,a + 1)), vp(skp™, a))} = m (14)

when a < kp™ 'orkp™ ' —a #0 (mod p —1).
The following theorem is a generalization of Theorem 1.

Theorem 2 For an odd prime p and positive integers k, m, a, and b, the following congruences hold;

-k m—1
stkp™ +a,kp™ ' +b) = Z(—l)k_’( P >s(a,b—i(p —1)) (mod p™) (15)
- i
1
ifb<a+k(p—1p" ! and
stkp™ +a,b) =0 (mod p™). (16)
ifb < kp™=1.
Proof We have
kp™+a
xkpta Z stkp™ + a, i)x' 17
i=0

and

kpm a—1
= T =) [ [ = Rp™ + 1)
i=0 i=1
=" Pt - DR R (mod p™)
m—1 k! kp™—! . a .
= xkr Z ( , )(—1)k’x’(”]) Zs(a, Hx! (mod p™). (18)
l

i=0 j=0
Comparing the coefficients of xkP""'+b i the RHS of Equations (17) and (18), we obtain
m m—1 k—i kpm_l . m
skp™ +a kp" T+ b= Y (=) )s(a, j) (mod p™). (19)
i(p—1)+j=b !

Changing the index j to b — i(p — 1) confirms the first result of the theorem. The coefficient of x” on the
right-hand side of Equation (18) vanishes if n < kpm_l; hence, the second result follows. m]

The following corollaries are special cases of the preceding theorem.
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Corollary 3 For an odd prime p and positive integers k, m, a, and b;
(i) oa = (=D*s(a,b) (mod p™) ifb<p~—1,

i) o) — m—1—v,(| 55D, if (p =D tband |32 < p s
pop-l m—l—vp(%—l),if(p—l)|band%<pm71.

where o, = s(kp™ + a, kp" ' + b).

Proof On observation of Equation (19), we can see that;

(1) If b < p — 1, then the only solution of i (p — 1) + j = b for (i, j) is (0, b), unless b = p — 1, in which case
there are two solutions, namely (0, p — 1) and (1, 0). The corresponding term for the solution (1, 0) vanishes as
s(a, 0) = 0. Hence, (i) follows.

(i) Letb = g(p — 1) +r such that 0 < r < p — 1. The only solution of i(p — 1) + j = g(p — 1) + r with
j<p-1is(i,j) =(q,r),ifr # 0. Thus, we get

k m—1
stkp™ +p—1,kp" ' +b) = (—l)k_q( P >s(p —1,r) (mod p™). (20)
q

Now, we obtain the congruence for s(p — 1, b):
We have

—1 x2 2

= =@’ -x)1—-—x+x"—---) (mod p).
x—p+1

It follows that

p—1

Zs(p— Lixi=—x+x>=x 4+ +x”"" (mod p)

i=0

and

s(p—1,i)= (=1 (mod p) (1)

ifl<i<p-—1.

Therefore, the valuation of the binomial coefficient (k” Z_I) ism—1-—v,(g) and s(p — 1, r) is not divisible by
p. Thus, the first case of (ii) follows.

On the other hand, if r = 0 or b = g(p — 1), then there are two solutions of i (p — 1) + j = g(p — 1), namely
(¢,0) and (g — 1, p — 1). The corresponding term for the index (g, 0) is zero since s(p — 1, 0) = 0. Following
the proof of the first result, we get the second case of (ii). O

Corollary 4 For an odd prime p and positive integers k, m, a, and b;
kpm—l
stkp™ +a,kp™ ' +b) = (—1)q( >s(a, r) (mod p™)
q

ifa<p—1landb=q(p—1)4+rwith0<r <p-—1.

Proof Given Equation (19), the only solutionof i (p — 1)+ j = q(p — 1) +ris (i, j) = (g, r). Hence the result
follows. o

Remark 2 The p-adic valuations of large classes of Stirling numbers of the first kind can be obtained using
Theorem 1, Corollaries 3, and 4. The first result of Corollary 4 yields the following exact p-adic valuation,

p(skp™ +a, kp" b)) =m — 1 — v,,(L%J), (22)

ifb=1,a,a—1ora—3 (mod p — 1), assuming conditions of the corollary apply.
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Theorem 3 Let p be an odd prime and k, a, b, m, and t be positive integers such that max{k, a} < p — 1,
t <m,andb < ap'. Then,

0 . = s(ap',b) (mod p™), ifa#b (mod p—1)orb <ap'™!; (23)
W\ s@ap',b) (mod pmvr®=1y " otherwise.

where 6, = s(kp™ +q, kp™ + b).

Proof Replace a and b in Equation (19) with ap’ and k(p — 1) p™~! + b, respectively; we obtain

k—i kpmil ro m
Oapt = > (-1 o Js@p’s i) (mod p™).

i(p—D+j=k(p—1)p"~14+b

If we replace the index j with (kp™~! —i)(p — 1) + b, we get

m—1

[k
Oapt = Z(—D""( pl. >S(ap’, (kp™ ' —i)(p— 1) +b) (mod p™).

By reversing the index, we get

m—1

[k
%ysZ(—l)l(”i )S(apt,bJri(p—l)) (mod p™). (24)

Using Theorem 1, s(ap’, b+ i(p — 1)) is divisible by p’ if a % b (mod p — 1) or b < ap’~!. The valuation
of (kpr;il) ism — 1 —v,(i) unless i = 0. Thus, the valuation of the i —th terms, i # 0, of the right-hand side
of Equation (24) is greater than or equal to m — 1 4+t — v, (i). The range of the index i is determined by the
inequality b < b +i(p — 1) < ap’, which implies that 0 <i < a Z;;}) p". It follows that v, (i) <t — 1 and
consequently m — 1+t — v, (i) > m. Hence, p™ divides all the i — th terms except the term with i = 0. Thus,
the first case of the theorem follows.

