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PREFACE

The present thesis, entitled ”Mathematical Modelling of COVID-19 (SARS-CoV-2)
Pandemic,” is a culmination of the research carried out by me under the supervision of
Prof. Jamal Hussain. My name is Joan Laldinpuii, and throughout this work, I have
sought to contribute to the understanding and control of the COVID-19 pandemic
through mathematical modelling.

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has posed unprece-
dented challenges globally, affecting millions of lives and overwhelming healthcare
systems. The necessity for effective intervention strategies has driven researchers to
employ various approaches, including mathematical modeling, to predict and miti-
gate the spread of the virus. This thesis aims to explore and develop mathematical
models that can offer insights into the dynamics of the virus and the impact of dif-
ferent control measures.

The thesis is structured into seven chapters, each building on the previous one to
provide a comprehensive analysis of COVID-19 dynamics and intervention strategies.

Chapter 1: General Introduction This chapter presents a general introduction
to the COVID-19 pandemic and the role of mathematical modelling in understanding
its spread and control.

Chapter 2: Mathematical Modeling of Vaccination Strategies Against SARS-
CoV-2: Assessing Coverage and Efficacy This chapter provided a comprehensive
analysis of various vaccination strategies against SARS-CoV-2 using our proposed
SV EII4R model. The results demonstrated that higher vaccination coverage and
efficacy significantly reduce the basic reproduction number Ry and the number of

infections. The model highlights the critical role of vaccination in controlling the



spread of COVID-19, emphasizing that achieving high coverage and ensuring effective
vaccines are paramount for mitigating the pandemic’s impact.

Chapter 3: Investigating SARS-CoV-2 Dynamics: The Role of Vaccination and
Intervention Strategies This chapter delved into the dynamics of SARS-CoV-2 by
incorporating various intervention measures. The SV EII4R model revealed that
combining vaccination with other interventions, such as social distancing and mask-
wearing, substantially decreases the transmission rate. This synergistic approach
underscores the necessity of a multifaceted strategy to effectively curb the virus’s
spread and protect public health.

Chapter 4: FEvaluating Precautionary Measures in COVID-19 Spread: A Delay
Differential Equation Approach This chapter explored the impact of precautionary
measures on COVID-19 transmission using delay differential equations. The findings
illustrated how delays in implementing measures can lead to significant increases
in infection rates. Conversely, prompt and sustained interventions are critical in
reducing transmission. The delay differential equation SEII QR model provided
valuable insights into the timing and effectiveness of various precautionary measures,
offering a framework for timely decision-making in pandemic response.

Chapter 5: Optimizing SARS-CoV-2 Control Measures: Innovative Reaction-
Diffusion Techniques This chapter focused on optimizing control measures for SARS-
CoV-2. The model demonstrated how spatial heterogeneity and diffusion processes
influence the spread of the virus. By incorporating these factors, the model provided
a more nuanced understanding of disease dynamics, highlighting the importance of
tailored interventions based on regional characteristics. This approach paves the way
for more targeted and effective control strategies.

Chapter 6: Analysis of a Novel Reaction-Diffusion Model for COVID-19: Eval-

uating Direct and Aerosol Transmission Strategies In the final analytical chapter, a

vi



novel reaction-diffusion SETI4H R model was developed to evaluate the dynamics
of direct and aerosol transmission of COVID-19. The model revealed that aerosol
transmission plays a significant role in the spread of the virus, especially in enclosed
spaces. Strategies focusing on improving ventilation and air filtration, alongside tra-
ditional direct transmission interventions, were shown to be critical in mitigating
overall transmission. This comprehensive model emphasizes the need for integrated
approaches addressing both direct and aerosol pathways.

Chapter 7: Conclusion This chapter provides a summary and conclusions of the
thesis, synthesizing the findings from each chapter and discussing their implications
for future research and public health policy.

Throughout this thesis, I have aimed to offer valuable insights for public health
policymakers, emphasizing the importance of a multifaceted approach in combating
the pandemic. By integrating vaccination strategies, timely precautionary measures,
and innovative modelling techniques, this research provides a robust framework for
optimizing SARS-CoV-2 control and informs future responses to similar public health

crises.
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Chapter 1

General Introduction

1.1 Epidemiology

The term “epidemiology” originates from the Greek words “epi” (meaning “on” or
“upon”), “demos” (meaning “people”), and “logos” (meaning “study”). Epidemi-
ology is a branch of science that focuses on studying the incidence, distribution,
and control of diseases within populations. This etymology suggests that the field
of epidemiology pertains specifically to human populations. The title of “Father of
Epidemiology” is frequently attributed to the Greek physician Hippocrates (460-377
B.C.E.), who identified the link between disease and the environment (Jones et al.,
1868). The term “epidemiology” seems to have been first used by the Spanish physi-
cian de Villalba in 1802 in his work “Epidemiologia Espanola” to describe the study
of epidemics (Buck, [1988]). Until the twentieth century, epidemiological studies pri-
marily focused on infectious diseases. Among these, lower respiratory infections (such
as pneumonia) and HIV are leading causes of death worldwide. Among these, lower
respiratory infections (such as pneumonia) and HIV are leading causes of death world-
wide. The recent COVID-19 pandemic has further exacerbated this issue, highlighting
the vulnerabilities in global health systems. As we continue to battle these infectious
diseases, the importance of robust healthcare infrastructure and preventative mea-
sures cannot be overstated. Addressing these challenges requires a concerted effort

from the international community:.



1.2. BASIC DEFINITIONS IN THE EPIDEMIOLOGY CHAPTER 1

1.2 Basic Definitions in the Epidemiology

1. Epidemic:

An epidemic refers to a sudden increase in the number of cases of a disease above what
is normally expected in a specific area or population. In the context of COVID-19, it
would be a significant rise in cases within a localized region or community.

2. Pandemic:

A pandemic is an epidemic that has spread over multiple countries or continents,
usually affecting a large number of people. COVID-19 was declared a pandemic by
the World Health Organization (WHO) in March 2020 due to its widespread and
sustained transmission globally.

3. Susceptible Individuals:

Susceptible individuals are those who have not yet been infected with the disease
and do not have immunity against it. These individuals are at risk of contracting
COVID-19 if they are exposed to the virus.

4. Exposed Individuals:

Exposed individuals are those who have come into contact with the disease but have
not yet developed symptoms or tested positive for infection. They are in the period
between exposure and the potential onset of symptoms. In mathematical models, it
is often assumed that all exposed individuals will eventually develop the disease.

5. Asymptomatic Individuals:

Asymptomatic individuals are those who have been infected with the disease but do
not exhibit any symptoms. Despite not showing symptoms, they can still spread the
disease to others.

6. Infected Individuals and Infectious Individual:

If the pathogen takes hold in an exposed individual, that person becomes infected.
Infected individuals who are capable of spreading the disease are referred to as infec-
tious.

7. Recovered Individuals:

Recovered individuals are those who were previously infected with the disease and
have since recovered, either by clearing the disease from their system or having devel-
oped immunity. They are no longer symptomatic and are not considered infectious.
8. Latent Period :

These are individuals who are infected but not yet capable of spreading the infection.
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Figure 1.1: Illustration of Basic Reproduction Number when Ry = 2

The latent period is the interval between the time of infection and the point at which
the host can transmit the infectious agent to others. For COVID-19, this period can
vary, but individuals may start being contagious before they exhibit symptoms.

9. Incubation Period :

The incubation period is the interval between being exposed to the virus and the
appearance of symptoms. For COVID-19, this period usually spans from 2 to 14
days, with most individuals developing symptoms approximately 4 to 5 days after
exposure.

10. Disease-Induced Mortality:

Disease-induced mortality refers to deaths directly caused by the infection. In the
context of COVID-19, this represents the number of people who die as a direct conse-
quence of contracting the virus, commonly measured by the case fatality rate (CFR),
which is the ratio of confirmed cases that result in death.

11. Basic Reproduction Number:

In epidemiology, the basic reproduction number, often referred to as Ry, represents
the average number of secondarily infected persons infected by one primary infected
patient during the infectious period. This metric is crucial for understanding the
potential spread of an infectious disease. If Ry < 1, each infected person, on average,
produces fewer than one new infection, leading to the eventual decline of the disease.
Conversely, if Ry > 1, each infected individual generates more than one new infection
on average, allowing the disease to spread through the population. Figure [1.1| shows

the illustration of Basic Reproduction number when Ry = 2.
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1.3 Epidemiology of SARS-CoV-2

Severe Acute Respiratory Syndrome Coronavirus-2 (SARS-CoV-2), the novel coron-
avirus responsible for the COVID-19 pandemic, is a highly infectious viral pathogen
that has had a profound and far-reaching impact on global health, economies, and
daily life. This virus, belonging to the Coronaviridae family, is characterized by its
rapid transmission and ability to cause severe respiratory illness in humans. The
epidemiology of SARS-CoV-2 encompasses the study of its transmission dynamics,
infection rates, distribution patterns, and the effectiveness of public health interven-
tions to mitigate its spread. Understanding the epidemiological characteristics of
SARS-CoV2 is crucial for developing effective strategies for prevention, control, and
treatment, thereby highlighting the ongoing need for comprehensive research and vig-

ilant public health measures in the management of infectious diseases.

1.3.1 History

Coronavirus, one of the families of Coronaviradae started invading human civilization
in the late 20th centuries, it was first discovered in the 1960s, and due to its crown-
like spiked proteins found on its surface, it was named ‘corona’. Over the years,
coronaviruses have caused three significant outbreaks. In 2003, an outbreak occurred
in China and was named ‘Severe Acute Respiratory Syndrome’ (SARS) outbreak, the
case-fatality rate for SARS was 9.6 %, the virus infected a total of 8,098 individuals
and 774 of these cases were fatal (Killerby et al., 2020). Saudi Arabia in 2012 and
South Korea in 2015 were both affected by ‘Middle East Respiratory Syndrome’
(MERS) outbreak (Willman et al., 2019).

In late 2019, coronaviruses caused their fourth major outbreak, leading to a global
crisis. This outbreak was first identified in Wuhan, the capital city of Hubei province
in China (Cohen and Normile, [2020). On February 11th, 2020, the disease and its
causative virus were officially named coronavirus disease 2019 (COVID-19) and severe
acute respiratory syndrome coronavirus 2 (SARS-CoV-2), by the World Health Or-
ganization (WHO) DirectorGeneral, Dr Tedros Adhanom Ghebreyesus (Organization
et al., 2020c).

The World Health Organization (WHO) designated SARS-CoV-2 as a ”public
health emergency of international concern” on January 30, 2020 (Y.-D. Li et al.,
2020)). The virus quickly spread to 113 countries. As of 10:00 AM CET on March
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23, 2020, global data reported by national authorities indicated a total of 332,930
confirmed cases and 14,509 deaths due to SARS-CoV-2. The Western Pacific Region
reported 95,637 confirmed cases and 3,473 deaths, while the European Region had
171,424 confirmed cases and 8,742 deaths. The South-East Asia Region reported 1,776
confirmed cases and 58 deaths, and the Eastern Mediterranean Region had 25,375
confirmed cases with 1,741 deaths. In the Region of the Americas, there were 37,016
confirmed cases and 465 deaths, and the African Region reported 990 confirmed cases
and 23 deaths (Organization et al., 2020a). In response to the rapid transmission of
SARS-CoV-2, many governments implemented various lockdowns and social distanc-
ing measures to curb the spread of infections (Tobias, 2020|). Despite these efforts,
new infections continued to rise swiftly, overwhelming healthcare systems. This strain
not only compromised the effective treatment of patients but also significantly im-
pacted the physical and mental well-being of healthcare workers (Sanghera et al.,
2020).

The severe acute respiratory syndrome coronavirus (SARS-CoV) and the Middle
East respiratory syndrome coronavirus (MERS-CoV) shares 79% (Y .-Z. Zhang and
Holmes, 2020) and 50% (Adelman et al.,2002) sequence similarity with the wild type
of SARS-CoV-2, respectively. The fatality rates for SARS and MERS are approxi-
mately 10% and 35%, respectively. In contrast, SARS-CoV-2 has fatality rates that
range from 0.1% to 18.1%, depending on the country (Johns Hopkins University of
Medicine, March 2023). Furthermore, it is estimated that there were 14.83 million
excess deaths due to the SARS-CoV-2 pandemic between January 2020 and Decem-
ber 2021 (Msemburi et al., 2023).

Coronaviruses are categorized into four genera: aCoVs, fCoVs, ~vCoVs and
0CoV's Among these, o and (8 coronaviruses infect only mammals, v coronaviruses
infect avian species, and § coronaviruses can infect both mammals and birds (Naqvi
et al., 2020). SARS-CoV-2 is a novel beta coronavirus with an approximately 30
kb single-stranded positive-sense RNA genome that encodes six functional proteins:
replicase (ORF1a/1b), spike protein (S), envelope (E), membrane (M), and nucleo-
capsid (N), along with seven interspersed non-structural proteins (M.-Y. Wang et al.,
2020). Figure illustrates the structure of SARS-CoV-2. Many current vaccines
include antigens targeting the virus’s spike protein, while a few use whole inactivated
virus (Creech et al., [2021)).

Signs and Symptoms



1.3. EPIDEMIOLOGY OF SARS-COV-2 CHAPTER 1

Spike Glycoprotein S
-

I E Protein
'O
7/

\
> @ Membrane Proteit
:Qg @)j RNA genome

) Eny
v &t

v Envelope

Y4
Figure 1.2: SARS-CoV-2 virion (https://en.wikipedia.org/wiki/ COVID-19).

COVID-19, caused by the SARS-CoV-2 virus, presents a wide range of symptoms that
can vary significantly from person to person. Symptoms can appear 2-14 days after
exposure to the virus and can range from mild to severe. Some individuals may re-
main asymptomatic but still carry and transmit the virus. Here is a detailed overview

of the common and less common signs and symptoms associated with COVID-19:
1. Common Symptoms

e Fever: Elevated body temperature, often accompanied by chills.

e Cough: A persistent, dry cough is one of the hallmark symptoms.

e Shortness of Breath: Difficulty breathing or a feeling of breathlessness.
e Fatigue: Generalized tiredness or lack of energy.

e Muscle or Body Aches: Pain or discomfort in muscles or joints.

e Headache: Varying in intensity and frequency.

e New Loss of Taste or Smell: A sudden change or loss in the ability to taste

or smell.
e Sore Throat: Pain or irritation in the throat.

e Congestion or Runny Nose: Nasal congestion or increased nasal discharge.
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e Nausea or Vomiting: Stomach discomfort leading to nausea or vomiting.

e Diarrhea: Frequent, loose, or watery stools.
2. Less Common Symptoms
e Skin Rashes: Various types of rashes, including COVID toes (red or purple
discolouration of the toes).

e Conjunctivitis (Pink Eye): Inflammation or infection of the outer mem-

brane of the eyeball and the inner eyelid.
e Loss of Appetite: Decreased desire to eat.
e Confusion: Cognitive impairment or delirium, especially in older adults.

e Chest Pain: Persistent pain or pressure in the chest.
3. Severe Symptoms

e Difficulty Breathing: Severe breathlessness or inability to catch breath.

Persistent Chest Pain or Pressure: Constant pain or tightness in the chest.

Bluish Lips or Face: A sign of low oxygen levels in the blood.

New Confusion: Sudden onset of confusion or disorientation.

Inability to Wake or Stay Awake: Severe fatigue or lethargy.

4. Complications COVID-19 can lead to serious complications, especially in in-
dividuals with underlying health conditions or those who are immunocompro-
mised. These complications can include:

e Pneumonia: Infection that inflames the air sacs in the lungs.

e Acute Respiratory Distress Syndrome (ARDS): Severe lung damage lead-
ing to significant breathing difficulties.

e Thrombosis: Formation of blood clots in the veins and arteries.
e Multi-Organ Failure: Failure of multiple organ systems, which can be fatal.

e Septic Shock: A severe infection leading to dangerously low blood pressure

and organ damage.
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5. Long-term Effects (Long COVID) Some individuals continue to experience
symptoms or develop new symptoms after the initial infection has cleared, a
condition often referred to as “Long COVID” or “Post-Acute Sequelae of SARS-
CoV-2 infection (PASC).” Common long-term effects include:

e Fatigue
e Shortness of breath
e Joint pain

e Chest pain

)

e Cognitive issues, often described as “brain fog’
e Difficulty sleeping
e Loss of taste or smell

e Depression or anxiety

1.3.2 Transmission

SARS-CoV-2 spreads through direct means such as droplet and human-to-human
transmission, as well as indirect contact via contaminated objects and airborne con-
tagion. Additionally, personal protective equipment (PPE) has been identified as a
potential source of airborne infections (Y. Liu et al., [2020)). It has been noted pre-
viously that the primary mode of person-to-person transmission of SARS-CoV-2 is
through respiratory droplets released when an infected individual coughs, sneezes,
talks, or sings. These droplets, which are typically unable to travel more than six
feet and linger in the air briefly, can contain intact and infectious SARS-CoV-2 par-
ticles less than five microns in diameter, capable of remaining suspended for up to
three hours (Van Doremalen et al.,[2020). Hence, measures such as airborne isolation,
room ventilation, and thorough disinfection, particularly in bathrooms, are crucial to
mitigate aerosol transmission of the virus (Santarpia et al., 2020).

COVID-19 can be contracted when a person touches a surface contaminated with
SARS-CoV-2 and subsequently touches their eyes, nose, or mouth with contami-
nated hands (Lotfi et al., 2020)). Therefore, it is advisable to regularly wash hands
thoroughly with soap and water or use hand sanitisers. The reported rates of con-

tagion from individuals with symptomatic COVID-19 infection vary depending on
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geographical location and the effectiveness of infection control measures. According
to a collaborative report from the WHO and China, the rate of secondary COVID-19
infections ranged from one to five per cent among tens of thousands of confirmed
cases in China (Lotfi et al., [2020).

Similar to SARS-CoV, the virus may also spread through the oral-fecal route.
RNA from SARS-CoV-2 has been found in the stool of patients with COVID-19
pneumonia (Holshue et al.,2020)), suggesting that sewage could potentially contribute
to the transmission of the virus. Consequently, it is important to consider technical
treatments like biosorbents that can capture and deactivate the virus (Nunez-Delgado,
2020).

SARS-CoV-2 has been found in the saliva of individuals who are infected (To
et al.,2020). This presence is thought to be linked to the fact that ACE2 receptors,
which the virus uses to enter cells, are present in the epithelial cells that line the ducts
of salivary glands (L. Liu et al., [2011). These receptors serve as entry points for the
virus, allowing it to infect and replicate within these cells, potentially contributing
to the viral load present in saliva. This finding underscores the potential for saliva
to serve as a route of transmission for SARS-CoV-2, particularly through activities
such as coughing, sneezing, or talking that generate respiratory droplets containing
the virus and saliva.

The RNA of the virus has been detected on various surfaces within the homes
of individuals confirmed to have COVID-19, including door handles and cell phones
(Han et al., 2020)). This discovery underscores the potential for infection through
contact with contaminated surfaces. If individuals touch these surfaces and then
touch their eyes, mouth, or nose, they may introduce the virus into their bodies,
increasing the risk of contracting COVID-19. Therefore, meticulous hand hygiene and
regular disinfection of commonly touched surfaces are essential practices to mitigate
the spread of the virus in household settings and other environments where people
congregate.

Studies have also tested patient urine for SARS-CoV-2 viral RNA, with pooled
rates of RNA positivity around 5-6%. However, the duration of viral shedding in
urine samples and the potential infectivity of urine are still uncertain (Chan et al.,
2020).

The debate over vertical transmission of SARS-CoV-2 continues; initial studies

involving nine pregnant women with COVID-19 showed no transmission to their in-
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Figure 1.3: Transmission of SARS-CoV-2

fants. Additionally, SARS-CoV-2 was not detected in breast milk, indicating that
there is no transmission through breastfeeding (H. Chen et al.,2020). However, there
have been reports of a newborn with elevated IgM antibodies against SARS-CoV-2
born to a COVID19-positive mother, suggesting possible in-utero infection despite
negative PCR tests on nasopharyngeal swabs (Dong et al., 2020).

Lastly, there is concern that the eyes could serve as a route of transmission for
SARS-CoV-2. RNA from the virus was detected in ocular swabs from a confirmed
COVID-19 patient, even when nasopharyngeal swabs tested negative by PCR. The
virus isolated from ocular swabs was capable of infecting Vero E6 cells, indicating
that ocular secretions might be infectious (Colavita et al., 2020). While definitive
evidence is lacking, wearing goggles is recommended when examining patients with
suspected or confirmed COVID-19 (C. W. Lu et al., 2020)). Figure[L.3|shows different
transmission of SARS-CoV-2.

1.3.3 Prevention and Vaccination

According to the World Health Organization’s infection prevention and control strate-
gies, standard precautions for all patients, which are also suitable for public preven-
tion, include hand and respiratory hygiene, the use of appropriate personal protective
equipment, safe injection practices, safe waste management, environmental cleaning,
and sterilization of patient-care equipment (Organization et al.,[2020b)). These strate-
gies aim to reduce transmission rates and prevent outbreaks.

A. Mask-Wearing:

10
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The use of face masks, particularly in indoor and crowded environments, has been
proven to decrease virus transmission. According to the Centers for Disease Control
and Prevention (CDC), universal mask-wearing can reduce the spread of COVID-19
by as much as 70% in community settings. High-quality masks, such as N95 respira-
tors, provide the highest level of protection.

B. Social Distancing:

Maintaining physical distance, ideally at least 6 feet, is a critical measure to prevent
person-to-person transmission. This practice is especially important in areas with
high transmission rates.

C. Hand Hygiene:

Regular and thorough hand washing with soap and water for at least 20 seconds, or
the use of hand sanitisers with at least 60% alcohol, is vital in minimizing the risk
of infection. The World Health Organization (WHO) emphasizes that proper hand
hygiene can decrease the likelihood of contracting respiratory infections, including
COVID-19, by over 20% (Organization, 2023)).

D. Ventilation:

Enhancing indoor ventilation reduces the concentration of airborne viral particles,
thereby lowering the risk of transmission. Strategies include opening windows and
doors, using exhaust fans, and deploying air purifiers with HEPA filters.

E. Testing and Contact Tracing:

Prompt testing and effective contact tracing are essential for identifying and isolating
infected individuals to curb the spread of the virus. Rapid antigen tests and PCR
tests are widely used, with PCR tests offering higher sensitivity and specificity. Ef-
fective contact tracing can help reduce the reproduction number.

COVID-19 Vaccine

In the history of vaccines, the development of COVID-19 vaccines has progressed at
an unprecedented pace. There are 184 vaccine candidates in preclinical development
and 104 in clinical stages (COVID, |19). Recent data show that 18 COVID-19 vaccines
have been approved and are currently in use worldwide (COVID, [19), (Organization
et al., 2021). These vaccines fall into four main categories based on their platforms:
1. whole virus vaccines, 2. protein-based vaccines, 3. viral vector vaccines, and 4.
nucleic acid vaccines (Nagy and Alhatlani, [2021)).

The efficacy and effectiveness of the COVID-19 vaccines

The systematic review conducted by Ibrahim Mohammed et al. (Mohammed et al.,

11
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2022) provides a comprehensive analysis of the efficacy and effectiveness of COVID-19
vaccines in reducing infection rates, disease severity, hospitalization, and mortality.
Their findings indicate that the COVID-19 vaccines have significantly contributed to
controlling the pandemic across various populations. Among the vaccines studied,
the Pfizer/BioNTech vaccine emerged as the most effective, demonstrating over 90%
effectiveness against infection, severe infection, hospitalization, and mortality after
the second dose. Similarly, the Moderna vaccine showed over 80% effectiveness af-
ter the second dose for the same parameters. The AstraZeneca vaccine, while not
extensively reported for effectiveness after the second dose, was found to be 80.7%
efficacious against infection post-second dose and 74% effective after the first dose.
The single-dose J and J vaccine exhibited over 60% effectiveness against infection, se-
vere infection, and hospitalization. For the Sputnik, Novavax, and Sinovac vaccines,
efficacy after the second dose was reported as 60.1% and 73.8%, respectively, with
specific data on the Sputnik vaccine lacking.

The review highlights that the effectiveness of these vaccines can vary due to the
presence of different viral variants in specific populations. Notably, the Pfizer/BioN-
Tech vaccine showed high effectiveness against the B.1.1.7 and B.1.351 variants. De-
spite the overall high effectiveness of the vaccines, the authors emphasize the need for
continued efforts to evaluate their performance against new and emerging variants.
This ongoing assessment is crucial to ensure that vaccination strategies remain effec-
tive as the virus evolves. The findings of this review underscore the vital role that
COVID-19 vaccines have played a role in mitigating the impact of the pandemic,
particularly in preventing severe outcomes and reducing the burden on healthcare
systems.

Global coverage of COVID-19 vaccination campaigns.

The rapid development, testing, and manufacturing of multiple effective vaccines
against SARS-CoV-2 was a groundbreaking achievement in 2020. Historically, it has
taken many years or even decades to develop a vaccine for a new pathogen. How-
ever, in the case of COVID-19, scientists developed several highly efficacious vaccines
within a year. The current challenge is whether the global rollout of these vaccines
can match the speed of their development and whether they can be administered
quickly and equitably worldwide.

The ’Our World in Data’ https://ourworldindata.org/ COVID-19 vaccination dataset

offers a comprehensive public collection of global vaccination data. This dataset,
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Figure 1.4: Total number of COVID-19 vaccine doses administered as of 7 April
2021(Mathieu et al., |2021))

which has been consistently updated since its initial release on December 13, 2020,
captures the progress of vaccination efforts worldwide. As more nations share their
official vaccination data, the dataset continues to grow. By April 7, 2021, it included
information from 169 countries.

The United Kingdom reported the first COVID-19 vaccinations outside of clinical
trials on December 13, 2020. By April 7, 2021, 710 million doses had been adminis-
tered globally, with 5% of the world’s population having received at least one dose of
an approved vaccine. This data underscores significant disparities in global vaccine
distribution. Figure illustrates the number of vaccine doses administered by each
country, without adjusting for population size. 'Our World in Data’(Mathieu et al.,
2021|) shows Cumulative Vaccine Doses Administered per 100 People, from the data
we observe the cumulative total vaccine doses administered per 100 people across
selected countries from December 13, 2020, to April 7, 2021. The key observations
are:

Israel has the highest cumulative doses, approaching 120 doses per 100 people
by early April 2021. United Arab Emirates, Chile, United Kingdom, Bahrain, and
United States show significant progress, all-surpassing 50 doses per 100 people by
early April 2021. Germany, Brazil, China, India, and Indonesia demonstrate slower
vaccine rollout, with doses per 100 people not exceeding 20 by the same date.

Also, daily Vaccine Doses Administered per 100 People (7-Day Smoothed), for the

same set of countries over the same period. Key observations include:

13
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United States shows a sharp peak in daily doses administered, exceeding 1.5 doses
per 100 people at its highest point. United Arab Emirates and United Kingdom also
have significant peaks, although not as high as the United States. Other countries,
including Brazil, Germany, India, and Indonesia, have relatively lower daily adminis-
tration rates with less pronounced peaks.

Cumulative Vaccine Doses:

Israel leads significantly in the cumulative number of vaccine doses administered,
followed by the United Arab Emirates and Chile. These countries have maintained
high cumulative doses per 100 people, indicating a robust vaccination campaign. The
United Kingdom, Bahrain, and the United States follow closely, demonstrating their
prioritization of mass vaccination.

Daily Vaccine Doses:

The United States shows the most aggressive daily vaccination campaign at its peak,
followed by the United Arab Emirates and the United Kingdom. This indicates
a focused effort to maximize daily vaccination rates during critical periods. Other
countries exhibit more moderate daily vaccination rates, reflecting either a slower
rollout or logistical challenges.

The data reveal stark differences in vaccine rollout strategies and efficiencies
among countries:

1. Israel’s Success: Israel’s high cumulative doses and consistent daily vaccination
rates underscore its effective vaccination strategy. Factors contributing to this success
include strong healthcare infrastructure, effective public communication, and a clear
prioritization framework.

2. United States’ Peaks: The sharp peaks in the United States’ daily vaccination
rates suggest periods of intensified vaccination efforts, possibly linked to increased
vaccine availability and large-scale vaccination drives.

3. United Arab Emirates and United Kingdom: These countries also exhibit high
cumulative and daily rates, reflecting well-coordinated vaccination campaigns.

4. Slower Rollouts in Other Countries: Germany, Brazil, China, India, and Indonesia
show slower progress, both cumulatively and daily. These countries might face chal-
lenges such as vaccine supply constraints, distribution logistics, and vaccine hesitancy.
5. Strategic Implications: The variation in vaccination rates suggests the importance

of tailored strategies. High-income countries with robust healthcare systems have
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generally achieved higher rates, while middle and low-income countries may need in-
ternational support and improved logistical planning.

By mid-2021, over three billion COVID-19 vaccine doses had been given globally,
with 24% of the world’s population having received at least one dose (Mathieu et al.,
2021)). During this period, more than 40 million doses were being administered daily
worldwide. Countries such as the United Kingdom, Chile, Uruguay, Israel, Bahrain,
Hungary, Italy, Spain, Germany, the United States, and France had vaccinated at
least 50% of their populations by mid-2021. Conversely, by the end of June 2021,
only 1% of individuals in low-income countries had received a dose of the COVID-19
vaccine. In Africa, just 53 million doses had been administered (Mathieu et al.,2021]).

In conclusion, the data highlight the critical need for effective vaccine distribution
strategies to ensure equitable and rapid global vaccination coverage. Understanding
the successes and challenges faced by different countries can inform future public

health initiatives and policies to manage ongoing and future pandemics.

1.3.4 Treatment

Depending on the severity of a patient’s symptoms and the medical resources available
in a region, various treatment sites may be chosen for observing and isolating patients.
The general treatment protocols for different cases are as follows:

A. Asymptomatic cases: The primary treatment involves centralized quarantine
for 14 days, with further monitoring by the local Public Health Department. If
quarantined at home, household members should either stay in a different room or
maintain a distance of at least 1 meter from the isolated person.

B. Suspected cases: Patients who are capable of self-care, under 65 years old, and
without underlying conditions like respiratory or cardiovascular diseases or mental
health issues should voluntarily go to a healthcare facility after providing informed
consent. During quarantine observation, they should ideally stay in a single room
and not leave it randomly.

C. Mild cases: If available, these patients are treated in a mobile cabin hospital, or
at home if hospitalization is not feasible due to the healthcare system’s heavy burden.
They should be monitored and cared for by family members. If sharing a room, the
space between beds should be at least 1.2 meters, and the room should have its own
facilities. Family visits and additional nursing should be avoided.

D. Severe/critically ill cases: Patients initially diagnosed as critically ill should

15
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be admitted to the Intensive Care Unit (ICU) immediately. Those whose condition
worsens from mild to severe should be transferred to the critical observation and
treatment area of a sheltered hospital after hospital triage and expert consultation,

and subsequently to a designated hospital for treatment.

1.4 Mathematical Modelling

Mathematical modelling is a representation of the behaviour of real objects and phe-
nomena in mathematics language. It is the best way to quantify the abstract be-
haviour of some real phenomena. It helps us to understand and explore the meaning
of equations or functional relationships.

The objective of mathematical modelling is to analyze systems and make pre-
dictions, providing insight into real-world phenomena. This includes forecasting the
future, preventing undesired outcomes, and understanding various natural and artifi-
cial phenomena. A model aids in explaining a system, studying the effects of different
components, and predicting behaviour.

The modelling process, schematically depicted in Figure 1.5, involves translating
a biological scenario into a mathematical problem. It typically begins with a de-
tailed description of the processes, based on the scientist’s knowledge of the system.
Given the complexity of real-world phenomena, it is necessary to make numerous as-
sumptions to simplify these into manageable equations. When translating real-world
problems into mathematical equations, it is essential to have a specific purpose or
biological question in mind. The verbal description of the system is then encoded
into mathematical equations. These equations are solved and analyzed using various
mathematical tools. The results are interpreted in layman’s terms, and validation
follows by comparing the data or results with the actual situation to refine the model
or conclude the experiment.

Mathematical epidemiological models have been crucial for understanding infec-
tious disease transmission and assessing the potential impacts of public health inter-
ventions. The foundations of mathematical modelling in epidemiology were estab-
lished in the early 20th century, particularly through the work of (Ross, [1916), (Ross
and Hudson, 1917a)(Ross and Hudson, [1917h),(Kermack and McKendrick, (1927),
and (Kendall, [1956)). Ross’s pioneering 1916 study (Ross, |1916) was the first to apply

mathematical techniques to analyze malaria transmission. This was further developed
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Figure 1.5: A Schematic representation of the Modeling process

by (Ross and Hudson, |1917al)(Ross and Hudson, [1917b), who utilized their models to
propose effective mosquito control strategies. The historical evolution of this field is

extensively reviewed by (Hethcote, 2000), (Bacaér, |2011)), and (Brauer, 2017).

1.5 Classification of Epidemiological Model

The epidemiological Model is classified into two: Deterministic and Stochastic. De-
terministic is divided into Discrete time and Continuous time. Hethcote (Hethcote,
introduced three fundamental types of deterministic epidemiological models for
infectious diseases: SIS Model, SIR Model with and without vital dynamics .
Deterministic and Stochastic Model : A deterministic model is one where the
parameters and initial states of the variables uniquely determine every set of variable
states. In contrast, stochastic models incorporate randomness, with variable states
described by probability distributions.

Discrete-time and Continuous-time Model: Discrete models represent time or
system states as distinct, separate values. In contrast, continuous models treat time
and system states as flowing smoothly without interruption.

SIS Model

In an SIS epidemiological model, the total population is divided into two distinct

17
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Figure 1.6: Flowchart of the simple SIS Epidemic Model

Figure 1.7: Flowchart of the simple SIR Epidemic Model

classes: Susceptible (S) and Infective (I). This model is used for diseases that do not
confer immunity after infection. It is termed the SIS model because individuals move
from the susceptible class to the infected class and then back to the susceptible class
upon recovery, as seen in diseases such as influenza and malaria. The Flowchart for
SIS Model is shown in Figure [L.6]

SIR Model
Kermack and McKendrick proposed SIR model in 1927 (Kermack and McKendrick,
1927). In an SIR epidemiological model, the total population is divided into three
distinct classes: Susceptible (S), Infective (I), and Recovered (R). This model is useful
for representing diseases that confer permanent immunity. Individuals move from the
susceptible class to the infected class and then, upon recovery, to the recovered class.
This model is applicable to many infectious diseases, including measles, mumps, and
rubella. The Flowchart for SIS Model is shown in Figure [1.7]

SEIR Model
In this model by Carcione et.al (Carcione et al., 2020)), the total (initial) population,

Ny, is categorized into four classes, namely, susceptible, S(t), exposed, E(t), infected-
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Figure 1.8: Flowchart of the simple SEIR Epidemic Model

infectious, I(t) and recovered, R(t), where ¢ is the time variable with vital dynamics
i.e., including birth and death. The Flowchart for SEIR Model is shown in Figure
L3

1.6 Mathematical preliminaries

In this section, we provide a concise overview of the mathematical tools and concepts
that are utilized throughout the thesis. This includes the key theories, formulas, and

methodologies that form the foundation of our analysis and arguments.

1.6.1 Computation of R, using next generation matrix method

To compute the basic reproduction number R, next generation matrix method is
used. The Next Generation Matrix method was proposed by Diekmann et al in 1990
(Diekmann et al., [1990) and van den Driessche and Watmough (Van den Driessche
and Watmough, 2002).

The next generation matrix is a non-negative matrix used to determine the basic
reproduction number, Ry, which is the spectral radius of this matrix. Consider a
heterogeneous population where individuals can be categorized by factors such as
age, behavior, spatial location, or disease stage, and grouped into n homogeneous
compartments. Let x = (z1,79,...,7,)7, with each x; > 0, represent the number
of individuals in each compartment. For clarity, we arrange the compartments so
that the first m compartments correspond to infected individuals. The distinction
between infected and uninfected compartments must be based on the epidemiological
interpretation of the model, as this cannot be deduced from the structure of the
equations alone, and multiple interpretations may be possible for some models.

The basic reproduction number, Ry, depends on the definition of infected and

uninfected compartments. We define X, as the set of all disease-free states:
X¢={x>0|z;=0fori=1,2,...,m}.
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Let F;(x) be the rate of new infections in compartment i, V. (z) the rate of transfer
of individuals into compartment i by all other means, and V;” (z) the rate of transfer
of individuals out of compartment 7. Each function is assumed to be continuously
differentiable at least twice in each variable. The disease transmission model consists

of non-negative initial conditions along with the following system of equations:

dx i
dt

= F(z) - Vi(z), i=12,...n,

To compute F' and V matrices, we consider their Jacobians at the disease-free

F= lag@”)] :

equilibrium:

V= {8‘2@0)} 7

for 1 <i,57 < m. The matrix F' contains the new infection terms, while the matrix
V includes the remaining transfer terms. The next generation matrix is then defined
as FV~1. Thus, Ry is the spectral radius (or the largest eigenvalue in magnitude) of

the next generation matrix:

Ry = p(FV71).

In a compartmental model defined by ordinary differential equations (ODEs), let
r = (21,Z2,...,7,)" be the vector of compartment sizes, with the first m < n com-
partments containing infected individuals. Assume that the disease-free equilibrium
(DFE), denoted x, exists and is stable in the absence of the disease. The equations

of the model are:
dl’i

dt
where Fj(z) is the rate of new infections in the ith compartment and V;(z) is the

= Fi(z) = Vi(z), i=1,2,...,m,

rate of transitions among compartments. Define:

Fy Vi
| r v
F=|"2, v=1"7],

F, Va
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and: _ _

&%’j

for 1 < i,57 < m. The matrix F' is entry-wise nonnegative, and V' is a nonsingular
M-matrix, making V! entry-wise nonnegative. The (7,7) entry of the matrix F'V !
represents the expected number of secondary infections in compartment ¢ produced
by an infected individual introduced into compartment j. Hence, FV ™! is the next

generation matrix, and Ry is the spectral radius of this matrix:

Ry = p(FV™1).

1.6.2 Stability

The stability of a critical point indicates whether the solution trajectories of the
system will converge to or diverge from that point over time. In the context of COVID-
19, understanding the stability of critical points within epidemiological models is
essential for predicting the behaviour of the disease under various conditions. This
concept can be further categorized into local stability and global stability.

Local stability refers to the behaviour of the system in the immediate vicinity
of the critical point. If the critical point is locally stable, small perturbations or
deviations from this point will eventually return to it, suggesting that minor changes
in the number of infections will not lead to large outbreaks. In contrast, if the critical
point is locally unstable, even small deviations can lead to significant divergence,

potentially resulting in an outbreak or a change in the disease dynamics.

1.6.3 Local Stability Analysis

Consider the system of ordinary differential equations given by:

dr
dt
Here, x = (21,79, ...,7,)T and G = (G1, Gy, ...,G,)T, witheach G; fori =1,2,...,n

being a continuous function from R" to R.

G(z)

The equilibrium point of this system is determined by setting <7t = 0 for i =
1,2,...,n, which yields:

Gi(ZT1,T,...,Z,) =0
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fori=1,2,...,n, where T = (Z1,Zo,...,7T,)" in R™
To analyze the linear stability of these equilibrium points (steady state solutions),

we shift the origin to Z using the transformation:
Xi::ci—fi, i:1,2,...,n

With this change of variables and by ignoring higher-order terms in equation (1.2),

we obtain the following linearized system:

dX
2 ax
dt

where X = (X1, X,,...,X,)" and A = (gf;)x:i is the Jacobian matrix of the
system.

The equilibrium point x = Z of the dynamical system is considered linearly asymp-
totically stable if all the eigenvalues of the Jacobian matrix have negative real parts.
Therefore, determining the linear asymptotic stability of an equilibrium point reduces
to finding the signs of the roots of the characteristic equation of the corresponding
Jacobian matrix.

In this context, the Routh-Hurwitz criterion is particularly useful, providing the
necessary and sufficient conditions for a polynomial to have all roots with negative
real parts.