Now, we assume thata = b (mod p — 1) and ap’™! < b < ap’. Therefore, we can express b as ap’ —q(p — 1)
with 0 < ¢ < ap'~!. Equation (24) becomes

m—1

(K
Oupt = Z(—D’( pi >S(apt, ap' = (g —i)(p—1) (mod p™). (25)

Given Theorem 1, the valuation of the i-th term on the RHS of the preceding congruenceis m +t —2 — v, (i) —
v,(g — 1) if i > 0. Therefore, two sub cases arise, namely v, (g) < v, (i) and v, (i) < vp(q);
Ifv,(g) < vp(i), we have v,(g — i) = vp(g) and

mAt—2—v,3) —vplg—i)=m—1—v,(q)+(t =1 —v,3) =m—1—-v,(q),

since v, (i) <t — 1.
Ifv,(i) < vp(g), we get

mAt=2—vp) —vplg —i) = m—1=vy(@)+(t = 1=vylg =) =m—1-1v,(q),
since vp(g —i) <t —1.

The equality b = ap’ — q(p — 1) also implies that v,(b) = v, (g) for the given condition. It follows that all the
terms except when i = 0 are divisible by p™~!=%(®) Hence, the second case of the theorem follows. O
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3.1 Valuations of S(n, kp™)

Using Equations (3) and (4), we have the following result [4];
o o
kp™ U+ j =1\
Z S+ kp™, kp™)x" = Z < P —,FJ )xj(pl) (mod p™), (26)
; J
n=0 j=0

which implies S(n, kp™) =0 (mod p™)ifn # k (mod p — 1); otherwise,

kpml 4 4
Skp™ + a, kp™ E( -1 ) mod p™ 27
(kp P P (mod p™) @7
for any non-negative integer a witha =0 (mod p — 1).
Due to Equation (11), we also have the congruence
Skp™ +a—1,kp™ — 1) = Stkp™ +a, kp™) (mod p™). (28)

The following theorem is a consequence of Equations (26), (27), and (28).

Theorem 4 Let p be an odd prime and k be an integer not divisible by p. For any positive integer n such that
n=k (mod p—1)andn < kp™ + (p — l)pm_l withm > 1;

vp(S(n— 1, kp™ — 1)) = v, (S, kp™)) =m — 1 — v, (n). (29)
Ifn #k (mod p — 1), then
min{v,(Sn, kp™)), vp(S(n —1,kp™ — 1))} = m. (30)

Proof The second result is trivial from Equations (26) and (28).
We assume n > kp™ and let n = kp™ + b(p — 1) with b < p”~!. From Equations (27) and (28), we have

Stkp™ +b(p — 1) = 1, kp™ — 1) = S(kp™ + b(p — 1), kp™)

kp™ ' 4+b—1
< p ;_ ) (mod p™).

The p-adic valuation of the above binomial coefficient is given as

vp((kpm_l ; b— 1>> _ spb) +spkp™ " — 11— splkp™ '+ b — b 1)
p—1
and we have
spkp™ ™ = 1) = sp((k = Dp" '+ p" T = 1)
= sp((k = Dp" "D +5,(p" 1 = 1)
=splk =D+ (m—-D(p—D. (32)
Further, & is not divisible by p and then s,(k — 1) = 5, (k) — 1. Therefore, Equation (32) reduces to
spkp™ = 1) = s, (k) + (m — 1 (p — 1) — 1. (33)
Since m > 1 and b < p"~!, we have
sptkp™ ™ b —1) =5, (kp™ ) +5,(b— 1)
=spk) +s5,(b—1). (34)
Letb = b'p'»® ., p {1, for some positive integer b'. Replacing kp™ with b in Equation (33); we get
sp(b—1) = 5,(B) — 1 +v,(B)(p — 1) (35)
since s, (b) = s, (b’). Therefore, combining Equations (31), (33), (34), and (35), we get
u,,(<kpm_1;rb B 1)) =m—1—u,b).
It is also trivial from our assumption of b that v, (b) = v, (n). Hence the theorem follows. |
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Definition 1 Let a be a positive integer whose p-adic expansion is given by
a=ay+aip+ap +--+ap.

For a fixed integer k, 1 < k < p — 1, we define pp x m(a) as

0, (fk +am < p),
pPpikm(@) = 114+n, (tk+an > papy1 = =apn=p—1 (36)
and dpyyn+1 < p — 1).

Here, pp k,m(a) is the number of carries when adding a and kp™ in base p. Using Kummer’s theorem, we can
see that p, x m(a) is, in fact, vp((”+];pm)).
The preceding theorem restricts the value of n to less than some particular value. The following theorem gives

an alternate result of Theorem 4 when there is no restriction on the values of n but restrict k < p.

Theorem 5 Let p be an odd prime and k be a positive integer less than p. For positive integers m and n such
thatn =k (mod p — 1);

m m n —kp"

op(Stn = 1 kp" = 1) = vp(SCn kp™) = Pyt () (37)

ifpp,k_l,m_l(";f’i ) <m —1 < v,(n). However, ifpp,k,m_l(";f’} ) < vp(n) <m —1, then

UP(S(n - lvkpm - 1)) = Up(S(nvkpm))
n—kp™

=m-—1—-v,(n) + ppk,m-1 (ﬁ) 38)
Proof Sincen =k (mod p—1),wecanwriten = kp™ +a(p—1).Leta = Z?:() a; p' be the p-adic expansion
ofa = ";f’im for some positive integer g. To prove the theorem, it is enough to obtain v p((kp m7;+”_1)) for both

cases. For the first case, we have
a=ap
for some positive integers @’ and f such that p 1 a’ and ¢t > m — 1. Therefore,
splkp" ™t d'pt =) = spk+a'p T = 1) 5, (P = 1)
and
sp(kpm_1 - D=k—-1 —i—sp(pm_] — 1.
Thus, the valuation of the binomial coefficient is

( kp™ ' 4a—1 ) _spa) —spk—1+a'p™ ) +k—1
Vp u = p—1 :

(39)

Suppose t > m — 1, the sum of the digits s, (k — 1 + a’p’_””‘l) can be split into the sum s,(k — 1) + sp(a/)
since we assume 1 < k < p — 1. In this case, the valuation of the binomial coefficient becomes zero, which
is also equal to pp k m—1(a), since the (m — 1)-th p-adic digit of a is zero and k + a,,—1 = k < p. Now, we
assume that v,(a) = m — 1, which means thatr = m — 1 and @’ = a,—1 + amp + amy1p* + - - It follows
thatif k — 1 + a,,—1 < p, then

sptkp™ ' +a—1) =s,(a) +s,tkp™ " = 1)

m—1 _
and v, ((*7 JFN) = 0= ppi-tm—1(@).
Ifk—1+a,-1 > p, then
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m_2+)0p,k—l,m—l(a) q
a=an1p" "t +(p-1 > P+ > aip',
i=m i=m—1+ppk—1,m—1(a)

kp" 't a—1=(@u +k—1-ppm!
+ (amflerp,k—l,m-l(a) + 1)pm_1+PP.k71.m—l(0)

q

+ > aip',

i=m+pp,k— 1,m—1 (a)
which implies

q
5p(@) = am-1+ (p = D(Ppi—1m-1(@) — D + > a,

i=m+0p,k—1,m—l(¢1)

q
spkp" " ta-D=k=ptana+ ) a

izm"‘ﬂp.k—l,m—l (a)

=sp@) — (p — Dppik—1.m—1(a) +k—1

Therefore, we get

. ( kp™ ' +a—1 )_sp(a)—s,,(k—l—f—a)—f-k—l
P a N p—1

= Ppk—1,m—1(a).

Using this valuation in Equation (27), the first result of the theorem follows. The second result of the theorem
can be obtained through the same method. O

Remark 3 1f there is no restriction on the value of k and v,(a) < m — 1, we can write a as a = cp”"1 + b,
where b < p’”_l. Therefore,

(7T = ()

For v,(a) > m — 1, we have a = cp’”_1 for some integer ¢ and hence

vp<(kpm1:a - 1>) _ Up<<k+z— 1>>

If the valuations obtained are less than m — 1 for both cases, then they are the valuations of S(kp” +a(p—1), kp™)
for both cases.

Theorem 6 Let p be aprime greaterthan3 andn, k, andm be positive integers. Then, p divides S(n, kp™) ifn =
k (mod (p—1)p™=1). More precisely, p'*1',0 <t < m—1, divides S(n, kp™) ifn # k (mod (p—1)p™~171).

Proof The theorem can be proved using Equations (3), (4), and (10). O
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3.2 Congruence relation between S(n,k) and s(n,k)

Now, we establish congruence relations between Stirling numbers of the first and the second kind using their
generating functions. The next theorem gives the results for S(n, k) modulo p. We use the notation [#] to denote
the set {0, 1, 2, ---, n} for simplicity.

Theorem 7 Let p be an odd prime and n, k, a, and d are positive integers such thata < pand0 <d < p —1,
then

S(n,kp—i—a)z(—l)ds(p—a,p—a—d)< p-1 ) (mod p)

ifn—k—a=d (mod p— 1) for somed € [p — 1 — a], and
S(n,kp+a)=0 (mod p)
ifn—k—a#d (mod p—1)foranyd € [p —1—al.
Proof We have
I ML (=i
M2ea—io 570 —in

and we get the following congruences;

1 ,.n_—a—l 1+ix
kpta = i E] ler]) (mod p),
H,‘i1 (I —ix) (1 —xr=0
oo p—a—1
Z Sn+kp+a,kp+a)x" = Z s(p—a,p—a—i)(=Dix
n=0 i=0
o .
k )
X Z( —i.—]>x](p_1) (mod p).
— J
j=0
It follows thatif n =d (mod p — 1) ford € [p —a — 1], then
k + n—d
S(n+kp+a,kp+a) = (—1)d< k”_1>S(P —a,p—a—d) (mod p), (40)
andifn #£d (mod p — 1) foranyd € [p —a — 1], then
Sm+kp+a,kp+a)=0 (mod p). 41)
If we replace n + kp + a with n in Equations (40) and (41), we get the required results. O

Remark 4 The following results are consequences of Theorem 7, specifically for the prime p = 3 and p = 5:
For p=3, we have two classes (since p — 1 = 2) foreach a € {0, 1, 2}. We get the following congruences:

n—k
(7) (mod3), ifn—kiseven;