Routh-Hurwitz Criterion

Consider aq, as, ..., a, as n real numbers. The equation
AN a N a2+ 4a,=0

has roots with negative real parts if and only if the determinants of the following

matrices are positive:

a 1 aq 1 0
H1=(G1), H2:<1 ), Hz= a3 ay a1 |,

az az
as a4 as
aq 1 o --- 0
as a9 aq - 0
HJ pu— a5 a4 a3 R 0 s
Q2j—1 Q2j—2 QA25j-3 - 4j
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ag 1 0 -+ 0
asz as a1 - 0
H,=1|a a az --- 0

The (I, m)-th entry of the matrix H; for [ = 1,2,...,j and m = 1,2,...,j is given
by:

ag—m, f0<2l—m <n;

1, if 20 = m;

0, if 2l <m or 2l > n+ m.

For quadratic and cubic polynomials, these conditions simplify to:
e a; >0,ay >0, and
e a; >0, a3 >0, ajas — ag > 0, respectively.

For more details, refer to references (Kot, 2001), (Kuznetsov and Kuznetsov,
2004)), and (Perko, [2013).

1.6.4 Lyapunov Stability

Lyapunov stability provides a method for verifying system stability by examining the
system’s behaviour instead of analyzing its eigenvalues. Lyapunov’s Direct Method
involves the determination of a Lyapunov function. Here, we present the definition
of the Lyapunov function and the theorem for the global stability of an equilibrium
point.

Definition: (Lyapunov Function) ”For a given system of differential equations, say
in two variables x,y, a function E(z,y) is said to be a Lyapunov function for the

system if the two conditions are satisfied:

(i) E(z,y) is positive definite, and

(i) 42 is negative definite.”

Theorem 1.1. "A critical point of the system is globally stable if the following con-

ditions are satisfied:
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(i) Function E(z,y) is a Lyapunov function, and

(ii) The function E(x,y) must be radially unbounded, i.e. E(x,y) — 0o as x,y —

”

Q.

For further details, refer to reference (Korobeinikov and Wake, [2002))

1.6.5 Global Asymptotic Stability of the Disease-Free Equi-
librium

In this subsection, we present the result and outline two conditions that ensure the
global asymptotic stability of the disease-free state. To study this global stability, we
employ a theorem by Castillo-Chavez et al. (Castillo-Chavez, 2002), which is stated

as follows:

Theorem 1.2. If the model system can be expressed in the form:

X'(t) = F(X,Y),
Y'(t) =G(X,Y), G(X,0)=0,

where X € R represents the number of uninfected individuals and 'Y € R’} represents
the number of infected individuals (including latent, infectious, etc.). The disease-free
equilibrium is denoted by Ey = (Xo,0). The following conditions (H1) and (H2) must
be met to ensure the global asymptotic stability of Ey:

e H1: For X'(t) = F(Xo,0), Xg is globally asymptotically stable (g.a.s.).

e H2: G(X,Y) = AY — Gy(X,Y), Gy(X,Y) > 0 for (X,Y) € D, where A =
Dy G(Xy,0) is an M-matriz (the off-diagonal elements of A are nonnegative)

and D 1is the region where the model is biologically valid.

If the system meets the above conditions (H1 and H2), then the following theorem
holds:

Theorem 1.3. The fized point Ey = (Xo,0) is a globally asymptotically stable equi-
librium of system provided Ry < 1 (locally asymptotically stable) and that the assump-
tions H1 and H2 are satisfied.
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Theorem 1.4 (Lasalle’s Invariance Theorem). Let Q@ C D be a compact set that is
positively invariant with respect to the system. Let V : D — D be a continuously
differentiable function such that % < 0 in Q. Let E = {z | 2- = 0,z € Q} and M
be the largest invariant set in E. Then every solution starting in €2 approaches M as
t — oo. In particular, if M = {0}, then the zero solution of (1.2) is asymptotically
stable.

For further details, refer to references (J. La Salle and Lefschetz, 1961)) and (J. P.
La Salle, [1976)).

1.7 Review of Literature

In this section, a review of 55 studies is presented. Given the significant impact of
COVID-19, numerous researchers have developed models to understand the transmis-
sion of SARS-CoV-2 and evaluated the effectiveness of various intervention strategies
in mitigating its spread. According to the WHO, mathematical models are crucial
for informed decision-making by health policy-makers. Approaching infectious dis-
eases mathematically can uncover the underlying patterns and potential structures
for epidemic control. These models provide valuable insights into disease transmission
dynamics and the impact of various public health intervention strategies (Kermack
and McKendrick, [1927). Population-level phenomena are often complex and cannot
be fully understood by examining individuals alone (Rm, [1991). Statistical analysis
of epidemiological data helps describe, quantify, and summarize disease transmission
modes in susceptible populations. Additionally, mathematical modelling is a valuable
tool for exploring and testing epidemiological hypotheses, especially given the ethical
and practical constraints of live human or animal experiments.

The literature was analyzed and categorized based on model type, methods, hy-
potheses, and distribution of key input parameters. Of the 55 studies reviewed,
33 employed Compartmental models, either Deterministic or Stochastic, to simulate
transmission. For clarity, the distribution of the studies, their respective models, and
their research findings are summarized in Table and Of the 33 studies that
utilized Compartmental models, 18 were based on the classic SIR model. The re-
maining 23 studies from a total of 55 employed various other modelling approaches,
including the Bayesian method, generalized growth model, agent-based model, and

other methodologies.
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Agent-Based Model: This stochastic model assesses the impact of universal mask-
ing and the likelihood of human-to-human transmission of SARS-CoV-2. Notable
studies by (Kai and Guy-PhilippeGoldstein, 2020)) and (Koo et al., 2020)provide in-
sights into how widespread masking can mitigate the spread of the virus.

Branching Process Model: Another stochastic approach, the branching pro-
cess model, evaluates the effectiveness of contact tracing and isolation. (Hellewell
et al.,2020) demonstrated the critical role of these measures in controlling outbreaks.

Bayesian Method: This method, which estimates Ry, incubation period, serial
interval, and age-stratified CFR and IFR, is useful for comprehensive epidemiological
assessments. Studies by (Y.-Z. Zhang and Holmes, 2020)), (Verity et al., 2020), and
(Ganyani et al., |2020) have utilized this approach to provide detailed COVID-19
dynamics.

Generalized Linear Models: These stochastic models analyze the incubation
period and the effect of human mobility and control measures. (Kraemer et al.,|2020)
explored how movement patterns influence the virus’s spread.

Generalized Growth Model: This model examines Ry, the impact of social
distancing, and doubling time. Research by (Munayco et al., 2020), (Muniz-Rodriguez
et al.,2020), and (Shim et al., 2020) highlights the importance of early intervention
in reducing transmission rates.

Linear Growth and Exponential Growth Model: These stochastic models
assess how changes in testing rates affect the epidemic growth rate. (Omori et al.,
2020)) demonstrated the implications of testing strategies on understanding the epi-
demic trajectory.

Exponential Growth Model: This model focuses on estimating Ry, the number
of unreported COVID-19 cases, the risk of sustained transmission, and the impact
of reporting rates. Studies by (Thompson, [2020)), (S. Zhao, Lin, et al., 2020), and
(S. Zhao, Musa, et al.,|[2020) provide valuable estimates for public health planning.

Second Derivative Model: This model assesses the detection rate of COVID-19
cases. (X. Chen and Yu, 2020) used this approach to evaluate how well the infection
is being identified and reported.

Poisson Transmission Model: This stochastic model estimates Ry. (Y. Zhu
and Chen, 2020) employed this model to understand the basic reproduction number

in different settings.
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Segmented Poisson Model: This model determines the turning point, dura-
tion, and attack rate of the epidemic. (Y.-Z. Zhang and Holmes, [2020) utilized this
model to study the phases of the COVID-19 outbreak.

Analytically Solvable Model: This model provides estimates of the contribu-
tion of different transmission routes and generation time. (Ferretti et al., [2020]) used
it to differentiate between direct and indirect transmission pathways.

Gaussian Distribution Theory: This stochastic model estimates Ry and the
incubation period. (Y.-D. Li et al., [2020)) applied it to analyze the distribution of
these parameters.

Phenomenological Models: These models predict the short-term cumulative
confirmed cases. (Roosa et al., 2020a)) and (Roosa et al., |2020b]) demonstrated their
utility in making near-term forecasts.

Transmission Model with Zoonotic Infections: This model evaluates Ry,
doubling time, incubation period, and serial interval, particularly in the context of
zoonotic spillovers. (L. Li, Yang, Dang, Meng, Huang, Meng, Wang, et al., [2020)
explored these dynamics to understand the initial spread of COVID-19.

Data-Driven and Model-Free Estimations: These approaches predict epi-
demic trends under various public health interventions and estimate mortality. (Scara-
bel et al., 2020) employed these methods to provide real-time predictions and scenario
analyses.

Basic reproduction number Ry
The basic reproductive number Ry is a critical epidemiological metric representing the
average number of secondary infections generated by one primary infected individual
during the infectious period. It is calculated as the product of three factors: Ry = cdp,
where ¢ denotes the average contact rate of the infectious source per unit time, d
represents the infectious period, and p is the probability of transmission per contact
(Halloran, 2001). In COVID-19 epidemic models, Ry is typically estimated using
a combination of epidemiological characteristics, confirmed case reports, population
movement data, and other relevant information, varying by study area and time
period.

A review of thirty studies reveals that most Ry estimates for COVID-19 range be-
tween 2 and 4 as shown in Figure , with some studies (B. Tang, Wang, Li, Bragazzi,
Tang, Xiao, and Wu, 2020), (Y. Zhu and Chen, 2021) reporting values exceeding 5.

Researchers have frequently used daily confirmed case data from the China CDC,
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Figure 1.9: Comparison of Basic Reproduction Number Ry Across Models Using
Data from Various Regions

particularly focusing on the initial outbreak in Wuhan, China. For instance, Wang
et al. (C. Wang et al., 2020)) analyzed confirmed cases in Wuhan, segmenting the
epidemic into four periods: before January 11, January 11-22, January 23-February
1, and February 2-18. The corresponding Ry values declined from 3.88, 3.86, 1.26,
to 0.32. Similarly, Li et al. (Kucharski et al., [2020),(R. Li, Pei, Chen, Song, Zhang,
Yang, and Shaman, 2020), (L. Li, Yang, Dang, Meng, Huang, Meng, Wang, et al.,
2020) conducted phased evaluations based on key events and interventions, finding a
significant reduction in Ry with the implementation of more stringent public health
measures.
Asymptomatic Infection

Asymptomatic infections can be categorized into two groups: the first group consists
of individuals with no or mild symptoms throughout the infection, while the second
group refers to those who are initially asymptomatic but may develop symptoms later
during the incubation period. The prevalence and proportion of asymptomatic cases
are closely linked to disease control and prevention strategies. This review incorpo-
rates findings from over 30 studies on asymptomatic infections related to COVID-19.
These studies align with epidemic reports but vary in their hypotheses regarding the
infectivity of asymptomatic individuals. For instance, (Hauser, Counotte, Margos-
sian, Konstantinoudis, Low, Althaus, and Riou, 2020|) suggested that 82.1% of in-
fected individuals develop symptoms after an average incubation period of 5.9 days,

with the remaining being asymptomatic and non-transmitting. Some mild cases may
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not exhibit symptoms that significantly impact medical treatment or isolation mea-
sures. (Kissler et al., [2020)),(C. N. Ngonghala et al., [2020)), and (Verity et al., [2020)
included mild or asymptomatic infections in their models, whereas (Sanche et al.,
2020), (C. N. Ngonghala et al.,2020), and others considered asymptomatic infections
as potentially infectious. (Yang et al., 2020) suggested that asymptomatic individuals
could either remain without symptoms or develop symptoms later. (S. Mandal et al.,
2020)) proposed that asymptomatic infections are half as infectious as symptomatic
cases, while (Hou et al., [2020)) estimated that 50% of asymptomatic infections are
infectious.

The asymptomatic infection ratio denotes the proportion of infections where in-
dividuals exhibit no symptoms throughout the disease. This parameter plays a cru-
cial role in assessing the true disease burden, evaluating transmission potential, and
shaping strategies for infection control, isolation measures, public interventions, and
epidemic monitoring. Various models have differed in their assessments and hypothe-
ses regarding this ratio, with none estimating it higher than 50%.

Six studies ((Acuna-Zegarra et al.,2020)),(S. E. Eikenberry et al.,|2020)),(Ferretti et
al.,2020)),(Koo et al.,2020)),(C. N. Ngonghala et al.,[2020),(S. Zhao, Lin, et al., 2020))
have proposed different proportions for asymptomatic versus symptomatic infections.
For instance, (Koo et al., |2020)) suggested an asymptomatic infection ratio of 7.5%,
exploring sensitivity analyses ranging from 22.7% to 50.0%. They emphasized that
higher asymptomatic rates could substantially diminish the impact of public health
interventions, underscoring the need for robust case management, treatment, vaccines,
and preventive measures.

Additionally, four studies ((Hauser, Counotte, Margossian, Konstantinoudis, Low,
Althaus, and et al., 2020),(Sun and Weng, |2020),(B. Tang, Wang, Li, Bragazzi, Tang,
Xiao, and et al., 2020),(C. Wang et al., 2020))) specifically evaluated the proportion of
asymptomatic infections. (B. Tang, Wang, Li, Bragazzi, Tang, Xiao, and et al., 2020))
estimated this ratio to be less than 20%, whereas (Sun and Weng, 2020) suggested a
median proportion of approximately 44.46% (interquartile range: 37.31% - 53.72%).
Impact of intervention on R,

Qualitative assessments of various interventions’ impacts on COVID-19 transmission
are summarized above. Figure illustrates the comparison of the basic reproduc-

tion number Ry before and after the implementation of public health interventions
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Figure 1.10: Comparison of Ry Before and After Public Health Interventions Across
Various Studies

across different studies. While many studies agree that Ry decreases following inter-
vention policies, the predicted outcomes vary significantly due to differences in study
locations and the nature of interventions. For instance, (Kucharski et al., 2020]) pre-
dicted a decrease in Ry from 2.35 to 1.05 after interventions. In contrast,(World
Health Organization, observed a more substantial impact, with Ry decreasing
from 3.86 to 1.26 following the lockdown of Wuhan. Similarly, studies by (L. Li, Yang,
Dang, Meng, Huang, Meng, and et al., and (R. Li, Pei, Chen, Song, Zhang,
Yang, and et al., reported varied results within China, with Ry decreasing by
1.23 and 2.8 respectively in different regions.

Studies in Iran ((Q. Li et al.,[2020), (Muniz-Rodriguez et al.,[2020)) showed similar
effectiveness of social distancing and other interventions, lowering Ry from around 4
to near the critical value, indicating effective local control of the epidemic. The most
pronounced impact of intervention measures on Ry was observed in South Korea ((R.
Li, Pei, Chen, Song, Zhang, Yang, and Shaman, ), where large-scale epidemic
control measures reduced Ry from 4.1 to 0.1, well below the critical threshold (R, =
1), suggesting successful containment and potential elimination of the epidemic.

These findings underscore the effectiveness of targeted public health interventions
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in reducing Ry and controlling the spread of COVID-19, albeit with varying degrees

of success influenced by local contexts and intervention strategies.
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Objective of Research

The Objectives of this Research are given bellow:
e To study the stability of various Mathematical Models.
e To study the effect of delay created by precautionary measures.

e To study the effect of Diffusion on various Models.
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Table 1.1: COVID-19 compartmental models.

Models i\;{;gel Compartments | Results/Findings References
Ry, mortality, the impact of ((Chinazzi and Davis,
travel restrictions, the impact of |[2020); (Kai and Guy-
behavioural changes, the impact | PhilippeGoldstein, 2020);
Susceptible (S) of interventions, the epidemic (Kucharski et al., |2020);
ex‘ 0"Ie)1 (E) ’ | risk of imported cases from out- | (Sanche et al., [2020);
SEIR Stochastic Inicii(()us (I) side China, the impact of quar- (R. Li, Pei, Chen, Song,
Removed (R)7 antine of Wuhan city, infectious | Zhang, Yang, and Shaman,
period, prediction of epidemic, 2020); (M.-Y. Wang et al.,
doubling time, the impact of 2020); (J. T. Wu et al.,
transmission control measures, 2020); (Yang et al., 2020);
the impact of universal masking | (S. Zhao, Lin, et al., [2020))
((Acuna-Zegarra et al.,
2020), (Santarpia et al.,
Prediction of an epidemic, the 2020); (Boldog et al.,
. L . 2020); (Hauser, Counotte,
. impact of universal masking, the . .
Susceptible (S), |. . Margossian, Konstanti-
impact of travel restrictions, the .
.. | Latent (L), In- . . noudis, Low, Althaus, and
SLIR Deterministic,. . impact of behavioral changes,
fectious (I), Re- . . . et al., |2020); (Hou et al.,
the impact of interventions, dou- : .
moved (R) bling time, the impact of trans- 2020); (Kuniya, [2020);
missg';on co;ltrol mé)asufes (S. Mandal et al., [2020);
(C. N. Ngonghala et al.,
2020); (B. Tang, Bragazzi,
et al., [2020))
Isrilfbc(cetzgtzll(; (E)O_ Ry, the prediction of the ((Anastassopoulou et al.,
SIRD DeterministicCOVere q (R)’ ' COVID-19 outbreak, mortal- 2020); (Fanelli and Piazza,
Dead (D) ’ ity of COVID-19 2020))
Susceptible (S),
Exposed (E), . .
SEIRS Stochastic | Infectious (I), é?zﬁél_cctor\a/r_l;mlsblon dynamics of ((Kissler et al., |2020))
Recovered (R),
Susceptible (S)
Infected (I), sus-
. .| ceptible (S), Ry, the impact of containment ((Maier and Brockmann,
SIR-X Determlmstlcremove d (R), policies 2020))
quarantined (X)
Susceptible(S),
Asymptomatic
non-infectious
(E), Asymp-
tomatic Infec-
SEIRU Deterministictlous(l): Re—_ R?’ the. f?le of latency period ((Z. Liu et al.,|2020b))
ported symp transmission rate
tomatic infec-
tious (R), Un-
reported symp-
tomatic infec-
tious (U)
Susceptible(S),
Asymptomatic
infectious (1),
Reported symp- | The impact of unreported cases ((Z. Liu et al., |2020c),
SIRU Deterministictomatic infec- and prediction of cumulative 2020c; (Magal and Webb,

tious(R), Un-
reported symp-
tomatic infec-
tious (U)

confirmed cases

qo
(V]

2020))
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Table 1.2: Overview of COVID-19 Compartmental Models (continued)

Models

Model
Type

Compartments

Results/Findings

References

SEIIN

Stochastic

Susceptible (S),
Exposed (E),

documented

infected (1), un-
documented in-
fected (I), total
population (N)

Analysis of Ry, fraction of un-
documented infections, and their
relative contagiousness, as well
as latent and infectious periods

((R. Li, Pei, Chen, Song,
Zhang, Yang, and Shaman,
2020))

SEIQR

Deterministi

Susceptible (S),
Exposed (E),
Hospitalized In-
cfected (I), Quar-
antined (Q),
Recovered or

Removed (R)

Short-term prediction models for

COVID-19 spread

((M. Mandal et al., [2020))

SEIRQ

Stochastic

Susceptible (S),
Exposed (E),
Infectious (I),
Removed (R),
Quarantined

Q)

Short-term predictive capabili-
ties for COVID-19

((Hu et al., 2020))

SCIRA

Stochastic

Susceptible

(S), Closely
Observed

(C), Infected
Patients

(I), Recov-
ered/Cured/Dead
(R), Asymp-
tomatic (A)

Assessment of asymptomatic
infection ratios and the impact
of asymptomatic and imported
cases

((Sun and Weng, [2020))

SEIHR

Deterministi

Susceptible (S),
Exposed (E),
Symptomatic
cInfectious (1),
Hospitalized
(H), Recovered
or Dead (R)

Evaluation of Ry and the effects
of interventions on COVID-19
spread

((Choi and Ki, [2020))
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Chapter 2

Mathematical Modelling of
Vaccination Strategies Against

SARS-CoV-2: Assessing Coverage
and Efficacy

2.1 Introduction

. The COVID-19 pandemic has presented an unprecedented challenge to global public
health, with over 775 million infections and 7 million deaths reported worldwide
(World Health Organization, 2024). Vaccination has emerged as a pivotal intervention
to curb the spread of SARS-CoV-2, the virus responsible for COVID-19. The rapid
development and deployment of vaccines have provided a crucial tool in the fight
against this pandemic. However, the effectiveness of vaccination programs depends
on several factors, including vaccine coverage, efficacy, and the ability to reach herd
immunity thresholds.

The severe acute respiratory syndrome coronavirus (SARS-CoV) and the Middle
East respiratory syndrome coronavirus (MERS-CoV) shares 79% (Y.-Z. Zhang and
Holmes, 2020) and 50% (Adelman et al.,2002) sequence similarity with the wild type
of SARS-CoV-2, respectively. The fatality rates for SARS and MERS are approxi-
mately 10% and 35%, respectively. In contrast, SARS-CoV-2 has fatality rates that

! Modeling Earth Systems and Environment, (2024 )DOL:
https://doi.org/10.1007/s40808-024-02110-3.(Impact Factor:3.0)

35



2.1. INTRODUCTION CHAPTER 2

range from 0.1% to 18.1%, depending on the country (Johns Hopkins University of
Medicine, March 2023). Furthermore, it is estimated that there were 14.83 million
excess deaths due to the SARS-CoV-2 pandemic between January 2020 and Decem-
ber 2021 (Msemburi et al., 2023)). Because of the severity of the outbreak, vaccines
were developed rapidly, utilizing every known technology and method available to
humanity. By mid-2021, over three billion COVID-19 vaccine doses had been given
globally, with 24% of the world’s population having received at least one dose (Math-
ieu et al., 2021). There are 184 vaccine candidates in preclinical development and
104 in clinical stages (COVID, |19). Recent data show that 18 COVID-19 vaccines
have been approved and are currently in use worldwide (COVID, [19), (Organization
et al., 2021). These vaccines fall into four main categories based on their platforms:
1. whole virus vaccines, 2. protein-based vaccines, 3. viral vector vaccines, and 4.
nucleic acid vaccines (Nagy and Alhatlani, 2021). The systematic review conducted
by Ibrahim Mohammed et al. (Mohammed et al., 2022) provides a comprehensive
analysis of the efficacy and effectiveness of COVID-19 vaccines in reducing infection
rates, disease severity, hospitalization, and mortality. Their findings indicate that the
COVID-19 vaccines have significantly contributed to controlling the pandemic across
various populations.

Mathematical modelling has been instrumental in understanding the dynamics of
infectious diseases and evaluating the potential impact of various interventions. In the
context of COVID-19, models have been used to predict the course of the pandemic,
assess the effects of social distancing measures, and estimate the potential outcomes
of vaccination campaigns. Numerous mathematical models have been developed to
unravel the complex dynamics of the novel coronavirus (Fuk-Woo et al., [2020)), (B.
Tang, Wang, Li, Bragazzi, Tang, Xiao, and Wu, 2020), (Khajanchi et al., 2020), (T.
Chen et al., 2020), (Imai et al., [2020)), (Z. Liu et al., 2020a), (Nadim et al., [2020),
(B. Tang, Bragazzi, et al., 2020), (J. Wu et al., 2020). Chen et al. (T. Chen et al.,
2020) formulated a novel model to determine the basic reproduction number of the
virus. Imai et al. (Imai et al., 2020) crafted a computational model for COVID-19
focusing on human-to-human transmission in Wuhan, while Tang et al. (Fuk-Woo
et al., 2020)) introduced a compartmental model incorporating a symptomatic class,
revealing a high basic reproduction number of 6.47. Wu et al. (J. Wu et al., [2020)
proposed a model with four compartments—susceptible, exposed, infected, and recov-

ered—to analyze human transmission dynamics, estimating a reproduction number of
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approximately 2.68. In the absence of therapeutics or vaccines, non-pharmaceutical
interventions, such as widespread mask usage, play a crucial role in mitigating com-
munity transmission and the overall burden of the COVID-19 pandemic (S. Eiken-
berry et al., 2020). Ngonghala et al. (C. Ngonghala et al., 2019) also emphasized
the significance of non-pharmaceutical interventions in controlling the pandemic. In
India, a variety of mathematical models have been devised to explore the transmis-
sion dynamics of COVID-19, considering intervention strategies like lockdowns and
social distancing, along with economic perspectives (Khajanchi et al., 2020), (Nadim
et al., 2020), (A. Das et al., [2020)), (Shekatkar et al., 2020), (Agrawal et al., 2020)),
(Khajanchi and Sarkar, |2020)), (Sarkar et al., 2020), (Samui et al., [2020)), (Chatter-
jee et al., 2020), (Rai et al., [2021)), (Anggriani et al., 2022), (Singh and Arquam,
2022), (Shiferaw and Lemecha, 2022). Chatterjee et al. (Chatterjee et al., [2020)
employed an extended SEIR model using stochastic differential equations to study
the pandemic. Few models, such as the one by (Rai et al., 2021), have specifically
examined the effects of lockdowns by treating them as a distinct compartment in the
Indian context. The epidemic in India has garnered significant interest, with various
studies exploring different aspects (Perc et al., [2020). Additionally, the role of media
in influencing the outbreak has been acknowledged in modelling infectious diseases
(D. Das et al.,2020a)), (D. Das et al., 2020b), (Khajanchi et al.,2018), (D. Das et al.,
2019). Mujahid et al. (Abbas et al., 2022)) performed a decision-making analysis to re-
duce the mortality rate associated with the COVID-19 pandemic, utilizing the g-rung
ortho-pair fuzzy soft Bonferroni mean operator. Mohsen et al. (Khasteh et al., [2022)
developed a numerical methodology for analyzing a distributed order time fractional
model of COVID-19 contagion, employing a finite difference scheme and the mid-
point quadrature approach for problem-solving. Alemzewde et al. (Alemzewde et al.,
2023) proposed a deterministic model to evaluate the effectiveness of two therapeutic
interventions, vaccination and treatment, for controlling the COVID-19 pandemic.
Venkatesh et al. (Venkatesh et al., 2023) developed a multistrain epidemic model
with sixteen compartments to reduce the spread of COVID-19 by employing vaccine
and treatment measures. Bishal et al. (Chhetri et al., [2022)) constructed an optimal
control model that incorporates age-specific transmission dynamics of COVID-19,
assessing the impact of vaccination and treatment strategies on mitigating the pan-

demic’s burden.
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Penn and Donnelly (2023)(Penn and Donnelly, 2023) employed an ODE-based
SIR model to investigate the impact of the basic reproduction number Ry on opti-
mal vaccination strategies. Zhao et al. (2021b)(Z. Zhao et al., |2021)) utilized three
different ODE-based SEIAR models to determine the optimal vaccination strategy
against COVID-19 in Wuhan, China, using the effective reproduction number to es-
timate SARS-CoV-2 transmission among age groups. Stafford et al. (2023)(Stafford
et al., 2023) developed an age-and-race-stratified ODE-based model to study vac-
cine distribution in the United States, focusing on non-Hispanic White persons and
all other groups. Babus et al. (2023)(Babus et al., [2023) formulated a linear pro-
gramming problem to devise a U.S. vaccination plan aimed at minimizing deaths and
the economic cost of stay-at-home orders, considering occupation-based risk exposure
across 454 occupations. Galli et al. (2023)(Galli et al., 2023) used an ODE-based
SIR model to predict COVID-19 dynamics and assess vaccination plans in the South-
west Shewa Zone, Ethiopia, concluding that prioritizing individuals aged 50 and older
avoids more critical cases than random vaccine allocation. All these studies employed
age-structured mathematical models.

To obtain a better insight into the important factors related to the control of
novel coronavirus in a community and throughout the world, we propose a determin-
istic SVEITAR model. This model incorporates compartments for Susceptible (S),
Vaccinated (V), Exposed (E), Infectious (I), Asymptomatic (A), and Recovered (R)
individuals. By including both vaccine efficacy and effectiveness of vaccine coverage,
the model aims to capture the dynamics of COVID-19 spread and control under var-

ious vaccination strategies.

2.2 Model Formulation

We develop a deterministic compartmental model, denoted as SV EII4R, to describe
the transmission mechanism of COVID-19. Let N represent the total population.
This population is divided into six compartments: Susceptible (S), Vaccinated (V),
Exposed (F), Symptomatic Infection (), Asymptomatic Infection (I4), and Recov-
ered or Deceased (R). Additionally, we incorporate vital dynamics, including the
natural human natality or recruitment rate (A) and the mortality (death) rate (u).
Susceptible individuals move to the Exposed compartment upon contact with

either Symptomatic (I) or Asymptomatic (I4) individuals at a transmission rate ().
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Reports indicate that the transmission rate from Asymptomatic individuals (14) is
lower than that from Symptomatic individuals (1) (MoHFW). Therefore, we assume
that the transmission from I4 to Susceptible individuals occurs at a reduced rate,
represented by 7, where n < 1. The new infection rate is given by 5S(I + nl,).

Susceptible individuals who are vaccinated move to the Vaccinated compartment
at a rate 6. Given that vaccines are not 100% effective (www.cdc.gov), we assume
that vaccinated individuals are not completely protected. Vaccinated individuals
may become infected and move into the Exposed class at a lower transmission rate
w, where w € [0, 1] represents the reduction in transmission.

Exposed individuals transition to the Infected class, either Symptomatic (I) or
Asymptomatic (I4), at arate y. A fraction (r) of the Exposed population moves to the
Symptomatic class, while the remaining fraction (1 — r) moves to the Asymptomatic
class.

Individuals in the Symptomatic and Asymptomatic classes recover at rates a and
7, respectively. Both classes may decrease due to natural mortality (). Additionally,
individuals in the Symptomatic class may succumb to COVID-19 at a higher rate (),
reflecting the lower survival probability for symptomatic individuals.

The dynamics of the novel coronavirus model are governed by the following system
of non-linear ordinary differential equations:

Dynamics of Susceptible Individuals S(t)

The susceptible individuals are recruited into the population at a constant rate A.
They decrease due to several factors: infection at a rate § when they come into contact
with infectious (/) and asymptomatic (/4) individuals (with a reduced transmission
rate n for I4), vaccination at a rate §, and natural mortality at a rate p. Thus, the

dynamics of susceptible individuals are given by:

%zA—ﬁS(IjLnIA)—dS—uS

Dynamics of Vaccinated Individuals V (¥)
Vaccinated individuals arise from the susceptible population at a rate §. These indi-
viduals experience a reduced risk of infection by a factor w. They also decrease due
to natural mortality at a rate pu. Thus, the dynamics of vaccinated individuals are
given by:

av

259 — I —
o 0S —wpVI —uVv
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Dynamics of Exposed Individuals E(t)
Exposed individuals are those who have been infected but are not yet infectious.
They increase due to the infection of both susceptible and vaccinated individuals
at rates 5S(I + nly) and wBV I, respectively. They decrease as they transition to
the infectious class at a rate v and due to natural mortality at a rate u. Thus, the
dynamics of exposed individuals are given by:

dE

= =0BS(I+nly) +wpVI—~E — uE

Dynamics of Symptomatic Infectious Individuals I(t)
Symptomatic infectious individuals arise from the exposed class at a fraction r and
transition at a rate 7. They decrease due to disease-induced mortality at a rate
0, recovery at a rate o, and natural mortality at a rate pu. Thus, the dynamics of
symptomatic infectious individuals are given by:

dl

EZTWE—(,M—FQ)I—OJ

Dynamics of Asymptomatic Infectious Individuals 4(t)
Asymptomatic infectious individuals also arise from the exposed class but at a fraction
1—7r and transition at a rate . They decrease due to recovery at a rate ¢ and natural
mortality at a rate p. Thus, the dynamics of asymptomatic infectious individuals are
given by:

dditA =(1—=r)yE —€ely — puly
Dynamics of Recovered Individuals R(t)
Recovered individuals increase due to the recovery of both symptomatic and asymp-
tomatic infectious individuals at rates a and ¢, respectively. They decrease due to
natural mortality at a rate p. Thus, the dynamics of recovered individuals are given
by:

dR
%:@I—l—eb\—uR

Based on the biological assumptions and the schematic representation of the coro-

navirus Fig. [2.1] we develop a mathematical model for the novel coronavirus. The
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parameter description is shown in Table The model is expressed as the following

six-dimensional system of nonlinear ordinary differential equations (ODEs):

ds

av

258 — I —

o 0S —wpVI — uV,
dFE

i BS(I+nla)+wBVI—~yE — ukE, (2.1)
dl

— =ryE — I—al
o = E =+ I —al,
dl
d—::(l—T)WE—dA—M[A,
dR

E:OZI—FEIA—HR,

with nonnegative initial conditions given by
S(0) >0, V(0) >0, E(0)>0, I(0) >0, I, >0, R(0) > 0. (2.2)

All the parameters of the system ([2.1]) are assumed to be positive for all time ¢ > 0.

Table 2.1: Parameter Description for SVEII4R

Parameter Description Value

A Birth rate 51)(;0%5 day=!
U Death rate 5o day™!
I6] Rate of transmission 1.7399 day !
vy Rate of transition from Exposed to infected class 0.1923 day*
r Fraction of population moves from Exposed to symptomatic class  0.4579

(1-r) Fraction of population moves from Exposed to asymptomatic class 0.5422

Q Recovery rate of symptomatic infected class 0.004165 day—
i Reduction in transmission from asymptomatic, n < 1 0.1002

€ Recovery rate of asymptomatic infection 0.13978 day ™!
0 Rate of disease-induced death 0.0175 day ™!
) Rate at which susceptible individuals are vaccinated 0.4 day™*

w Rate of reduction in risk of infection due to vaccination 0.2
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Figure 2.1: A Schematic representation of SVEI/4R

2.3 Mathematical Model Analysis

2.3.1 Positivity of Solutions

For the COVID-19 model system to be epidemiologically realistic, it is necessary

to prove that all the state variables remain positive for all time.

Theorem 2.1. Let the initial data be {(S,V, E,I,14, R) < 0} € ¢. Then the solution
set {S(t), V(t), E(t),L(t),1a(t), R(t)} of the model system is non negative for all time
t.

Proof. Considering the non-linear system of the model ([2.1)), we take the first equation
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% — A= BS(I +nl4) —6S — S,
ds
2 (BT +nla) + 6+ S,

as
< > —/[5(I+77[A)—|—5+u]dt,

InS > —[B(I+nla)+ 0+ plt+c,

S > 67[,8([+77L4)+5+u]t + ec’

S(t) = S(0)e P na sl

Since S(0) > 0, it follows that S(¢) > 0 for all ¢ > 0. Similarly, it can also been
shown that V(t) > 0, E(t) > 0, I(t) > 0, [, R(t) > 0 for all ¢ > 0. Therefore, the

disease is uniformly persistent for every positive solution. m

2.3.2 Invariant Region
Theorem 2.2. For the initial conditions , the solutions of system are con-
tained in the region ¢ C RS defined by

¢ =[{S(t),V(t), E(t), I(t),Ia(t), R(t)} € R : N(t) < —]

==
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Proof. Let, N=S+V +E+I1+1Ixs+R
dN

= A (SHV A Bt I+ Lot R —01 (2.3)
AN
= —A—uN-0I 2.4
- f (2.4)
AN
— <A-uN 2.
T SA—u (2.5)
dN
4 uN <A 2.
o TN S (2.6)
Ne“tg/e“tA+C (2.7)
Aett
Nett < 2% 4 ¢ (2.8)
0
A —ut
N4 Cett (2.9)

At t — 0o, N — A Clearly ¢ = [{S(t), V(¢), E(t), I(t) ,Ia(t), R(t)} € RS :
N(t) < 2] O

2.3.3 Analysis of Disease-Free Equilibrium (DFE) FEj

The model gets DFE when the disease has zero induction
Taking the first equation of system ({2.1) with £ = I = I, = R = 0 into consideration.

0=A—pBS{I+nls)—6S—psS (2.10)
0=65S—wBVI—pV (2.11)
0=p3SU+nls)+wBVI—~E —puE (2.12)
0=ryE—(u+6)] —al (2.13)
O0=1—r)yE —ely—pla (2.14)
O=al +ely—puR (2.15)

we arrive at

0:—

GRS
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Then, the disease-free equilibrium (DFE) state Ej is given by

A SA
0+ )" u(d+ p)

EOZ[ a0707070]

2.3.4 Basic Reproductive Number R

Ry refers to the average number of secondarily infected persons infected by one pri-
mary infected patient during the infectious period. To obtain the basic reproduction
number, we used the next generation matrix method by (Diekmann and Heesterbeek,
2000) and (van den Driessche and Watmough, 2008), where F is the matrix of the

new infection terms and V is the matrix of the transition terms.

Infected compartments are F, I, I, , R.
Let Y = (E,I,14,R),

BS(I+nly)+wpVI (v +p)E
ay _ 0 | ey E A+ (pt 0+ a)l
dt 0 —(1=r)yE+ (n+p)la
0 —al —elp+ puR
0 BS4+wpV pnS 0
0 0 0 O
=g 0 0 0
0 0 0 O
Y+ u 0 0 0
vi_| (u+04+a) 0 0
YT (r=1)y 0 e+pu 0
0 —« —€ U

At disease-free equilibrium

A oA

o= [(5+u)’u(5+u)

,0,0,0,0]
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- BA wBSA  BnA A7
O @ tuerm ot Y
v+ 0 0 0
F_ 0 0 00 v —ry (p+0+a) 0 O
—(1— 0 + 0
0 N 0 0 ( . )y €+ p
—« —€ U
10 0 0 0
Now, FV~1 =
[rlgentaaen! _ _ SwAe-)  dstaarn  _ sw g
() (a+0+p) () (p+7) (p+0) (a+0+1) (1) (u+9)
0 0 0 0
0 0 0 0
i 0 0 0 0]

The basic Reproduction number is given by

BA BSAw
Gt ae) BynA(r —1)

(+(a+0+p)  (p+n)(p+y)(+9)

2.4 Stability analysis of DFE

2.4.1 Local stability of disease-free equilibrium

Theorem 2.3. The Disease Free Equilibrium DEF is locally asymptotically stable if
Ry < 1.

Proof. The Jacobian matrix wrt system 1 is given by

[—(0+n) O 0 —B50 —BnSo 0]
s —u 0 —wBVy 0 0
0 0 —(v+n 550 BnSo 0
/= 0 0 ry —(u+0+a) 0 0
0 0 (1—r)y 0 —(e+p) O
0 0 0 « € —u
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which implies

Jpre = ) -
-p 0 0 —BSe  —BnSy 0
0 —pu 0 —wpVy 0 0
0 O —q BSo pnSo 0
0 0 Ty —z 0 0
0 0 (1—r)y 0 —t 0
0 0 0 o € —p

Where,

p=00+u), qg=0+p), 2=E+0+a), t=(c+p

Clearly, two eigenvalues of the matrix Jppp are negative such as —p and —u. The

remaining eigenvalues are the roots of the following Polynomial equation
M+ a3\ + 4N + ad + a9 =0
where,

az=—(-p—q—z2—t)=pP+qg+z+1)

ag = [(p+q+2+1)° = (0 + ¢+ 2° +19)]/2 = ByrSy — BynSo(1 — 1)

ay = [2(Z2 4+ pyrSo)|/3 — (p+q+t+2) P+ P + 12+ 22+ 28yrS,
—268ynSo(r —1)))/2+ [(p+ ¢+t + 2)°]/6 + p° /3 + (1(1* = BynSo(r — 1)))/3
+ (q(q* + ByrSo — BynSo(r — 1)))/3 — (v(BngSo+
BnSot)(r —1))/3 + (vr(BqSo + 8S02))/3
+ (BSo(var +r2))/3 — (BnSo(va(r — 1)
+7t(r—1)))/3

ag = p(1 — Ro)(qtz — ByrSet — BynSoz + BynrSez)
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According to the Routh-Hurwitz criterion, the above equation will give negative roots

or roots with negative real parts if the following condition is satisfied:

a a as aip 0

as > 0, 3 ! >0,{1 ay ag| >0
Loa 0 as a
3 1

Hence, the disease-free equilibrium point Fy of the system is locally asymptotically
stable, when Ry < 1. O
2.4.2 Global stability of disease-free equilibrium

We now study the global stability of disease-free equilibrium, using the theorem by
(Castillo-Chavez, 2002) and (Korobeinikov and Wake, 2002)

Theorem 2.4. [f the given mathematical model can be written in the form:

dX

— = F(X.Y) (2.16)
Y

C;—t = G(X,Y),G(X,Y) =0

where X = (S, V)T, Y = (E,I,14,R)", denoting the number of uninfected individuals
and denoting the number of COVID-19-infected people respectively. Let the disease-

free equilibrium of this system be

A oA

0)

where 0 1s a zero vector.
For the global asymptotically stable, the following condition (H1) and (H2) must be
satisfied.

dX
(H1) : FOTE = F(X,0), 0 is global asymptotically stable.