S(n, 3k) =
0 (mod 3), if n — k is odd,

2 1 _ 3 .
Sk 4 1) = (njiz) (mod 3), ifn — kis odd;
(27) (mod3), ifn—kiseven,

n—k—2
( 7 ) (mod 3), ifn —kiseven;

Sn,3k+2) = ) )
0 (mod 3), if n — k is odd.
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For p = 5, we have four classes (since p — 1 = 4) for each a € {0, 1, 2, 3, 4}. We get the following
congruences:

n—k .
S(n. 5k) = ( 7 ) (mod35), ifn=k (mod4);
0 (mod 5), ifn £k (mod 4),
n—k—1

(7)) (mod5), ifn=k-+1 (mod 4);
( 7 ) (mod 5), ifn=k+2 (mod 4);
()
(i)

S(n,5k+1) =

(mod 5), ifn=k+3 (mod 4);
(mod 5), ifn=k (mod 4),

n—k=2

( : ) (mod 5), ifn=k+2 (mod4);
n—k—3
) (mod 5), ifn=k+3 (mod 4);

S(n,5% +2) = S(n,’g,

I

Z(T) (mod 5), ifn=k (mod4);
0 (mod 5), ifn=k+1 (mod4),

n—k—=3

( ) (mod 5), ifn=k+3 (mod 4);
S(n, S5k + 3) = ("_4_4) (mOd 5), ifn=k (mod 4)’
0

s

k
(mod 5), ifn=k+1 or k+2 (mod 4),

(’17}%) (mod 5), ifn=k (mod 4);

S(n,5k+4) = ]
0 (mod)5), ifn=k+1, k+2, or k+3 (mod 4).

In the case of S(n, 5k), the multiplier s(5,5 — d) where d € {0, 1, 2, 3} is divisible by 5 except when d = 0.
It is also easy to see that the binomial coefficients on the RHS of the above equations reduce to 1 if kK = 0. This
observation leads us to acquire the following exact p-adic valuations:
For a prime p = 3 and any positive integer n,

a) v3(8(2n,2)) =0,

b) v3(S(6n +3,3)) =v3(S(6rn+5,3)) =0,

c) v3(S(6n,4)) =v3(S6n+1,4)) =v3(S6n +4,4))

=v3(S(6n +5,4)) =0,

d) v3(S(6n +1,5)) =v3(S6n+1,5)) =0,

e) v3(S(6n,6)) =0,

) va(S6n+1,7) =v3(S6n+2,7) =0,

g) v3(S(6n,6)) =0.

For a prime p = 5, we have the following p-adic valuations:

a) vs(S(4n,2)) = v5(S@n +2,2)) = v5(S4n +3,2)) =0,

b) v5(S(4n,3)) = vs(SHn +3,3)) =0,

) vs(S(4n, 4)) =0,

d) vs(S20n +r,5)) =0, ifre{5,9,13, 17},

e) v5(S20n +r,6)) =0, ifr € [19]\ {2, 3,4, 5},

f) vs(SQ0n +r,7) =0, ifre[19]\({2,3,4,5,6,10, 14, 18},
g) vs(S20n +r,8)) =0, ifre{0,1,8,9,12,13,16, 17},

h) vs(S20n +r,9)) =0, ifr €{1,9,13,17}.
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The following theorem gives a generalization of Theorem 7 from modulo p to modulo p™.

Theorem 8 For an odd prime p and positive integers k, b, m, and n such that b < p™

congruences hold;

m—1 s
S+ kp™ + b, kp™ + b) = Z(—l)”((k +hp ; +J 1)

x s(c,c—n+j(p—1)) (mod p™)
and

k + 1)pm—1>

s+ kg b=y = Y (CFD
J

J
xS —j(p—1+ec,c) (modp™),
where ¢ = p™ — b.

Proof We have

(k+1)p™
1 1_[ _kpm+h+1

kp™m4+-b . k+1)p™m
7 a—io [0 —in

—ix)

and
kp™+b—1 (k+1)p'" .
—ix
H (I —ix) = l_[(k+l)p ) ) :
i=1 ni:kpm+b(1 —ix)
We obtain the following two congruences
1 AT+ .
kp +b . 1\ (k+1 m—1 (mOd 4 )’
[L2,77a —ix) (1_xp )k+Dp
and
kp™+b—1 —1\(k+1) m—1
1 —x? P
d=x") (mod p™).

]_[ (1—ix) =
i=1

17577 +ix)

Equations (44) and (45) generate Equations (42) and (43), respectively. Hence the theorem follows.

~1 the following

(42)

(43)

(44)

(45)

O

Theorem 9 For an odd prime p and positive integers k, a, m, and n such that kp™ < p" and m + 1 < n, the

following congruences hold;

n71+ i1
S(a+kp’",kpm)z(—1)“z<p j’ )
j

x s(bp™,bp™ —a+ j(p—1)) (mod p")

and

stkp™ kp™ —a) =) (=)™ (pj )
j

x S(a—j(p—1)+bp™,bp™) (mod p"),

(46)

(47)

@ Springer



A. Lalchhuangliana, S.S.Singh

Proof Using the same technique as in the proof of Theorem 8, we obtain the following two congruences;

(P" " =k)p" -1 ;
1 1.2 1 +ix)
o — = = — (mod p™) (48)
[[Z, (1 —ix) (1 —xP=Hp
and
kpm—l . (1 _xp_l)pn—l i
]_[ (I—ix) = — s —  (mod p"). (49)
i=1 [Tico (I +ix)
These two congruences generate the required results. Hence the theorem follows. O