(H2): G(X,Y) =AY — G(X,Y),G(X,Y) > 0for(X,Y) € Q
where A = DyG(X*,0) is an M- matriz (the off-diagonal elements of A are non-
negative) and ) is the region where the model makes biological sense. If the given
system of differential equations of our model satisfies the given condition in (2) then

the fized point Uy = (X*,0) is a global asymptotically stable (g.a.s) equilibrium of (2)
provided Ry < 1, and the assumption (H1) and (H2) are satisfied.
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Theorem 2.5 (global asymptotic stability of DFE). The DFE Eqy of model 18
global asymptotically stable if Ry < 1.

Proof. First, we rewrite the system of differential equation of our model (2.1)) as X =

(S, VT andY = (E, I, I, R)T.
Then, the DFE is given by

to=(x50)= (5ﬁu’ u(;ﬁ R
. and the system £X= F(X, 0) becomes
S=A—(5+p)S
V =08—uV (2.17)
This equation has a unique equilibrium point
X" = A : oA ) (2.18)
O+ p p(d+ p)

which is globally asymptotically stable. Therefore, condition (H1) is satisfied. We
now verify the second condition (H2). For model (2.1]), we have

BS(I +nly) +wpVI—~E — pE
ryE — (n+0)] — ol
(1—=r)yE —elq — puly

al +ely — uR

G(X,Y) =

DyG(X*0)=A=F -V

—(y+up) BSo+wBVy  pnSy 0

B ry —(p+0+a) 0 0
| (T=r)y 0 —(e+p) O
0 o} € —

Clearly, we see that A is an M-matrix, i,e. all the off-diagonal elements of A are

non-negative.

A

G(X,Y) = AY — G(X,Y)
[B(I +nla)](S = So) +wBI(V — Vo)
0
0
0
which implies that G(X,Y) > 0 for all (X,Y) € Q. Therefore, conditions (H1) and (H2)

are satisfied. Hence, disease-free equilibrium is globally asymptotically stable. O]
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2.5 Stability analysis of EE

2.5.1 Existence of Endemic Equilibrium point

Let us denote the Endemic Equilibrium by E; = (S*, V*, E* I*, I’;, R*) The Endemic

Equilibrium always satisfies:

0=A—-BS"(I"+nl})— 65" —pusS*

0=05" —wpV*I* — puv*

0= BS*(I* +yI%) + wBV*I* — vE* — uE*

O0=rmyE"— (u+6)I" —al” (2.19)
0=(1—r)yE" —el) —pl}

O=al"+el, — uR*

which gives

A
5% = =C
B(I*+nB)+d+ p
. ¢
Wl
g o+
Yy
poo A=A
(e + n)
o )t o) at o) + ByAp[tr=letdt) 1](R )
Blp+ ) EHEEE (0 + 0 + ) 0
R al*+eB
I

2.5.2 Local stability of endemic equilibrium

Theorem 2.6. The endemic equilibrium FEy is locally asymptotically stable if Ry >

1, otherwise it 1s unstable.

Proof. The Jacobian matrix of the system ([2.1)) at endemic equilibrium point F; is
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obtained as follows:

—a 0 0 —pBS*  —pnS* 0
0 —d 0 —wpV* 0 0
Ty — | 931 wpI* —-f as3q BnS* 0
EL= 10 0 oy —j 0 0
0 0 (1-r)y 0 —1 0
| 0 0 0 o € — ]
where
a=[B(I"+nl})+ 6+
d = [wBIl" + ]
f=0+n
j=p+0+a)
l=(e+p)

az1 = B(I* +nl}y)
asy — ﬁS* + wﬁV*

Clearly, one eigenvalue of the matrix Jg; is negative —pu and the remaining eigenvalues

are the roots of the following Polynomial equation:
AN + A+ X +aX+e=0
where

ca=a+d+f+7+1
cs=[(a+d+ f+3j—1)7/2— ary—a*/2 —d*/2 — f*/2
— 7% /2=1)2=BnS" (1 =)y
co = adf + adj — aazyry — adl + afj — afl — dagary
+dfj — dfl — ajl — djl + agaryl — fjl + BagryS™
+ (B ry v (w)* — aB(1 = r)ynS™ — Bd(1 — r)ynS*
+ Baz (1 —r)yS™ = Bj(1 —r)ynS*

51



2.5. STABILITY ANALYSIS OF EE CHAPTER 2

c1 = adf 7 — adasyry — adfl — adjl + aazqryl — afjl
+ dagyryl — df 1 + Bdaz ryS™ — PasyrylS*
+ (B)?6ryI*S*w + a(B)*ry " V* (w)?
— (B)*ry "IV (w)* — afd(1 - r)nS”
+ Bdagi (1 —r)yS™ — afj(l —r)ynS*
= Bdj(1 —r)ymS* + Bazj(1 — r)ynS”
+ (B)?6I*(1 — r)ynS*w

co = adf jl — adasqryl + Bdaz rylS™
+a(B)*ryl IV (w)? + aBdj(1 — r)ynS”
— Bdaz1j(1 — r)ynS* + (B)*6ryI* S*lw
—(B)?0I"j(1 = r)mS*w

According to the Routh-Hurwitz criterion, the above equation will give negative roots

or negative real parts if the following condition is satisfied:

Cy Co (O 0

C C C
Cq4 Co 4 2 0 1 C3 C1 0
cy >0, >0,/1 ¢c3 | >0 >0
)
1 C3 0 a a 0 Cy Co (O
4 2

0 1 C3 (C1
Hence, the endemic equilibrium point £ of the system is locally asymptotically stable
when Ry > 1. O

2.5.3 Global stability of endemic equilibrium

Theorem 2.7. The endemic equilibrium Ey; = (S*,V* E* I* I}y, R*) of our mathe-
matical model is globally asymptotically stable.

Proof. For the global stability result, we will use the method discussed in Korobeinikov
(Korobeinikov and Wake, 2002) and Wake , Li and Muldowney (M. Y. Li and Mul-
downey, 1995)). From , a person was infected with coronavirus and then fully
recovered. After that, we assume that a person has permanent immunity. The first
five equations are independent of R in and we will study the following sub-
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system.
d
d—f:A—ﬁS(I—i-nIA)—éS—uS
av
P — [ _
o 0S —wpVI—puVv
dE
—r = S+ nl) +wBVI —yE — kb (2.20)
dl
g =ryE — (u+0)] —al
dl
d—; =(1—r)vE —ely — uly
Let
S 1% E I I
Ty

IR AR T TR
The model of the system of equation ([2.20) is transformed into the following form
dl‘l A1

o = Ol () = B (w = 1) = B Lo = 1))

. AL s Su5 Ly () wﬁg:f*(yzl ~1] (221
s )

T == -

Here it is easy to find that the system of equation has unique endemic equi-
librium £7(1,1,1,1,1) and the global stability of F;(1,1,1,1,1) is same as that of Ej.
Thus we investigate the global stability of £;(1,1,1,1,1) instead of Ej.

Defining the Volterra- type Lyapunov function

L(z1,y1, 21,u1,v1) =S"(x1 — 1 —Inz)) + V(y1 — 1 —Inyy) + E* (21 — 1 —In2q)
N BI*(S* + wV™)

ryE*
B (5" +wV)

(1 —r)E*

(up — 1 —Inwup)+

(v — 1 —1Inwv)

From equilibrium state E; we have the following equations
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A= pS*(I"+nly) + (0 + p)S*
0S* =wpV* " + pvr
(v +p)E*=pS*(I" +nl}) +wpV*I*
ryE* — (a4 p)I*
V(1 =7r)E" = (e+p)l}

Then, differentiating L w.r.t ’t’ along the solution curve of the system of the equation

of model ([2.21]) and considering the above equation gives

arL. . . 1 « Z1
dt S(.Tl—l) +V(1—1)y +E(1—1)Z—1
6[*(5* + wV*) Uy ﬁn]A(S* + wV*) Uy
T 1>u_1 F e Ty
— (0 1>[A<$il 1) = BS T (ur — 1) — BS" T (01 — 1)
+ oy — 1>[5S*<§ — 1) = wBV I (g — 1))

1

r — lug z — 1v;

) S T —1>+w5v*r*<y;—l
+BI°(S* + wV ™) (ug — 1)(Z2 — 1)

U1

+ B (S" +wV ) (o — 1)(2 — 1)

U1

+ (2 — D[BS*T*(

After some algebraic manipulation, we have

dL 1 1 X1
— *2_ = * - o1
di wS™( T )—i—LLV (3 p U yl)
1 1
+68*I*(3———w—_)+5n5*12(3___ﬂ_ﬂ)

xy 21 Uy Ty 21 U1

Since the arithmetic mean is greater than or equal to geometric mean, we have
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2—z,——)<0

(2 - 331)_

1

oL -y

1 Y1
gl _mu_ A2y

T Z1 (51
(3_l_ﬂ_ﬁ)§0

I 21 (%1
a-Ll_m_mm Ay

Thus it is easy to observe that Ccll—f < 0 and the equality % = 0 hold for
nn=y1=LlLzn=u=u

which corresponds to the set [(S,V,E,I,[4: S=5*V -V* E= E*1=I* 1, = I})|Hence
from LaSalle’s invariance principle (J. P. La Salle, [1976), the equilibrium E; of the
given system is globally asymptotically stable for Ry > 1. O

2.6 Sensitivity Analysis

In this section, we conduct a sensitivity analysis to understand the impact of various
parameters on the basic reproduction number, Ry. This analysis helps identify how
changes in these parameters can increase or decrease Ry. The goal is to determine
which parameters significantly influence Ry and should therefore be targeted by in-
tervention strategies.

Sensitivity indices measure the relative change in a variable when a parameter
changes. We use the forward sensitivity index of a variable with respect to a given
parameter, defined as follows:

ofo — O &
¢ 99 Ry
where ¢ represents the parameters [y, u, 7, 0, a, €, 5, 0, w, n, AJ.
Using this formula, we can analytically calculate the sensitivity of Ry to each

parameter it comprises. Figure illustrates the sensitivity indices for parameters

v, i, Ty 0, €, 8,0, w, n, and A with respect to Ry.
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Positive indices indicate a direct relationship between the parameter and Ry. This
means that an increase in the parameter will result in an increase in Ry, and vice versa.
To control COVID-19 in the population, we need to reduce the basic reproduction
number. This can be achieved by reducing the parameters that have positive indices,
namely v, r, 3, w, n, and A. Among these, the birth rate (A) and the transmission
rate () are the most sensitive parameters of Ry. Since it is not feasible to control
the birth rate, we focus on reducing the transmission rate. This reduction can be
accomplished by limiting contact rates, hence the implementation of measures like
quarantine and social distancing. Additionally, as the reduction in infection risk due
to vaccination (w) increases, Ry decreases. Therefore, increasing vaccination coverage
can effectively reduce the basic reproduction number.

Negative indices indicate an inverse relationship between the parameter and Rj.
This means that a decrease in the parameter will lead to an increase in Ry, and vice
versa. Parameters u, 0, o, €, and § have negative indices. Among these, p (the death

rate) is the most sensitive. An increase in the death rate results in a decrease in Ry.

05

05 F

Sensitivity Indices

15

=
-
3
=]
-
=
E

=
=

Parameters

Figure 2.2: Forward sensitivity of Ry
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The sensitivity analysis of our mathematical model provides critical insights into
the dynamics of COVID-19 transmission and control, highlighting the impact of vari-
ous parameters on the basic reproduction number (Rp). This analysis guides effective
intervention strategies by identifying key parameters that significantly influence Ry.

From our analysis (Figure[2.3)), we observe that increasing the vaccination rate (4)
leads to a decrease in Rj. Conversely, higher transmission rates (/) result in higher
values of Ry. However, effective vaccination can mitigate this effect. This finding
underscores the importance of mass vaccination programs in controlling the pandemic,
even in scenarios with high transmission rates. Vaccination significantly reduces the

potential for the virus to spread by lowering the basic reproduction number.

2000
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500 | 800
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Figure 2.3: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission § and Vaccination rate o

Further examination (Figure reveals that both higher vaccination rates and
higher vaccine efficacy (w) lead to a substantial reduction in Ry. The interplay be-
tween these parameters shows how both coverage and effectiveness of vaccines are
critical in controlling the spread of COVID-19. Policies should focus on rapid vaccine
deployment and ensuring high efficacy to achieve significant control over the pan-

demic.
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Figure 2.4: The numerical result exhibit that the dependence of Ry of system on
Vaccination rate 0 and Efficacy of Vaccine w

In addition, our findings (Figure indicate that while higher transmission rates
increase Ry, reducing transmission from asymptomatic individuals (7) can mitigate
this effect. The presence of asymptomatic carriers with reduced transmission still
contributes to controlling Ry. This emphasizes the importance of vaccination and
public health strategies that target asymptomatic spread through widespread testing

and vaccination.
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Figure 2.5: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission § and Reduction in the transmission from asymptomatic n

Figure 2.6: The numerical result exhibit that the dependence of Ry of system on
the rates of transition to infected states v and Vaccination rate ¢

Moreover, our analysis (Figure [2.6)) suggests that higher rates of transition to
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infected states () increase Ry, but this can be counteracted by increasing the vac-
cination rate (0). Effective vaccination lowers R, despite faster progression from
exposed to infected states. Therefore, efforts to vaccinate quickly and efficiently are
key to managing outbreaks and controlling the spread of COVID-19.

Overall, our numerical simulations validate these findings, highlighting the critical
role of vaccination in controlling the pandemic. By targeting key parameters identified
through sensitivity analysis, public health policies can be better informed and more
effective in mitigating the spread of COVID-19.

This revised structure presents a comprehensive narrative of your results, integrat-
ing the relevant figures and their implications. This approach ensures that the results

section is detailed and addresses the reviewers’ concerns about insufficient detail.

2.7 Numerical Simulation

For the numerical simulation of the proposed model, we utilize the MATLAB program
to illustrate the mathematical findings. The parameter values used in the simulation
are listed in the table and depicted in Figures 2.7 and

Covid 19 Model
12000 i = T

Susceptible
Vaccinated
10000 - Exposed s
Symptomatic

Asymptomatic
2000 - Recovered =

6000 - o e

population

4000 -

2000 -

0 i I I I I i i e
0 5 10 15 20 25 30 35 10
time(days)

Figure 2.7: Variation of SV EII4R with time corresponding to Ry > 1 from t=0 to
40
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Covid_19 Model

12000 I
Susceptible
Vaccinated
10000 - Exposed
Symptomatic
- Asymptomatic |-
gooo L/ - Recovered
- /
= ..
— 6000 -
:C:T‘ |
a, '.
4000 §
2000 k
[] L s |
0

100 200 300 400 500 600 700 800 900 1000
time(days)

Figure 2.8: Variation of SV EII,R with time corresponding to Ry > 1 from t=0 to
1000

Next, we consider all parameters on daily basis, the parameter value is considered
for Disease-Free Equilibrium as A = 20, p = 0.0245, § = 0.001, a = 0.004165, € =
0.0714, 6 = 0.4, n = 0.0085, v = 0.05, r = 0.0075, 5 =0.0065, w = 0.2. we get Ry =
02397 < 1,if w =1, Ry = 0.9184. The stability of Disease-Free Equilibrium Fy =
(47.1143,138.6122,0,0,0,0) is stable and is shown in Figure
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Covid_19 Model

800 T T T
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Vaccinated .
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Symptomatic
Asymptomatic ’
Recovered
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[] ! L ! !
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time(days)

Figure 2.9: Variation of SV EII4R with time showing the stability of Disease-Free
Equilibrium with Ry = 0.2397

Figure[2.10[and shows the Variation of SV ETI,R with time corresponding to

the values of Ry < 1 for different values of the initial numbers of each compartment.
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Figure 2.10: Variation of SV EII,R with time corresponding to the values of Ry
< 1 for different values of initial numbers of each compartment with time t = 0 to

1000
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Figure 2.11: Variation of SV EII R with time corresponding to the values of Ry <
1 for different values of initial numbers of each compartment with time t = 0 to 600

The impact of varying the parameters w and f is illustrated in Figures and
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2.13l These figures demonstrate that as the values of w and 3 decrease, the infected
population correspondingly diminishes. This relationship indicates that a lower rate
of reduction in the risk of infection due to the vaccine, represented by w, leads to
a decrease in the basic reproduction number, R,. Consequently, a higher number
of vaccinated individuals results in a more substantial decrease in the infection risk
induced by the vaccine. By successfully lowering Ry, we can achieve a significant
decline in the infected population.

To elaborate, parameter w represents the efficacy of the vaccine in reducing the
risk of infection. When w is high, the vaccine is highly effective, leading to a significant
reduction in the transmission of the virus. As w decreases, the vaccine’s effectiveness
diminishes, resulting in a smaller reduction in transmission. Parameter 3, on the
other hand, represents the transmission rate of the virus. A lower [ indicates a
lower probability of virus transmission per contact between susceptible and infected
individuals.

Figures and clearly show that reducing w and [ lowers the number of
new infections, thereby reducing the overall infected population. This finding under-
scores the critical importance of maintaining high vaccine efficacy and minimizing
the transmission rate to control the spread of the virus effectively. By focusing on
strategies that enhance vaccine coverage and efficacy, we can significantly impact the
basic reproduction number, Ry, and achieve a substantial reduction in the infected

population.
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Figure 2.12: Variation of Infected population with time for different value of w
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Figure 2.13: Variation of Infected population with time for different value of

Lastly, we simulate our model to observe the change in the final density of in-
fected individuals with vaccination coverage levels of § = 0, 20%, 40%, 60%, and
80% in a local population of N = 6000. The numerical results, presented in Figure
indicate that timely vaccination and expanding vaccination coverage can con-
trol both the peak and the final scale of the epidemic more effectively. Notably, 80%
vaccination coverage yields optimal results in reducing the number of cases. With
maximum vaccine efficacy, the basic reproduction number Ry is reduced to 0.2397,
demonstrating the profound impact of high vaccination coverage. This approach not
only achieves faster epidemic control but also significantly diminishes the harm caused
by the epidemic and reduces the costs associated with epidemic prevention. There-
fore, emphasizing the importance of widespread vaccination coverage is crucial for
effective epidemic management. In conclusion, our numerical simulations underscore
the critical importance of vaccination coverage. Higher vaccination rates reduce the
basic reproduction number and the infected population, highlighting the effectiveness

of vaccination strategies in controlling and mitigating the impact of the epidemic.
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Figure 2.14: Simulation of Infected individuals with different vaccination rate § =
0,20%, 40%, 60%, 80% show that the higher the COVID-19 vaccination rate, the
smaller the peak number of infected patients

2.8 Conclusion

This study presents a comprehensive mathematical model to understand and pre-
dict the dynamics of COVID-19 transmission and the impact of various vaccination
strategies. By categorizing the population into compartments—Susceptible, Vacci-
nated, Exposed, Symptomatic Infection, Asymptomatic Infection, and Recovered or
Deceased—we captured the complexities of disease spread and the effects of vaccina-
tion.

Our stability analysis highlights the importance of the basic reproduction number,
Ry. The Disease-Free Equilibrium is stable when Ry is less than 1, suggesting that the
disease can be eradicated under this condition. Conversely, the Endemic Equilibrium
remains stable when R exceeds 1, indicating persistent transmission. These findings
underscore the critical threshold value of R in determining the long-term behaviour

of the epidemic.
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Through sensitivity analysis, we identified key parameters influencing R,. Pa-
rameters such as transmission rate, vaccination rate, and vaccine efficacy are crucial
in controlling the spread of the virus. Our results indicate that increasing vaccina-
tion coverage and efficacy while reducing transmission rates are effective strategies to
lower Rj.