Remark 5 In the second result of the preceding theorem, the generating function on the RHS of Equation (49)
generates an infinite term. In contrast, the LHS generates kp™ — 1 terms only. It follows that the sum vanishes
when a > kp™, i.e.,

. n—1
(G Vi (” ; )S(a —j(p =D +bp" bp™) =0 (mod p"), (50)
J

: m
}]; 3&/62 r{ccll))laée n = m + 1 in Theorem 9, the second result of the theorem yields the following congruence;
s(kp™, kp™ — a) = (=D*[S(a + bp™, bp™)
—S(a—p"(p—1)+bp", bp™] (mod p"*h), (51)
whenever p — 11 a. Moreover, ifa < p”(p — 1) and p — 1 { a, we obtain
skp™, kp™ —a) = (—=1)*S(a + bp™, bp™) (mod p™t1h). (52)

We can utilize Theorem 9 to obtain some values of v, (S(n, kp™)), which are always greater than or equal to m.
Although Theorem 5 deals with v, (S(n, kp™)), the theorem is restricted to valuations less than or equal to m
since the key congruences used in Theorem 5 are in modulo p™. The congruences obtained in Theorem 9 are in
modulo p” for arbitrary n, usually greater than or equal to m of S(n, kp™); the next theorem is an application of
such congruence.

Theorem 10 Let p be an odd prime and a, u, k, and m be positive integers such that p 1 a and a = 0
(mod p— ). Ifp" ' <u= p‘il < p" and# +k > p, then

vp(Skp™ +a, kp™)) = m. (53)
Proof Replace n and a in the first result of Theorem 9 with m + 1 and u(p — 1), respectively; we get
m i—1
S(a +kp™, kp™) = Z (p +_] )
; J
x s(bp™, bp™ — (u — j)(p— 1) (mod p"*1) (54)

where b = p — k.

Letu = Zl’-"z_ol u; p' be the p-adic expansion of u. We know that s (bp™, bp™ — (u— j)(p — 1)) is divisible by p”
if bp™ — (u — j)(p—1) < bp" ' or j < Y uip' —bp
(Pm+jf—1) if j < o, unless j = 0, in which case s(bp™, bp™ — (u — j)(p — 1)) = 0 since bp™ — u(p — 1) < 0.

m=1 — o (say). We can also confirm that p divides

Thus, all the j-th terms with 0 < j < « are divisible by p’"“, and we obtain
u m .
-1
S+ kp" kp™y =Y (” i )
: J

j=a

x s(bp™, bp™ — (u — j)(p — 1)) (mod p™T).
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From Theorem 1(b), we have

m—1

b :
s(bp™, bp™ — (u — j)(p — D) = ( P )(—1)”’ (mod p™). (56)

u—j
It follows that the p-adic valuation of each term on the RHS of Equation (55)is m — v, (j) +m — 1 —v,(u — j).
If p{jand j # u, then the valuation is 2m — 1 — v, (u — j), which is greater than or equal to m + 1 unless
vp(u — j) = m — 1. On the other hand, if p | j, then p { (u — j), and the valuation becomes 2m — 1 — v, (j),
which is greater than or equal to m + 1 unless v,(j) =m — 1. lfvy,(u — j) =m — 1, thenu — j = rpm—!
forsomer, ptr. If v,(j) =m — 1, then j = tp™=! for some 1, p 1 t. The only remaining term whose p-adic
valuation is less than m + 1 is the term with j = u. Thus, Equation (55) reduces to

b m m—1
Pl Hu—rp"T =1
s+ i =30 (7 o e
r=1 pT -
P u—rpnl—1
+ o1 Pr(p—1)pm-1
Um—1 pm —i—tpmi] . 1 1
+ Z ( Pm -1 )‘p(u—tp’”l)(p—l) (IIlOd Pm+ )1 (57)

t=uy,_1—b+1

where ¢, = s(bp™, bp™ — q), and the preceding equation can be written as

b m m—1
p"t+u—rp —1
Sla+kp™, kp™) = Z ( pm—1 )‘pr(P—l)[’ml
r=0
Um—1 m m—1
pr+tp —1
+ ( pm— 1 )‘p(u—zpmlxp—l) (mod p" ). (58)

t=uy,—1—b+1

Now, we have the following congruences

<pm+u_rpm—l _1) pm <pm +u_rpm—l)

pm—l :pm—l—u—rpm*l pm
m
== (mod p"*1), (59)
bp™! b
Prpm=1(p—1) = (rpm_1>(_1)r = (r) (_l)r (mod P)7 (60)
pm +lpm71 —1 B pm pm +l‘pm71
pm— 1 - P+ l‘pm_l pm
=2 (mod p?), 61)

t

and

bpm—l
—t
(p(uftp”‘_])(pfl) = (u _ tpm_1>(_1)u (mOd pm)

bpm—l ( bpm—l —1

)(—1)”_’ (mod p™)

u—tpn=1\y —tpm-1 -1
bp™ ' [ b—1
= pu <u 1 t)(_l)s,,(u)um_ll(_l)ul (IIlOd pm)
el —
bp™ ' b—1
= pu <u - t)(—l)"”ml_l (mod p™). (62)
e
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Let

m—1

b
- —1
X = Z(” e )s(bp"%bp’"—r(p—l)p’"“)

r=0

and

Um—1 pm + l‘pm_] -1 .
Y=y ( )s(bpm,bpm—(u—tp’"— )(p = 1)

m_
t=uy_1—b+1 p

From Equations (59), (60), and (63), we get

= Z( )(—1)’ (mod p"*1)

=0 (mod p"th.