Numerical simulations using MATLAB validated these findings, demonstrating
how different parameters affect disease dynamics. For instance, increasing the vacci-
nation rate and vaccine efficacy significantly reduces the infected population, even in
scenarios with high transmission rates. This reinforces the need for rapid and exten-
sive vaccination campaigns to control the pandemic effectively.

The simulations also illustrated the critical impact of reducing transmission rates
and enhancing vaccine efficacy on Ry. Lowering these parameters directly reduces the
number of new infections, highlighting the importance of maintaining high vaccine
efficacy and minimizing transmission rates.

Lastly, our simulations emphasized the substantial benefits of high vaccination
coverage. With a vaccination rate of 80%, the basic reproduction number Ry was sig-
nificantly reduced, leading to faster epidemic control and lower infection rates. This
demonstrates that widespread vaccination is essential for effective epidemic manage-
ment.

In conclusion, our study unequivocally demonstrates the critical importance of
vaccination in the fight against COVID-19. By targeting the key parameters identified
through our sensitivity analysis, public health interventions can be precisely tailored
to effectively reduce Ry and control the epidemic. The insights garnered from this
research offer a solid foundation for developing robust strategies to combat COVID-19
and bolster preparedness for future outbreaks. Overall, our study provides valuable
insights for public health policymakers and stakeholders, advocating for sustained

efforts to maximize vaccination coverage and improve vaccine efficacy.
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Chapter 3

Investigating SARS-CoV-2
Dynamics: The Role of Vaccination
and Intervention Strategies

3.1 Introduction

The COVID-19 pandemic has presented an unprecedented global health crisis, requir-
ing rapid and effective strategies to mitigate its impact. Mathematical modelling has
become a potent tool for comprehending and forecasting the dynamics of infectious
diseases, providing insightful data on the modes of transmission, effects of vaccina-
tion, and efficacy of intervention strategies. The use of mathematical modelling is
essential for guiding evidence-based decision-making in India, a nation with a sizable
population and distinctive demographic traits, in order to address COVID-19 effec-
tively.

The first Mathematical model in Epidemiology was the work of Daniel Bernoulli
on the effect of variolation against smallpox in increasing life expectancy (Bernoulli,
1760), Since Kermack and McKendrick’s pioneering work, mathematical models have
been applied to provide a framework for comprehending the dynamics of infectious
diseases (Kermack and McKendrick, 1927). A number of mathematical models have
also been put forth to comprehend the COVID-19 transmission dynamics in India.
Several studies have expanded the SI (Duan et al., 2019), SIS (Y. Xie et al., [2020),

2 Advance and Applications in Mathematical Science, 0974-6803
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SIR (Sene, 2020), SEIR [(Rezapour et al.,2020) by including a number of new com-
partments such as asymptomatic, isolated, quarantined, protected, death, lock-down,
hospitalized, etc. (Bajiya et al., 2020; Gupta et al., 2021; Khajanchi and Sarkar,
2020 Mahajan et al., 2020, Ray et al., 2020; Senapati et al., 2021} Tiwari et al.,
2020).

This research aims to investigate the mathematical modelling of COVID-19 in
India, with a specific focus on studying the impact of vaccination and intervention
measures. In this study, we also consider the period from March 2020 to December
2020 of the COVID-19 outbreak where several preventive measures have been imple-
mented in India to measure the strength of intervention measures. The government of
India declares a nationwide lockdown from 24 March 2020 for 21 days (Pulla, [2020)).
In India vaccine was introduced on 16 January 2021, and India began the adminis-
tration of COVID-19 vaccines. As of 25 March 2022, India has administered over 1.8
billion doses overall. In India, 90 % of the eligible population has received at least
one shot, and 76 % of the eligible population is fully vaccinated(V. M. Kumar et al.,
2021). We shall introduce the Vaccine compartment in our model.

The findings will help policymakers, public health professionals, and researchers
develop focused strategies to manage the epidemic and ensure the health and well-

being of the Indian population. This will support evidence-based decision-making.

3.2 Model Formulation

We create a deterministic compartmental model SV EII4R to describe the disease
transmission mechanism. Let N be the total population of humans. The total
population N is divided into six compartments: Susceptible (S), Vaccinated(V),
Exposed(E), Symptomatic Infection(7), Asymptomatic Infection(/4), and individuals
that are either recovered or die from COVID-19(R). We also include Vital Dynamics:
The natural human natality or recruitment rate denoted by A and mortality(death)
rate denoted by u.

Susceptible individuals move to the Exposed compartment when they come into
contact with Symptomatic Individuals(/) as well as Asymptomatic Individuals(4)
at a rate § (rate of transmission). It is reported that I, has a lower chance of

transmission than I (MoHFW). So we assume that transmission of the disease from
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Asymptomatic individuals(/4) to Susceptible individuals is less than that of Symp-
tomatic Individuals to Susceptible.

We denote the reduction in the rate of transmission from Asymptomatic Individ-
uals to Symptomatic as n where 7 < 1. The new infection is given by SS(I 4+ nl,)

Susceptible Individuals who are Vaccinated move to the Vaccinated compartment

at the rate §. Since Vaccines are not 100 % effective(www.cdc.gov), we assume that
those in the Vaccination class are not at a complete protective level, and the Vac-
cinated individuals become infected and move into the Exposed class. We assume
that this occurs at a lower transmission rate w, where w € [0,1] is the decreasing
coefficient.
We adapt the model to include several intervention techniques. The use of preventive
measures such as lock-downs, media campaigns to raise awareness, effective hand-
washing techniques, social seclusion, mask use, etc., as part of intervention strategies,
slows the spread of disease.

The application of the intervention suggests that there would be a decrease in the
rate of disease transmission in terms of model parameters. The strength of the inter-
vention, h where h € [0, 1], is deemed to have decreased at this rate of transmission.

During the course of implementation, the parameter 3 is transformed to (1 —h)g3
when there is intervention. The Exposed individuals move to the Infected class i.e, I,
I, at a rate . A fraction of the population moves from Expose to the Symptomatic
class at a rate r, and the remaining fraction moves to the Asymptomatic class at the
rate (1-r).

Individuals from Symptomatic and Asymptomatic recover at a rate «, 1 respec-
tively. Each of these classes may decrease as a result of mortality p, while an individ-
ual who shows COVID-19 Symptoms may have a lower chance of survival, therefore,
the Symptomatic class decreases as a result of death from COVID-19 at a rate 6.

Based on the assumption we propose the following model; a system of non-linear

differential equations. The Schematic diagram is shown in Figure [3.1
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Figure 3.1: Schematic Diagram of SVEII4R

ds
E:A—(l—h)ﬂS(I—i-nIA)—(;S—,uS,
av

Y 59— J—

o =05 —wBVI—puV,

dE

e (1 —=h)BS(I +nla) +wpVI—~E — puFE, (3.1)
1

C;—t:wE—(u—FH)I—aI,

1

d—A:(l—T)WE—e]A—uIA,

dt

dR

%:anLeIA—,uR,

with nonnegative initial conditions given by

S(0) >0, V(0) >0, £(0)>0, I(0) >0, I4>0, R(0)>0. (3.2)
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All the parameters of the system (3.1)) are assumed to be positive for all time ¢ > 0.

Table 3.1: Parameter Description for SVEII4R

Parameter Description Value

A Birth rate oosee day ™!
U Death rate =i day ™
15} Rate of transmission 1.7399 day~*
v Rate of transition from Exposed to infected class 0.1923 day~!
r Fraction of population moves from Exposed to symptomatic class  0.4579

(1-r) Fraction of population moves from Exposed to asymptomatic class 0.5422

Q@ Recovery rate of symptomatic infected class 0.004165 day~
i Reduction in transmission from asymptomatic, n < 1 0.1002

€ Recovery rate of asymptomatic infection 0.13978 day~*
0 Rate of disease-induced death 0.0175

4] Rate at which susceptible individuals are vaccinated 0.4 day™*

w Rate of reduction in risk of infection due to vaccination 0.2

h Strength of intervention 0; 0.5042;

0.6544; 0.7282

3.3 Mathematical Model Analysis

3.3.1 Positivity of Solutions

For the COVID-19 model system to be epidemiologically realistic, it is necessary

to prove that all the state variables remain positive for all time.

Theorem 3.1. Let the initial data be {(S,V, E,I,14, R) < 0} € ¢. Then the solution
set {S(t),V(t), E(t), I(t),1a(t), R(t)} of the model system is non negative for all time
t.

Proof. Considering the non-linear system of the model (3.1)), we take the first equation

% = A— (1= h)BS(I +nls) — 88 — uS,
dS

2 (=M +nla) + 0+ pls,
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g > _/[(1 — W)B(I +nla) + 6 + pildt,

InS > —[(1—"h)B(I+nla)+ 0+ ult+ec,

S > e (A=m)B(I+nla)+0+pult + e

Y

S(t) > S(0)e (A=W EnLa)+5 it

Similarly, it can also been shown that V(¢) > 0, E(t) > 0, I(t) > 0, 4 R(t) > 0 for all

t > 0. Therefore, the disease is uniformly persistent for every positive solution. [

3.3.2 Invariant Region

Theorem 3.2. For the initial conditions , the solutions of system are con-
tained in the region ¢ C RS defined by

A
¢ =[{S(t),V(t), E(t), I(t), [a(t), R()} € R : N(t) < ;]
Proof. Let, N=S+V +E+ 1+ 14+ R
dN
dN
— =A—puN —0I 4
o pN —6 (3.4)
dN
—— < A—puN
5 p (3.5)
dN
— +uN <A
o THN < (3.6)
Nett < / eMA+ C (3.7)
ut
Nett < AZ +C (3.8)
A —put
N<—+4Ce™ (3.9)
i
At t — 00, N — 2. Clearly ¢ = [{S(t), V(t), E(t), I(t) ,1a(t), R(t)} € R :
N(t) < 4] O
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3.3.3 Analysis of Disease-Free Equilibrium (DFE) Ej

The model gets DFE when the disease has zero induction

Taking the first equation of system (3.1) with £ = [ = [, = R = 0 into consideration.

0=A—(1-"h)BS(I+nls)—0S—pS (3.10)
0=0S —wpVI—puVv (3.11)
0=(1—-h)BSU +nls) +wpVI—~E — pE (3.12)
O0=ryE—(u+0) —al (3.13)
0=1—r)yE —ely—pla (3.14)
O0=al +ely—uR (3.15)

we arrive at

A A
N O R C )

Then, the disease-free equilibrium (DFE) state Ej is given by

A SA
(0 +p)" 10+ p)

EO:[ a0707070]

3.3.4 Basic reproductive number R

Ry refers to the average number of secondarily infected persons infected by one pri-
mary infected patient during the infectious period. To obtain the basic reproduction
number, we used the next-generation matrix method by (Diekmann and Heesterbeek,
2000) and (van den Driessche and Watmough, 2008|), where F is the matrix of the

new infection terms and V is the matrix of the transition terms.

Infected compartments are F/, I, I, , R.
Let Y = (E,I,14,R),

(1= W)BS(I + L) +wBVI (v+ ) E
v 0 | ey EA (et 0+ )l
a 0 —(1=r)vE+ (n+p)ia
0 —al — eI, + uR

(0]
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0 (1-h)pS+wpV (1—=h)BnS 0
0 0 0 0
=1 0 0 0
10 0 0 0
[ v+ p 0 0 0
_| - (w+f+a) 0 0 . S
Vi= (r = 1)y 0 ety 0 At disease-free equilibrium
|0 —« —€ u
A oA
Eq = ; ,0,0,0,0
’ [(5+u) (0 + ) |
F= (1-h)BA BSA  (1—h)BnA
_ _ " )6 -
0 (0+w) ™ w(o+p) (6+w) 0
0 0 0 0
0 0 0 0
0 0 0 0]
V pumy
YA+ 0 0 0
-7y (n+60+ ) 0 0
—(1—=r)y 0 e+p 0
0 -« —€ W

76



3.4. STABILITY ANALYSIS OF DFE CHAPTER 3
Now, FV~1 =
) e SRS
(u+7) (a+6+p) (tn) () (p+06) (a+0+p) (pte)(p+9)
0 0 0 0
0 0 0 0
i 0 0 0 0]
The basic Reproduction number is given by
(1=h)BA | BéAw
Ry — Gyt g PynA(l =)
(w+a+0+p)  (pt+n)(p+7)(n+9)

3.4 Stability analysis of DFE

3.4.1 Local stability of disease-free equilibrium

Theorem 3.3. The Disease Free Equilibrium DEF is locally asymptotically stable if

Ry < 1.

Proof. The Jacobian matrix wrt system 1 is given by

' = G4+ 0 0 —(1—h)BSy —(1—h)BnS 0]
5 —u 0 —whVy 0 0
0 0 —(y+p) @A=h)BS (1-h)BnSy 0
0 0 Yy —(u+0+ ) 0 0
0 0 (1-r) 0 (et 0
0 0 0 a € _u
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which implies

Jpre = ) -
-p 0 0 —(1-nmBS —(1=h)pnS 0
0 —u 0 —wpVy 0 0
00 —¢ (1=h)pBS (1=h)nS 0
0 0 Ty —z 0 0
0 0 (1—r)y 0 —t 0
0 0 0 a € — 1

Where,

p=00+p), ¢g=+p), z2=E+0+a), t=_(c+u

Clearly, two eigenvalues of the matrix Jppp are negative such as —p and —p. The

remaining eigenvalues are the roots of the following Polynomial equation

M4 as) + a2+ N+ay=0
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where,

az=—(-p—q—z2—-t)=pP+qg+z+1)
ay=[p+q+z+t) — P+ +22+13)]/2— (1 —h)ByrSy — (1 — h)BynSe(1 — 1)
ay = [2(22 4+ (1 = R)ByrSy)]/3 — (p+q+t+2)(p* +@F + 12+ 22 +2(1 — h)ByrSy
—2(1 = h)BmSo(r —1)))/2 +[(p + g+t +2)°] /6
+9° /34 (t(t* — (1= h)BynSo(r —1)))/3 + (g(¢* + (1 — h) ByrSo
— (L= h)BynSoe(r —1)))/3 = (v((1 = h)BngSo+
(L= h)BnSot)(r —1))/3 + (yr((1 — h)BqSo + (1 — h)BSyz))/3
+ (BSo(vqr +rz))/3 = (1 = 1) BnSo(va(r — 1)
+7t(r—1)))/3
ag = p(1 = Ro)(qtz — (1 = h)ByrSet — (1 — h)BynSoz + (1 — h)BynrSoz)

According to the Routh-Hurwitz criterion, the above equation will give negative roots

or roots with negative real parts if the following condition is satisfied:

a a as aq 0

asz > 0, 3 ! >0,|1 ay ag| >0
Loa 0 as a
3 1

Hence, the disease-free equilibrium point FEj of the system is locally asymptotically
stable, when R, < 1. O
3.4.2 Global stability of disease-free equilibrium

We now study the global stability of disease-free equilibrium, using the theorem by
Castillo-Chavez et al. (Korobeinikov and Wake, |2002])

Theorem 3.4. If the given mathematical model can be written in the form:

dX

= F(XY) (3.16)
% = G(X,Y),G(X,Y)=0
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where X = (S, V)T, Y = (E,I,14,R)T, denoting the number of uninfected individuals
and denoting the number of COVID-19-infected people respectively. Let the disease-

free equilibrium of this system be

A SA
O+ p (0 +p)

Up = (X7,0) = ( 0)

where 0 is a zero vector.
For the global asymptotically stable, the following condition (H1) and (H2) must be
satisfied.

dX
(H1) : FOTE = F(X,0), 0 is global asymptotically stable.

(H2): G(X,Y) =AY — G(X,Y),G(X,Y) > 0for(X,Y) € Q

where A = DyG(X*,0) is an M- matriz (the off-diagonal elements of A are non-
negative) and € is the region where the model makes biological sense. If the given
system of differential equations of our model satisfies the given condition in (2) then
the fized point Uy = (X*,0) is a global asymptotically stable (g.a.s) equilibrium of (2)
provided Ry < 1, and the assumption (H1) and (H2) are satisfied.

Theorem 3.5. The DFE Ey of model 1s global asymptotically stable if Ry < 1.

Proof. First, we rewrite the system of differential equation of our model (3.1)) as X =
(S, VT andY = (E, I, I, R)T.
Then, the DFE is given by

A oA
Uo=(X%.0) = (5+u’ u(5+ﬂ)’0)

. and the system %Y= F(X, 0) becomes

S=A-(5+pS

V =065—-puV (3.17)
This equation has a unique equilibrium point

A oA
X*:(5+u’u(5+u)) (318)
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which is globally asymptotically stable. Therefore, condition (H1) is satisfied. We
now verify the second condition (H2). For model (3.1]), we have

(1—=h)BSU +nla) +wBVI —~yE — pE
ryE — (n+0)1 — ol
(I =r)yE —elq — pula
ol +ely — puR

G(X,Y) =

DyG(X*,0)=A=F—-V

—(y+p) A=h)BSy+wsVe (1—h)BnSy 0

B ry —(p+0+a) 0 0
(=) 0 —(e+p) 0
0 o € —

Clearly, we see that A is an M-matrix, i,e. all the off-diagonal elements of A are

non-negative.

~

G(X,Y) =AY — G(X,Y)

(1 —=h)B(I +nla)](S — So) +wBI(V —Vp)
0
0
0

which implies that G(X,Y) > 0 for all (X,Y) € Q. Therefore, conditions (H1) and (H2)

are satisfied. Hence, disease-free equilibrium is globally asymptotically stable. O

3.5 Stability analysis of EE

3.5.1 Existence of Endemic Equilibrium point

Let us denote the Endemic Equilibrium by E, = (S*, V*, E*, I*, I}, R*) The Endemic
Equilibrium always satisfies:

0=A—(1—h)BS*(I" +nl}) — 065" — nuS*

0=05"—wpV*I* — puVv™>

0=(1—-h)pS*(I*+nly)+wpV " —yE* — puE”

0=ryE* — (p+6)I" —al” (3.19)

0=(1—r)vE" —el) —pl}

O=al"+el} — pR"
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which gives

A
S* = - C
(1—-h)BI*+nB)+d+p
5C
=~ —D
wBI* +
g w0t
Yy
= (1—7“)’yA:B
(e + 1)
o (u+7)(u+5)(a+9+u)+(1—h)ﬁw\r[%—IJ(RO_U
B(1 — ) (p+ )M (o + 6 + p)
R*:OJ*—{—EB
W

3.5.2 Local stability of endemic equilibrium

Theorem 3.6. The endemic equilibrium FEy is locally asymptotically stable if Ry >

1, otherwise it 1s unstable.

Proof. The Jacobian matrix of the system (3.1]) at endemic equilibrium point £} is

obtained as follows:

—a 0 0 —(1=h)BS* —(1—=h)pnS* 0
0 —d 0 —wpV* 0 0
T — azg wpI” —f a34 (1 —h)pnsS* 0
Bl 0 0 7y —j 0 0
0 0 (1—-r)y 0 —1 0
| 0 0 0 « € — [
where
a=[(1=h)B(I"+nl})+ 0+ 4
d = [wBI* + ]
f=0+w
J=(p+0+a)
l=(e+p)
az1 = (1 —=h)B(I" +nl})
azs = (1 — h)ﬂS* + wﬁV*
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Clearly, one eigenvalue of the matrix Jg; is negative —u and the remaining eigenvalues
are the roots of the following Polynomial equation:
N e M+ e+ N+ d+c¢=0
where
ca=a+d+f+75+1
cs=[(a+d+ f+7—0D32/2— ary —a®/2 — d*/2 — f?/2
—5%2= /2= (1= h)pnS* (1 —r)y
co = adf + adj — aazyry — adl + afj — afl — dazary
+dfj — dfl — ajl — djl + agryl — £l + (1 — h)BagiryS*
+ BPryI*v*w? —a(l — h)B(1 — r)ynS* — (1 — h)Bd(1 — r)ynS*
(1= h)Bag (1 - r)ynS* — (1= W)Bj(1 — r)ynS"

c1 = adfj — adagyry — adfl — adjl 4+ aagqryl — afjl
+ dagyryl — df jl + (1 — h)BdazryS™ — (1 — h)BazrylS™
+ B26ryI*S*w + afPryl*V*w?
— BPryl*IV*w? — a(l — h)Bd(1 — r)ynS*
+ (1 = h)Bdazi (1 — r)ynS™ —a(l — h)Bj(1 —r)ynS*
— (L =h)Bdj(1 —r)ynS™ + (1 — h)Basj(1 —r)ynsS*
+ B261*(1 — r)ynS*w

co = adf jl — adagqryl + (1 — h)Bdaz,rylS*
+ aBPryFIV*w? + a(1 — h)Bdj(1 — r)ynS*
— (1 — h)Bdazj(1 — r)ynS* + B2oryI*S*lw
— BT — ) S e

According to the Routh-Hurwitz criterion, the above equation will give negative roots

or negative real parts if the following condition is satisfied:

cy ¢ cg O

Cy C2 (O
cy C 1 ¢e3 ¢ O
i >0,10 21 >0,(1 ¢35 ¢ >0, 30 >0
1 C3 0 a a 0 Cy Co2 C(Cp
4 Q3

0 1 C3 C1
Hence, the endemic equilibrium point £ of the system is locally asymptotically stable
when Ry > 1. ]
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3.5.3 Global stability of disease-free equilibrium

Theorem 3.7. The endemic equilibrium Ey = (S*,V*, E* I*, I}, R*) of our mathe-

matical model is globally asymptotically stable.