From Equations (61), (62), and (64), we get

m Um—1
b( b—1
y=2 2 : —< )(—1)H‘ml—1 (mod p™*1)
u

t=upy—1—b+1 E\Um—1 —1
PR b b—1 | +1
= DI~ mod p™
ugum_l_[< ) )( )1 (mod p™TT
L S
= ( )( D'~ (mod p"*h)
u prd Up—1 — t

Using partial fraction decomposition, we get
b—1

b—t (b) bei—1 1
_ (-1 =i
From Equations (58) and (63) — (67), we obtain
m ( l)b " m+1
S(a +kp™, kp™) = (mod p™™h).

u(“y)
Since p { u (""",
vp(S(a +kp™, kp™)) = m.

Hence, the theorem holds.

(63)

(64)

(65)

(66)

(67)

(68)

(69)

O

The following theorem gives a generalization of Theorem 8 to congruence modulo p” for any positive integer n

greater than m.

Theorem 11 For an odd prime p and positive integers a, u, and n such that a < p", the following two

congruences holds;

n—1 i—1
S(u+a,a>z<—1)“z(” o )

J J
n n . n
xs(p" —a,p" —a—u+j(p—1) (mod p”)

and

n 1
s(a,a —u) = Z( 1)uﬂ< ) )

X S(u—J(p—1)+p" —a,p" —a) (mod p").
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Proof The proof is similar to the proof of Theorems 8 and 9. O

Remark 6 1t follows from Theorem 11 that if 0 < u < p — 1, then the index j has only one possible value,
which is j = 0. Therefore,

Su+a,a)=(—D"s(p" —a, p" —a—u) (mod p") (72)
and

s(a,a—u)=(—1D)"Swu+ p* —a, p" —a) (mod p"). (73)

Declarations

Conflicts of interest The authors have no conflicts of interest to declare. All co-authors have seen and agree with the contents of
the manuscript and there is no financial interest to report. We certify that the submission is original work and is not under review at
any other publication.

References

1. Adelberg, A. (2018). The p-adic analysis of Stirling numbers via higher order Bernoulli numbers. Int. J. Number Theory, 14(10),
2767-2779. https://doi.org/10.1142/S1793042118501671
2. Adelberg, A. (2021). The 2-adic analysis of Stirling numbers of the second kind via higher order Bernoulli numbers and
polynomials. Int. J. Number Theory, 17(1), 55-70. https://doi.org/10.1142/S1793042121500044
3. Cao, H. Q., & and Pan, H. (2008). Congruences on Stirling numbers and Eulerian numbers. Acta Arith., 132, 315-328. https://
doi.org/10.4064/aal32-4-2
4. Chan, O-Y., & Manna, D. (2010). Congruences for Stirling numbers of the second kind. Contemp. Math. Gems Exp. Math.,
517, 97-111. https://doi.org/10.1090/conm/517/10135
5. Davis, D. M. (2013). p-adic Stirling numbers of the second kind. Fibonacci Quart., 52(3), 226-235.
6. Davis, K., & Webb, W. (1993). A Binomial Coefficient Congruence Modulo Prime Powers. J. Number Theory, 43(1), 20-23.
https://doi.org/10.1006/jnth.1993.1002
7. Hong, S., Zhao, J., & Zhao, W. (2012). The 2-adic valuations of Stirling numbers of the second kind. Int. J. Number Theory,
8(4), 1057-1066. https://doi.org/10.1142/S1793042112500625
8. Hong, S., & Qiu, M. (2020). On the p-adic properties of Stirling numbers of the first kind. Acta Math. Hungar., 161, 366-395.
https://doi.org/10.1007/s10474-020-01037-2
9. Howard, F. T. (1990). Congruences for the Stirling numbers and associated Stirling numbers. Acta Arith., 55(1), 29—-41. https://
doi.org/10.4064/aa-55-1-29-41
10. Komatsu, T., & Young, P. T. (2017). Exact p-adic valuations of Stirling numbers of the first kind. J. Number Theory, 177,20-27.
https://doi.org/10.1016/j.jnt.2017.01.023
11. Lengyel, T. (1994). On the divisibility by 2 of the Stirling numbers of the second kind. Fibonacci Quart., 32, 194-201.
12. Lengyel, T. (2015). On p-adic properties of the Stirling numbers of the first kind. J. Number Theory, 148, 73-94. https://doi.
org/10.1016/j.jnt.2014.09.015
13. Leonetti, P.,, & Sanna, C. (2017). On the p-adic valuation of stirling numbers of the first kind. Acta Math. Hungar., 151,217-231.
https://doi.org/10.1007/s10474-016-0680-4
14. Mihet, D. (2010). Legendre’s and Kummer’s theorems again. Resonance, 15, 1111-1121. https://doi.org/10.1007/s12045-010-
0123-4
15. Miska, P. (2018). On p-adic valuations of Stirling numbers. Acta Arith., 186(3), 337-348. https://doi.org/10.4064/aa170809-9-
3
16. Qiu, M., & Hong, S. 2-Adic valuations of Stirling numbers of the first kind. Int. J. Number Theory, 15(9), 1827-1855. https://
doi.org/10.1142/S1793042119501021
17. Sagan, B. E. (1985). Congruence via abelian groups. J. Number Theory, 20(2), 210-237. https://doi.org/10.1016/0022-
314X(85)90041-1
18. Singh, S. S., & Lalchhuangliana, A. (2022). Divisibility of certain classes of Stirling numbers of the second kind. J. Comb.
Number Theory, 12, 63-77.
19. Singh, S. S., Lalchhuangliana, A., & Saikia, P. K. (2021). On the p-adic valuations of Stirling numbers of the second kind.
Contemp. Math., 2, 24-36. https://doi.org/10.37256/cm.212021717
20. Sun, Z. W. (2007). Combinatorial congruences and Stirling numbers. Acta Arith. 126(4), 387-398. https://doi.org/10.4064/
aal26-4-7
21. Tsumura, H. (1991). On some congruences for the Bell numbers and for the Stirling numbers. J. Number Theory, 38(2),206-211.
https://doi.org/10.1016/0022-314X(91)90084-O
22. Wannemacker, S. D. (2005). On 2-adic orders of Stirling numbers of the second kind. Integers, 5, A21.
23. Young, P. T. (1999). Congruences for Bernoulli, Euler, and Stirling Numbers. J. Number Theory, 78(2), 204-227. https://doi.
org/10.1006/jnth.1999.2401
24. Zhao, J., Hong, S., & Zhao, W. (2014). Divisibility by 2 of Stirling numbers of the second kind and their differences. J. Number
Theory, 140, 324-348. https://doi.org/10.1016/j.jnt.2014.01.005