Proof. For the global stability result, we will use the method discussed in Korobeinikov
(Korobeinikov and Wake, 2002) and Wake, Li and Muldowney (M. Y. Li and Mul-
downey, 1995)). From , a person was infected with coronavirus and then fully
recovered. After that, we assume that a person has permanent immunity. The first
five equations are independent of R in and we will study the following sub-

system.

d
d—f:A—(l—h)ﬁS(I—i-nIA)—éS—,uS
av
E—(SS—Q}BV!—M/
dE
7 = (L= W)BSI +0ls) + wBVI —E — pE (3.20)
%:rvE—(u—l—Q)I—aI
dI
d—::(l—r)vE—eIA—u]A
Let
S V E 1 14
1131 = —ul =

:§>y1=W721—E* Fv’Ul:E
The model of the system of equation ([3.20) is transformed into the following form
dl’l Al

T 1’1[5* (x_1) — (1 =h)BI"(ur — 1) = (L = h)Bnl; (v — 1)]

W _ yl[‘f**(% 1) — wBI (g — )]

% G }gfs*[*(le BRI hzﬁnmz(fcf —1)+ WB;”W;? ~ 1)
(3.21)

=gy

Here it is easy to find that the system of equation (3.21)) has unique endemic equi-
librium F7(1,1,1,1,1) and the global stability of E;(1,1,1,1,1) is same as that of Ej.
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Thus we investigate the global stability of £;(1,1,1,1,1) instead of Ej.
Defining the Volterra- type Lyapunov function

L(zy,y1,21,u1,v1) =S (1 — 1 —Inay)) + Vi — 1 —Iny) + E" (51 — 1 —Inz)
(1 — h)BI*(S* +wV™)
+
ryb*
(1 — h)pnI;(S* +wV™*)
y(1 —7r)E*

(up — 1 —Inwuy)+

(v — 1 —Inw)

From equilibrium state E; we have the following equations

A=1—-h)BS*(I"+nl})+ (6 +p)S”
55" = wBV*T* + puV*
(v+p)E* = (1—=h)BS"(I" +nl}) + wBV*I*
ryE* — (o + p)I”
YA =7r)E* = (e + p)l}y

Then, differentiating L w.r.t 't” along the solution curve of the system of the equation
of model (3.21]) and considering the above equation gives

. . | ]
e T ) KL (TS DL ol A D
Iy n

dt 21
+ S h)ﬁg(g: V) (uy — 1)% + G hzf(?[j‘(j; V) (v1 — 1)%
— (1= DIAG = 1) = (L= WS T (w — 1) - (1= R3S T~ 1)
+ = DS (= 1) = wBV T — 1)
= D= RIS 1)+ (1= WS T - )
gV 1 (E - 1)) (= WIS+ V) - D - 1)
+ (L= )BALL(S™ +wV*) (o — 1)(Z — 1)

U1

After some algebraic manipulation, we have
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dL 1 1 I
o SH(2 — e — w(g g L
dt HS( e x1)+,uV (3 T h y1)
1 w2 I v =
1 - h)BS I3 — — — T Ay pgpsir3 - — - B A
S-S T - - T - I e o - T -2
1
FwpVI (4 — - L Ay
r n 21 Uy

Since the arithmetic mean is greater than or equal to the geometric mean, we have

1
2—x1——) <0
( Z1 xl)_
1
(B-— -y —)<0
£y n
(3oL M Ay g
I 21 Ui
(3_i_ﬂ_ﬁ)§0
X1 21 U1
1
(R e e S I
T n <1 Uy

Thus it is easy to observe that % < 0 and the equality % = 0 hold for
n=yp=Lan=u=un

which corresponds to the set [(S,V,E,I,4: S=S*V -V* E= E*1=I* 1, = I’;)|Hence
from LaSalle’s invariance principle (J. P. La Salle, [1976)), the equilibrium FE; of the
given system is globally asymptotically stable for Rg > 1. O]

3.6 Sensitivity Analysis

In this section, We examine the impact of the parameters used to express the basic
reproduction number, Ry, through sensitivity analysis.

This demonstrates that an alteration in these parameters results in an alteration in
Ry. It is used to identify the variables with a significant impact on Ry and determine
which ones should be the focus of intervention measures. Sensitivity indices make it

possible to quantify the proportional change in a variable when a parameter is altered.
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The forward sensitivity index of a variable, with regard to a specific parameter,

is used for that.
Re  ORy ¢

=5
where ¢ =[v, u, 1, 0, v, €, B, 6, A, w, n, h]. The analytical equation for the sensitivity
of Ry to each parameter it comprises can be calculated using the formula mentioned
above. As a result, Figure [3.2] shows the sensitivity index of parameters i.e v, u, r, 0,

a, €, 08,0, A, w, n, h respectively on Rj.

0.5 1

05+ -

Sensitivity Indices

Parameters

Figure 3.2: Forward sensitivity of Ry

The positive indices indicate a direct relationship between the parameters and Ry,
that is if the parameter increases/decrease then the value of Ry will increase/decrease.
Therefore in order to control COVID-19 from the population, we need to reduce the
Basic Reproduction number, we can achieve this by reducing the parameters which
give positive indices i.e v, r, 8, w, n, A, here birth rate A and rate of transmission

are the most sensitive parameters of Ry, since it is not possible to control the birth
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rate we are left with the rate of transmission, we can reduce this by limiting our con-
tact rate, which is why there was a suggestion like quarantine, social distancing, etc.
If the rate of reduction in risk of infection due to vaccine w decreases then R also
decreases, the higher the number of vaccinated people the lower the Vaccine-induced
decrease in infection risk, therefore the Basic Reproduction number can be reduced.
The negative indices indicate that there is an inverse relationship between the pa-
rameters and Ry, that is if the parameter decrease/increases then the value of Ry will
increase/decrease. pu, 0, a, €, 0, n, h have negative indices, among the p is the highest
sensitive if the death rate increase than R, decrease. The strength of intervention h
has negative indices which imply that if we implement strict intervention measures

then Ry will decrease which will lead to a decrease in the Infected population.

3.7 Numerical Simulation

For the Numerical Simulation of the proposed model, we illustrate the mathematical
findings using the MATLAB program, the value of parameters are listed in the table.
Figure shows the variation of the infected population with time ¢ for different
values of h. First, we take the strength of intervention h to be h = 0, which means
that there is no intervention measure taken during this period. We consider this
period to be from the start of March 2020 till 24 March 2020 when no action has yet
been taken by the Government of India.

On 24 March 2020, the Government of India declared a nationwide lockdown
for the period of 21 days (Pulla, 2020). After the nationwide lockdown and by the
Ministry of Health and Family Welfare, Government of India, many preventive mea-
sures for COVID-19 were taken by India. We notice that from COVID-19 case data
from the World Health Organization, the infected case curve began to slope down
from mid-September 2020 till the first week of February 2021. In order to investi-
gate the impact of intervention strategies, the strength of intervention is assumed as
h = 0.5042, during the period of March to July 2020, where the early preventive mea-
sure has been implemented, the COVID-19 positive case curve keeps on increasing;
h = 0.6544, during the period from July to September 2020, where the increasing
curve has been slow down and h = 0.7282, where strict intervention measures have
been taken including social distancing, wearing a mask, awareness through various

media, etc, it is noticed that the curve has been miraculously kept on decreasing till
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Figure 3.3: Variation of Infected population with time for different values of h

8 February 2021. From Figure We can see that by strengthening the intervention
strategy i.e. by increasing the strength of intervention h the curve of Symptomatic
infection and Asymptomatic infection can be positively decreased.

Figure[3.4]shows the Variation of SV E 114 R with time corresponding to the values

of Ry < 1 for different values of initial numbers of each compartment with time ¢ =

0 to 1000.
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Population

Figure 3.4:
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Variation of SV EII4R with time corresponding to the values of Ry < 1

for different values of initial numbers of each compartment with time ¢ = 0 to 1000

Figure [3.5] shows Variation of SV EII4R with time corresponding to Ry > 1 from

t =0 to 40.
Covid_19 Model
12000 ¢ | , | = - |
Susceptible
10000 - Vaccinated 7
Exposed
g 8000 - P——————— Symptomatic [=
= e Asymptomalic
= 6000 - / Recovered |-
<
9
2000 - —
) el L . i ‘ ‘
0 ] 10 15 20 25 30 35 40
time(days)

Figure 3.5:
to 40

Variation of SV EII4R with time corresponding to Ry > 1 from ¢t = 0
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Figure [3.6] shows Variation of SV EI14R with time corresponding to the values of
Ry > 1 from t = 0 to 1000.
Figure shows the Variation of SV EII4R with time corresponding to the values
of Ry < 1 for different values of initial numbers of each compartment with time ¢ =
0 to 600.

12000 : t ; : : :
Susceptible
Vaccinated
Exposed

10000 - - ~ Symptomatic | -}
Asymptomatic
Recovered

3000 - e

6000 - e

population

‘ ‘ . . . | | |
100 200 300 400 500 GO0 700 800 900 1000
time(days)

Figure 3.6: Variation of SV EII,R with time corresponding to Ry > 1 from ¢t =0 to
1000
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Figure 3.7: Variation of SV EII4R with time corresponding to the values of Ry < 1
for different values of initial numbers of each compartment with time ¢ = 0 to 600.

Figure [3.8| shows the variation of SV EII4R with time for different values of h.
This is to show how no intervention measure, implementation of the intervention,
and strict intervention change the cure of Susceptible, Vaccinated, Exposed, Symp-

tomatic, Asymptomatic, and Recovered Population

Figure 3.9 shows the Variation of the Infected population with time for different
values of ,w, and h. We have 4 cases, we choose f = 1.5, w = 0.5, h = 0.6544;
=1 w=02 h=005042; 3 =05, w=0, h=0; =2, w=1, h =0.7282,
and from here we can suggest that a combination of strict intervention measures and
increased vaccination can be the most effective solution in reducing the number of

people infected with the coronavirus.
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Figure 3.8: Variation of SV EII R with time for different values of h
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Figure 3.9: Variation of the Infected population with time for different values of
B,w, and h.

3.8 Conclusion

The mathematical modelling of COVID-19 has been explored in depth in this paper,
with a focus on examining the effects of vaccination and intervention strategies. The

kinetics of COVID-19 transmission and the efficiency of various tactics for controlling

94



3.8. CONCLUSION CHAPTER 3

the virus’ propagation have been studied using mathematical modelling approaches.
We examined how interventions affected the burden of disease. We mainly focused on
the preventive measures that essentially slow down the development of the disease,
such as lock-down, media awareness campaigns, adequate hand sanitization, social
seclusion, wearing masks, etc.

We discussed the existence and stability of Disease-Free Equilibrium and En-
demic Equilibrium. Stability analysis of the equilibrium points shows DFE is locally
asymptotically stable whenever the basic reproduction number, Ry < 1, and is glob-
ally asymptotically stable whenever Ry <1. Also, EE is locally asymptotically stable
whenever the basic reproduction number, Ry > 1, and is globally asymptotically sta-
ble whenever Ry > 1.

Sensitivity analysis for the effect of the parameters involved in the expression of
basic reproduction number, Ry is conducted. It shows that changing these factors
causes Ry to change depending on how they change. It is used to identify the parame-
ters that should be the focus of intervention initiatives because they have a significant
impact on Ry. The relative change in a variable when a parameter changes can be
measured using sensitivity indices.

The forward sensitivity index of a variable with regard to a specific parameter is
used for that. The most sensitive parameter is found to be u, death rate, which is on
the negative side, which means it has an inverse relationship with R since it is not
possible to control p another sensitive parameter which we can control in order to
control COVID-19 from the population is 5, which have a direct relationship with R,
we can reduce this by limiting our contact rate, which is why there was a suggestion
like quarantine, social distancing, etc. Also if the rate of reduction in risk of infection
due to vaccine w decreases then Ry also decreases, the higher the number of vaccinated
people the lower the Vaccine-induced decrease in infection risk, therefore the Basic
Reproduction number can be reduced. Parameters like v, r, 5, w, n, A have positive
indices and have direct relationship with Ry. u, 6, «, €, §, n, h have negative indices
and have inverse relationship with Ry. Numerical simulation is also performed using
MATLAB.

This study could give policymakers more information to help them decide whether
to retain the strictness of an ongoing intervention plan or to let it up. Our study

showed that more intensive action is needed to stop the illness outbreak in a shorter
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amount of time. Also, our analysis demonstrated that in order to effectively eradicate
the condition, the strength of the intervention should not be weakened over time.

In conclusion, we recommend that a combination of strict intervention measures
and increased vaccination can be the most effective solution in reducing the number

of people infected with the coronavirus.
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Chapter 4

Evaluating Precautionary
Measures in COVID-19 Spread: A
Delay Differential Equation
Approach

4.1 Introduction

The unprecedented global health crisis posed by the COVID-19 pandemic demands
swift and effective strategies to mitigate its impact. Mathematical modelling has
emerged as a powerful tool for understanding and predicting the dynamics of infec-
tious diseases, offering valuable insights into transmission modes, vaccination effects,
and the efficacy of intervention strategies. In India, a country with a sizable popu-
lation and unique demographic characteristics, the use of mathematical modelling is
crucial for guiding evidence-based decision-making to address COVID-19 effectively.

The inception of mathematical modelling in epidemiology dates back to Daniel
Bernoulli’s work on the effect of variolation against smallpox, which highlighted the
potential to increase life expectancy (Bernoulli, 1760). Since then, pioneering work
by Kermack and McKendrick laid the foundation for applying mathematical models
to comprehend infectious disease dynamics (Kermack and McKendrick, (1927)). In

the context of COVID-19, numerous mathematical models have been developed to

3 High Technology Letters, 1006-6748, DOI:10.37896/HTL30.6/10928.
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study transmission dynamics in India. Studies have extended classical models like
SI (Duan et al., 2019), SIS (Y. Xie et al., 2020), and SIR (Sene, 2020), introducing
additional compartments to account for asymptomatic cases, isolated individuals,
quarantine, protection, deaths, lockdowns, hospitalizations, and more (Bajiya et al.,
2020; Gupta et al., 2021} Khajanchi and Sarkar, 2020; Mahajan et al., 2020; Ray
et al., [2020; Senapati et al., [2021; Tiwari et al., 2020). The COVID-19 epidemic has
damaged beyond repair society at large, prompting the development of a number of
preventative measures to slow its rapid spread. While lockdowns, social isolation,
and other treatments have all been successful, they also slow the coronavirus’s ability
to spread. For effective pandemic response measures to be developed, it is essential
to comprehend the effects of these delays. In this research, we explore the field of
mathematical modelling and use Delay Differential Equations (DDEs) to investigate
the impact of delays brought on by preventative measures on the dynamics of COVID-
19. Although several studies have used delay settings, the impact of this parameter on
COVID-19 has not been extensively studied(Avila-Vales and Pérez, 2019; Goel et al.,
2020; A. Kumar and Nilam, 2019} V. M. Kumar et al., [2021; Tipsri and Chinviriyasit,
2014).

Delay Differential Equations (DDEs) are a powerful mathematical tool that has
gained significant importance in various fields of science and engineering. Unlike
ordinary differential equations (ODESs), which describe the rate of change of a system
with respect to the current time, DDEs account for the influence of past states on the
current state. This consideration of delays is particularly pertinent in epidemiology,
where the time lag between exposure, infection, and transmission plays a crucial role
in disease dynamics (Aguiar et al., 2022; Khajanchi et al., 2021} Lin and Wang,
2012; Sweilam et al., [2020). DDEs have been extensively used to model infectious
diseases, providing valuable insights into the impact of time delays on disease spread
and control strategies.

A Delay Differential Equation (DDE) is a type of differential equation where the
current time derivatives of certain unknown functions depend on the values of these
functions at previous points in time. In other words, the evolution of the system at
the present moment is influenced not only by its current state but also by its past

states. The general form of a DDE can be represented as follows:

dx(t)
dt

= [t 2(t),2(t = 7))
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where
x(t—71)=a(r): 7 <t

gives the trajectory of the solution in the past. Here, the function f is a functional
operator from RXR"XC? to R" and z(¢) € R" (Banerjee, 2021).

As a consequence of enforcing diverse precautionary measures, such as social dis-
tancing, self-isolation, practising personal hygiene, mask-wearing, and widespread
media awareness, a delay is anticipated in the time it takes for each susceptible in-
dividual to be exposed and potentially infected. In our study, we incorporate the
notion of time delay by introducing the parameter 7, which represents the extent
of this delay in the susceptibility of individuals to exposure and potential infection.
This parameter accounts for the temporal gap resulting from precautionary measures,
effectively postponing the transmission of the disease from infected to susceptible in-

dividuals.

4.2 Model Formulation

We create a deterministic compartmental model SEII4QR to describe the disease
transmission mechanism. Let N be the total population of humans. The total popula-
tion N is divided into six compartments: Susceptible (5), Exposed(E), Symptomatic
Infection(/), Asymptomatic Infection(l4), Quarantine(Q) and individuals that are
either recovered or die from COVID-19(R). We also include Vital Dynamics: The
natural human natality or recruitment rate denoted by A and mortality(death) rate
denoted by p. The schematic diagram is shown in Figure

ds
E:A—BS(I‘FIA)—MS,
dE
%:BS(I+]A)—7E—ME,
dI

o pvE = (p+0)I —al, (4.1)
dl 4

— = E—ely—pul

dt P27y €la — pla,
dq

T v E — 0O —

o = PsrE—o0Q—pQ
dR
%:af—{—dAjLaQ—uR,
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with nonnegative initial conditions given by
S(0) >0, E(0) >0, 1(0) >0, I, >0, Q(0) >0, R(0) > 0.

All the parameters of the system |4.1] are assumed to be positive for all time ¢ > 0.

Due to the implementation of various precautionary measures, like social distanc-
ing, self-isolation, personal hygiene, wearing masks, media awareness, etc. We assume
that there will be some delay in the time taken by each susceptible person to be ex-
posed and likely infected. We introduce the concept of time delay and use parameter
7 which takes into account this delay in the delaying of susceptibility to be exposed
and likely infected due to measure;7 is the time delay due to delaying in the trans-

mission of the disease from infected to susceptible due to precautionary measures.

Figure 4.1: Schematic Diagram of SETT4QR
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dsS

dE
EZBS](t—T)—BS]A—'yE—,uE,
dI

O = pE — (u+0)] —al, (42)
dI

d_tA = povE — el — ply,

dQ

X v E — _

o = Ps7E—o0Q—pQ

d

d—fza[%—dAjLaQ—uR,

Consider the initial conditions for system [.2] are of the form:

Sn) = filn), E(n) = f2(n), I(n) = fs(n), La(n) = fa(n), Q(n) = f5(n), R(n) = fs(n).

where f;(n) € C([—7,0], RS), which is a Banach space of continuous functions from
[—7,0] into RY; such that, f, > 0 for n € [-7,0), and f;(0) >0, Vi =1,2,3,4,5,6,7.
Table [£.1] briefly describes all the parameters of the model.