@ Springer



A. Lalchhuangliana, S.S.Singh

25. Zhao, W., Zhao, J., & Hong, S. (2015). The 2-adic valuations of differences of Stirling numbers of the second kind. J. Number
Theory, 153, 309-320. https://doi.org/10.1016/j.jnt.2015.01.016

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer



Conferences/Seminars/Workshops

. Attended and presented a paper entitled with ”p-adic valuations of Stirling
numbers of second kind” in Multidisciplinary International Seminar on a
perspective of Global Research Process: Presented Scenario and Future
Challenges organized by Manipur University, Canchipur-795 003, Manipur

on 19%-20" January, 2019.

. Attended the International Conference on Chemistry and Environmental
Sustainability (ICCES-2019) organized by Department of Chemistry, Mizo-

ram University, Aizawl-796 004, Mizoram on 19**-22"¢ February, 2019.

. Attended the "30 Days Faculty induction Programme’ organized by Faculty
Development Centre, Mizoram University, Mizoram on 5 March, 2019 -4t*

April, 2019.

. Attended the Instructional School for Teachers(IST-2019) on Mathematical
Modelling in Continuum Mechanics and Ecology organized by Department
of Mathematics and Computer Science, Mizoram University, Aizawl-796

004, Mizoram on 3"¢-15"" June, 2019.

. Attended national workshop on Ethics in Research and Preventing Plagia-
rism (ERPP-2019) organized by Department of Physics, Mizoram Univer-

sity, Aizawl-796004, Mizoram on 3¢ October, 2019.

. Attended the One Day National Seminar on Total Quality Assurance for
Higher Educational Institutions organized by College Development Council,

Mizoram University, Aizawl-796 004, Mizoram on 25" February, 2020.

. Attended the webinar on 'Mathematical modelling of Infectious Diseases:
Its relevance in time of COVID’ and ’Binary recurrence sequences and its
arithmetic’ organized by the Department of Mathematics and Computer

Science, Mizoram University, Aizawl-796 004, Mizoram on 11** June, 2020.



10.

11.

12.

13.

14.

. Attended and presented a paper entitled with ”On the p-adic valuations of

Stirling numbers of the second kind” in International Seminar on Recent
Advances in Science and Technology organized by NEAST and Mizoram

University, Aizawl-796 004, Mizoram on 16""-18"* November, 2020.

. Attended the 'Five Days Faculty Development Programme (Online Mode)’

organized by National Institute of Technology Manipur, Langol, Manipur
on 15%-19*" March, 2021.

Attended the International workshop-cum-conference on Mathematics Ed-
ucation (IWCME2021) organized by the Department of Mathematics and
Computer Science, Mizoram University, Aizawl-796 004, Mizoram on 15%-

20" November, 2021.

Attended One week training program on Mathematical mdelling and Com-
puting organized by the Department of Mathematics and Computer Science,
Mizoram University, Aizawl-796 004, Mizoram during 26! April - 2" May,

2022.

Attended the International Faculty Development Programme on Mathemat-
ical Modelling of Biosystems with Special Focus on Epidemiology held at
Mizoram University organized by the Indian Statistical Institute, Kolkata

and Mizoram University, Mizoram on 22"?-27"" August, 2022.

Attended the workshop on Teachers Enrichment Workshop(TEW-2022) on
Groups, Rings and Number Theory organized by the Department of Math-
ematics and Computer Science, Mizoram University, Aizawl-796 004, Mizo-

ram on 12%-17*" December, 2022.

Attended and presented a paper entitled with ”Periodicity and Divisibility
of Stirling numbers of the second kind” in the National Conference on Re-

cent Developments in Mathematics and Computer Science (NCRDMCS23)



15.

jointly organized by Mizoram Mathematical Research Association (MMRA)
and Department of Mathematics, Govt Champhai College, Mizoram held
during 13- 14" March, 2023.

Attended and presented in the workshop on Importance of Mathematics
in the other branch of Science organized by Mizoram Science, Technology
and innovation Council (MISTIC) and Department of Mathematics, Govt

Champhai College, Mizoram on 20*-25"* March, 2023.



Particulars of the candidate

Name of Candidate : A Lalchhuangliana

Degree : Doctor of Philosophy

Department : Mathematics and Computer Science
Title of Thesis : P-Adic Valuations of Certain Classes of

Stirling Numbers of the Second Kind

Date of Admission : 30.08.2018

Approval of Research Proposal

1. DRC : 15.04.2019

2. BOS :24.04.2019

3. School Board : 08.05.2019
MZU Registration No. : 1900096

Ph.D. Registration No. and date : MZU/Ph.D./1269 OF 30.08.2018

Extension (If any) : NA

(Prof. M SUNDARARAJAN)
Head

Department of Mathematics and Computer Science



ABSTRACT

P-ADIC VALUATIONS OF CERTAIN CLASSES OF
STIRLING NUMBERS OF THE SECOND KIND

AN ABSTRACT SUBMITTED IN PARTIAL
FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY

A. LALCHHUANGLIANA

MZU REGN. No. : 1900096
Ph.D. REGN. No. : MZU/Ph.D./1269 of 30.08.2018

B -

ﬂ Mizoram UNIVERS'T %

DEPARTMENT OF MATHEMATICS AND
COMPUTER SCIENCE

SCHOOL OF PHYSICAL SCIENCES
JUNE, 2023



ABSTRACT

P-ADIC VALUATIONS OF CERTAIN CLASSES OF STIRLING
NUMBERS OF THE SECOND KIND

BY

A. LALCHHUANGLIANA

Department of Mathematics and Computer Science

Supervisor : Prof. S. Sarat Singh

Submitted
In partial fulfillment of the requirement of the Degree of Doctor of

Philosophy in Mathematics of Mizoram University, Aizawl.



ABSTRACT

Sequences of integers and their divisibility properties are interesting topic in
number theory. There are many Mathematicians who have been introducing
different results, particularly powers of primes dividing integers. Nowadays, the
divisibility properties of integers and more general, rational numbers are expressed
in terms of p-adic valuations. The sequence of Stirling numbers of the second kind
have deep importance in combinatorics and its divisibility properties connect to
different areas of mathematics. Motivated by the above reasons, we have taken

up the following three objectives in the present thesis:

1. Obtain the p-adic valuations of Stirling numbers of the second kind of the
classes S(p™, k) and S(p™, kp), 1 <k <p—1.

2. Derive the relationship of p-adic valuations of sequence of integers with

Stirling numbers of the second kind.

3. Obtain the relationship between p-adic valuations of Stirling numbers of

the second kind and minimum periods of { S(n,k) modulo p" }.

The thesis consists of six chapters and deals with various approaches to de-
termine the p-adic valuations of certain classes of Stirling numbers of the second
kind. The p-adic valuations of these numbers are mainly obtained through con-
gruence relations. Some cases are also tackled through an algebraic and com-
binatorial approach. The first chapter is General Introduction and it contains
basic definitions, divisibility and congruence, p-adic Valuation, Stirling Numbers,
Periodicity, applications of Stirling numbers and review of literature.

In Chapter 2, the problem of divisibility of certain classes of Stirling numbers
of the second kind is investigated. We derive a new identity of Stirling numbers
of the second kind. A combinatorial approach helps to obtain the lower bounds
of p-adic valuations of some classes of S(n, k) for an odd prime p. We also extend
an existing congruence relation in modulo of a power of an odd prime, which is
useful in determining the lower bound of v,(S(p", kp)) when k is odd and less
than p — 1. We obtain the lower bound of v,(S(p?, kp)) when k is even and its
value is greater than the one when £ is odd. We also discuss the congruence
behaviour of S(p", k) and the involvement of p-adic digits of k on the congruence
when £ is not divisible by p.

In Chapter 3, we study the p-adic valuations of S(n, k) when n is a power of a

prime. We find that the results when k is divisible by p (or p™) are quite different



from the ones where k is not divisible by p. We have proved that v,(S(p?, kp)) > 5
when £ is even, which confirms the lower bound of the Conjecture in Chapter
2. Furthermore, we find that the values of v,(S(n,kp™)) are affected by the
parity of n and k. In fact, if n and k are opposite in parity, i.e., n — k is odd,
then v,(S(n, kp™)) > 2m when (p — 1) { (n — k) and v,(S(n, kp™)) > m when
(p—1) | (n — k). However, if the parity of n and k are the same, i.e., n — k
is even, then v,(S(n,kp™)) > m when (p — 1) 1 (n — k). We further investigate
the divisibility of S(p™, k) when p does not divide k and we have found that the
divisibility depends on the sum of the p-adic digits of k.

Chapter 4 focuses on the congruence relation between Stirling numbers of
the first and the second kind. Their generating function is the bridge between
the two numbers. We present their congruence relations with sums involving
binomial coefficients for the two numbers. We also express the first kind in terms
of sums involving the second kind modulo a power of a prime and vice versa. The
congruence obtained helps to acquire the p-adic valuations of some classes of the
two numbers. We even establish a congruence relation between the two numbers
in modulo p" for any positive integer n.

In Chapter 5, the relationship between minimum periods and p-adic valua-
tions of Stirling numbers of the second kind has been studied. We discuss the
periodicity, period, and minimum period of the sequence {S(n, k) (mod p™)},>0
for some fixed positive integers N and k. We find that the cycle of the sequence
sometimes starts even when n is less than k. We present some results about
the divisibility of a partial Stirling number, which is effective in evaluating some
classes of S(n, k). The periodicity and minimum periods help to determine a class
of S(n, k) holding the same p-adic valuation.

Chapter 6 is the summary and conclusions of the thesis.

A list of references is presented at the end.
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