Table 4.1: Parameter Description for SEII,QR

Parameter Description Values (Units)
A Birth rate 52000 year
1 Death rate 0.0245 year™*
I6; Rate of transmission 1.7399 day !
v Rate of transition from Exposed to I, I4, and @) 0.1923 day !
D1 Fraction of population moves from Exposed to symptomatic class  0.3362

D2 Fraction of population moves from Exposed to asymptomatic class 0.4204

D3 Fraction of population moves from Exposed to quarantine class 0.2434

Q@ Recovery rate of symptomatic infected class 0.07 day™*

€ Recovery rate of asymptomatic infection 0.9 day~!

o Recovery rate of quarantine class 0.9 day~!

0 Rate of disease-induced death 0.0001 day~*

4.3 Dynamics of non-delayed system 4.1

4.3.1 Positivity of Solutions

For the COVID-19 model system to be epidemiologically realistic, it is necessary

to prove that all the state variables remain positive for all time.
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Theorem 4.1. Let the initial data be { (S, E,1,14,Q, R) < 0} € ¢. Then the solution

set {S(t), E(t),I(t), 1a(t),Q(t), R(t)} of the model system is non negative for all time
t.

Proof. Considering the non-linear system of the model we take the first equation

ds
= =M= BS(I+ 1) — S,
ds

dt
/% > —/[ﬁS(I—FIA) + pldt,

InS>—[BS(U+1a)+ plt +c,
S > e BSUHTa)+ult | e,

> —[BS(I + L) + 1S,

S(t) > S(O)e_[BS(I-FIA)-HL]t'

Similarly, it can also been shown that E(t) > 0, I(t) > 0, I, Q(t) > 0, R(t) > 0 for

all £ > 0. Therefore, the disease is uniformly persistent for every positive solution [J

4.3.2 Invariant Region

Theorem 4.2. For the initial conditions [{.9, the solutions of system are con-
tained in the region ¢ C Rﬂ defined by

¢ =[{S(t), E(t), I(t), 1a(t), Q(1), R(t)} € R : N(t) <

==

]
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Proof. Let, N=S+E+I+14,+Q+R

dN
%:A—(S—FE—FI—F[A‘FQ—FR)/L—@[
dN
— =A—uN —01
dt #
dN
— < A—uN
ar — 0T H
dN
— N <A
o TuN <
Nett < /e“tA—i—C’
ut
Nett < Ae +C
7
A
N < =4 Ce™ M,
7
Att — 0o, N — & Clearly ¢ = [{S(t), E(t), I(t), La(t), Q(t), R(t)} € RS :
N(t) < 7] O

4.3.3 Analysis of Disease-Free Equilibrium (DFE) Ej,

The model gets DFE when the disease has zero induction
Taking the first equation of system (1) with £ = [ = [, = @ = R = 0 into

consideration.

0=pBS(I+14) —~vE — puFE,
0=pivE— (p+6)] —ol,
0=pyE —els — pla,
0=ps7E —0Q — pQ
O=al+elp+0Q —uR

we arrive at

SO - —
i
Then, the disease-free equilibrium (DFE) state Ej is given by

A
Ey =[=,0,0,0,0,0]
W
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4.4 Basic reproductive number R

Ry refers to the average number of secondarily infected persons infected by one pri-
mary infected patient during the infectious period. To obtain the basic reproduction
number, we used the next generation matrix method by (Diekmann and Heesterbeek,
2000) and (van den Driessche and Watmough, 2008)), where F is the matrix of the

new infection terms and V is the matrix of the transition terms.

Infected compartments are E, I, 14, Q, R.
Let Y = (E, I, 14, Q, ,R),

BS(+ 1) (v + W) E
0 —pvE+ (n+0+a)l
= 0 —| —pE+(n+p)ia
0 —psYE + (0 + 1)@
i 0 —al —ely —o0Q + uR
[0 BSy BSy 0 0
0 0 0 00
Fr=1(0 0 0 00
0 O 0 00
0 0 0 00
v+ 0 0 0 0
-y (p+0+a) 0 0 0
Vi=|—p2v 0 e+p 0 0
—p3Y 0 0O o+p O
0 -« —€ -0 W
At disease-free equilibrium
A oA

Ey=|

? 70707070
(0+p) p(d+ p) |
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[0 28 2% 0 0
B
00 0 00

F=10 0 0 00

0O 0 0 0O
00 0 0 0]
vt 0 0 0 0
-y (p+0+a) 0 0 0
V= | —p2y 0 et+p 0 0
—p3Y 0 0 o+p O
0 -« —€ —0 U
i ByAPy + ByAP, BA BA 07
wlpty)(a+0+p) © plpte)(pty)  plat0+p)  plpte)
0 0 0 00
Now, FV~1 = 0 0 0 0 0
0 0 0 0 0
i 0 0 0 0 0]

The basic Reproduction number is given by

ByAP; BYAP,
plp+y)(a+0+p)  plp+e)(pn+7)

4.5 Stability analysis of DFE

Ry =

4.5.1 Local stability of disease-free equilibrium

Theorem 4.3. The Disease Free Equilibrium DEF is locally asymptotically stable if
Ry < 1

Proof. The Jacobian matrix wrt system [4.1] is given by
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—H 0 —B50 —B50 0 0
0 —(v+u 550 350 0 0
0 Py —(u+0+ «) 0 0 0
' 0 P2y 0 —(e+p) 0 0
0 P37y 0 0 —(oc+p) O
| 0 0 « € o — /4

which implies

[~ Sy BSy 0

py —l 0 0
JDFE:

py 0 —l3 0

psy 0 0 —ly]
Where,

ll: (/Y‘i‘,u), l2:(M+€+a)7 l3:<6+ﬂ)7 l4:0-+ﬂ

Clearly, two eigenvalues of the matrix Jppg are negative such as —p and —p. The

remaining eigenvalues are the roots of the following Polynomial equation
M+ asA® + aX + ad + a9 =0
where,

az=—(—li—lb—Ilz3—1l) =1+ lL+13+1)

az =+ L+l +1)*/2—(F+15+15+13)/2— BySo(p1 + p2)

ay = lilals + Lilaly + l1lsly + lalsly — BrylapaSo — BylspiSo — BylapiSo — Bylap2So
ap = lilalsly — BylalapaSo — Bylslap
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According to the Routh-Hurwitz criterion, the above equation will give negative roots

or roots with negative real parts if the following condition is satisfied:

a a as aig 0

as > 0, 3 ! >0,|1 ay ag| >0
Loa 0 a3 a
3 1

Hence, the disease-free equilibrium point Fy of the system is locally asymptotically
stable, when Ry < 1. n

4.5.2 Global stability of disease-free equilibrium

We now study the global stability of disease-free equilibrium, using the theorem by
Castillo-Chavez et al. (Korobeinikov and Wake, |2002])

Theorem 4.4. If the given mathematical model can be written in the form:

dX
— =FXY 4.
= = F(X,Y) (43)
Y

C;—t — G(X,Y),G(X,Y) =0

where X = ST | Y = (E,1,14,Q,R)T, denoting the number of uninfected individuals
and denoting the number of COVID-19-infected people respectively. Let the disease-

free equilibrium of this system be

Uy = (X°,0) = <%,0>

where 0 is a zero vector.
For the global asymptotically stable, the following condition (H1) and (H2) must be
satisfied.

dX
(H1): Forg = F(X,0), 0 is global asymptotically stable.

(H2): G(X,Y) =AY — G(X,Y),G(X,Y) > 0for(X,Y) € Q

where A = DyG(X*,0) is an M- matriz (the off-diagonal elements of A are non-

negative) and ) is the region where the model makes biological sense. If the given
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system of differential equations of our model satisfies the given condition in (2) then
the fized point Uy = (X*,0) is a global asymptotically stable (g.a.s) equilibrium of (2)
provided Ry < 1, and the assumption (H1) and (H2) are satisfied.

Theorem 4.5. (global asymptotic stability of DFE)

The DFE Ey of model[{.1] is global asymptotically stable if Ry < 1

Proof. First, we rewrite the system of differential equation of our model as X =
ST and Y = (E, I, I, Q, R)T.
Then, the DFE is given by
A
Up = (X7,0) = (—,0)

i
. and the system %Y= F(X, 0) becomes
S=A—puS
This equation has a unique equilibrium point
A
X" =(—,0) (4.4)
1

which is globally asymptotically stable. Therefore, condition (H1) is satisfied. We
now verify the second condition (H2). For model 4.1 we have
BS(I+ 14) —VE — uEpiyE — (u+ 60+ a)l
poYE — (€4 )14
G(X,Y) =
(%) psE — (0 + 1)Q
al +ely+00Q — uR

DyG(X*0)=A=F -V

—(v+n) BSo BSo 0 0
P17y —(p+0+a) 0 0 0

=| D2 0 —(e+p) 0 0
p3Y 0 0 —(o+p) 0

0 « € o —

Clearly, we see that A is an M-matrix, i,e. all the off-diagonal elements of A are

non-negative.

N

G(X,Y) = AY — G(X,Y)
(B + 14)](S — So)

o O O O
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which implies that G(X,Y) > 0 for all (X,Y) € Q. Therefore, conditions (H1) and (H2)

are satisfied. Hence, disease-free equilibrium is globally asymptotically stable.

4.6 Stability analysis of EE

4.6.1 Existence of Endemic Equilibrium point

]

Let us denote the Endemic Equilibrium by Fy = (S*, V*, E*, I*, I}, R*) The Endemic

Equilibrium always satisfies:

which gives

where,

0=A—-B8S"(I"+ 1) — pnS*
0=p08S"(I"+1,) —vE* — pE”
0=pyE" — (a+0)I" — pl*
0=poyE" —ely — ply
0=psyE" —0Q" — pu@"
O=al"+ el +0Q" — puR*

. A

ot BGRE A+ EE

o PAA—p(p+7)
(1 +7)BA
piyE”
a+0+u
p2yE”
e+ pu
Q* = psyE”

o+ U

piyo €YP2 b3yo *
R = [a+9+u T ke + U-HL]E

i

I" =

D2 YDP1
A=] ]
w+e a+0+p
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4.6.2 Local stability of endemic equilibrium

Theorem 4.6. The endemic equilibrium Fy is locally asymptotically stable if Ry >

1, otherwise it is unstable.

Proof. The Jacobian matrix of the system at endemic equilibrium point E; is

obtained as follows:

—q 0 —=pS* =pS* 0 0
asy —T ﬂS* BS* 0 0
T — 0 p1y —s 0 0 0
EL=10 poy 0O —t 0 0
0 p3vy 0 0 —u 0
| 0 0 « € o —p
where
q=[pI" + I}) + yl
r=0+p
s=(pu+0+a)
t=(e+p)
u=(0+p)

ag = B(I" + I})

(Clearly, one eigenvalue of the matrix Jg; is negative —pu and the remaining eigenvalues

are the roots of the following Polynomial equation:
)\5 + 04)\4 + 03)\3 + 02)\2 + Cl)\ + Co = 0
where

ca=(q+r+s+t+u)

3= (q+r+s+t+u)?/2—(F+r*+s+t7+u)/2— BvS* (1 + p2)

co=qr(s+t+u)+ (gs+rs)(t +u)+tu(g+r)+ fvS*[(az1 — ¢ — u)
(P1 + p2) — (sp2 + tp1)]

c1 = qrs(t +u) + qtu(r + s) + rstu + ByS* (a1 s + anu — qu)(p1 + p2)
— 8745 (sp2 + tp1) — fyuS™(sp2 + up1)

co=qr(s+t+u)+ (gs+rs)(t +u) +tu(g+r)+ fvS*[(az1 — ¢ — u)
(p1+p2) — (sp2 + tp1)]
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According to the Routh-Hurwitz criterion, the above equation will give negative roots

or negative real parts if the following condition is satisfied:

Cqy Co (g 0

Cy C2 (g
cy C 1 ¢35 ¢ O
>0, 21>0,1 ¢ | >0, 3 A >0
1 C3 0 a a 0 Cy Co2 (o
4 Q2

0 1 C3 C1
Hence, the endemic equilibrium point E; of the system is locally asymptotically stable
when Ry > 1 O

4.7 Dynamic with delay

The Positivity of the system [£.2] can be proved in a similar way as
(Bugalia et al., [2021)) and the boundedness of system can be proved in a similar
way as in Section

4.7.1 Equilibrium points and their stability

As mentioned by Tipsri and Chinviriyasit (Tipsri and Chinviriyasit, [2014]), the equi-
librium solutions are the same for the system with and without time delay. Therefore,
to obtain the equilibrium points, we use 7 = 0. Hence, the Disease-Free and Endemic
Equilibrium points of the system [4.2] are the same as obtained in section 4.3.3] and

4.6.1] respectively.

4.7.2 Local stability of disease-free equilibrium point

In this subsection, we will discuss the stability of the system 4.2] around a disease-free
equilibrium point. For 7 > 0
The Jacobian matrix wrt system [£.2]is given by
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[~ 0 —BSpe™ —B50
0 —(v+p)  BSee™ B5So
0 Py —(n+60+a) 0
- 0 py 0 —(e+n)
0 P37 0 0
| 0 0 « €

which implies

[~ BSoe™ BSy 0]

py 0 0
Jpre =

P2y 0 —l3 0

| P37y 0 —
Where,

ll: (/Y‘I’,u), l2:(:“+0+a)7 l3:<6+,u), l4:0-+[/¢

Clearly, two eigenvalues of the matrix Jprg are negative such as —p and —u. The

remaining eigenvalues are the roots of the following Polynomial equation.

M4 a4+ a2 +a ) +ay=0

where,

az=—(—li—lb—ls—l) =1+ lL+1l3+1)
ag= (L +ly+1s+1)?/2— (B+15+ l§ +13)/2 — ,BWSOe_AT(pl + po)
ay = Llals + Lloly + Lilsly + lolsly — Bye M lapaSe — Bye T lsp1So

— Bylap1So — Bylap2So

ap = lilalsly — 5767)\72141?250 — Bylslapy
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Ruan and Wei’s corollary 2.4 (Ruan and Wei, 2003) states that for ¢ > 0 if instability
arises for a specific value of the delay, a characteristic root of must intersect the
imaginary axis.

The charecteristic equation can also be written as

FOO) = A 4530 0o A2 +biA +bg) + e V(3N + oA +ed+c) =0 (4.7)

For 7 > 0, is a transcendental characteristic equation and the roots will be of
the form, A = n(7) +iw(7), where w > 0 As explained by Mukandavire (Mukandavire
et al., 2007), the roots of a transcendental equation will have positive real parts if
and only if it has purely imaginary roots. We will aim to obtain the conditions for
which no such purely imaginary root exists for [£.7 These conditions will be then
sufficient to conclude that all the roots of have negative real parts. Consider,
A =iw (w > 0) is a purely imaginary root of Then, becomes

whibsw? — byw? + ibjw + by + [cos(AT) — isin(AT)] (—icsw? — cow® +iciw + ) = 0

Separating real-imaginary parts,

Real :
wh — byw? + by — cos(AT) [eaw? — cg] — sin(AT [esw®—ciw] = 0
Complex :
—bsw® + biw — cos(wT) [ecsw®—crw] + sin(wT) [eaw? — ¢g) = 0
Squaring both sides of the above two equations and adding we get,
Wi (—2by+-b2 3 ) +w? (b5+2bg —2b1 by +-2¢1 c3— 5 ) Fw? (—2bby+-b2—c14-2c0 ) +bE —ci = 0

Taking s = w?. We have

s 453 (—2by b3 +c2) 452 (b3 +2bg—2b1 b3 +2¢1 c3— o ) +-5(—2bby+-b2—c34-2c0ca) + (b —c3) = 0

(4.8)
if we assume that
C2:
(—2by +b5+¢3) =g3 >0
<b2 + 2by — 2b1bs + 2¢1c5 — Cg) =gz > 0
( 2b0b2 + b Cl + 200(32) =g > 0
( —C ) =g9g>0

113



4.7. DYNAMIC WITH DELAY CHAPTER 4

and
93 g1 O
913 zl>071 g2 go| >0
? 0 g5 ¢

then by Routh—Hurwitz criterion the roots for (4.8]) will have negative real parts.

However, there does not exist w such that s = w?

is negative. This poses a contradic-
tion. Hence, whenever the conditions in (C2) are true, there does not exist a purely
imaginary root of the transcendental equation (@ Hence, we have the following

theorem.

Theorem 4.7. Let, Ry < 1 then forT > 0, the disease-free equilibrium point of system
is locally asymptotically stable if condition in (C2) is satisfied. Otherwise, the
disease-free equilibrium point of the system 15 unstable.

4.7.3 Local stability of endemic equilibrium point

The Jacobian matrix of the system at endemic equilibrium point F; is obtained

as follows: ~ _
—q¢ 0 —=pBS*e ™ —BS* 0 0
as, —r BS*e™  BS* 0 0
T — 0 pvy —s 0 0 0
EL=0 0 pyy 0 —t 0 0
0 psy 0 0 —u 0
|00 o € o —u]
where
g = [B(I"e™ + I}) + u]
r=0+np
s=(u+0+a)
t=(e+p)
u=(0+p)

Qg1 = 5([*67” + I:x)

Clearly, one eigenvalue of the matrix Jg is negative —u and the remaining eigenvalues

are the roots of the following Polynomial equation:

MNae M+ + N+ d+e=0
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where

ca=(q+r+s+t+u)
cs=(q+r+s+t+u)?/2— (¢ +r+ 8"+t +u?)/2— fyS"e™ (p1 + p2)
co=qr(s+t+u)+ (gs+rs)(t +u) +tu(g+r)+ pvS*[(az1 — ¢ — u)
(p1+p2) — (sp2 + tp1)]
c1 = qrs(t + u) + qtu(r + s) + rstu + GvS* (a8 + agu — qu)(p1 + p2)
— BvaS*(sp2 + tp1) — ByuS e (spy + up1)
co=qr(s+t+u)+(gs+rs)(t+u)+tu(lqg+r)+ B8yS*[(a — q— u)
(p1+p2) — (sp2 + tp1)]

For 7 > 0 . The transcendental characteristic equation is given by

N fN H BAY 4 ol + A+ fo+ e AN + 532 + A2 4+ 1A + o) = 0 (4.9)

the roots will be of the form, A = n(7) + iw(7), where w > 0. As done previously for

the local stability of Ey , we will aim to obtain the conditions for which no purely
imaginary root exists for equation ([1.9). Let if possible, Equation (4.9) have a purely

complex root of the form: A = iw Then, (4.9) becomes:

Z'w5+f4w4*if3w3*f2w2+if1w—|-f0+[COS()\T)—i sin(A7)] (j4w4—z'j3w3 —jgw2+ijw+jo) =0

Separating real-imaginary parts:
Real :

Fywo fow? + fo + cos(AT) (Jaw* — jaw?yo) — sin(AT) (jaw® — jw)
Complex :

W faw® 4+ frw — cos(/\T)(j3w3 — jw) — sin()\T)(j4w4 — j2w2J0)

Squaring both sides of the above equations and adding we get

w0 + vw® + vew® + vyw? + vw? + +vs =0 (4.10)
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where,

v =fi —2fi — i
vg = —2f4fo+2f1 + 244
vy =f3 + 2fufo — 2fsf1 + Jaw' — 2jajo
vi == 2fafo+ fi-55 + 2555 + 252
Us :fo2 - jg

Put s = w? in (4.10) we get
S5 4+ 018 + ve8® + v3s? +v4s +v5 =0

If we assume ‘Hn| forn =1,2,3,4,5, where for each n, H, is a Hurwitz matrix of

order n * n, with general form:

H, =
U1 1 0 0O ... 0
V3 Uy U1 1 0
Vs Ug V3 V2

o

(4.11)

(0 0 0 0 0 w,f
with v; = 0if j > 5 or j < 0. According to the Routh-Hurwitz criterion, the roots
of Equation (4.10) will exhibit negative real parts. Nevertheless, there is no value
of w that can make the expression s = w? negative. This leads to a contradiction.
Consequently, the conditions stated in are enough to establish that all roots
of Equation hold negative real parts for 7 > 0. As a result, we can state the

following theorem.

Theorem 4.8. Suppose Fy is an endemic equilibrium point of the system , it
will be locally asymptotically stable for T > 0 under the condition that each of the
seven Hurwitz matrices defined as in satisfies two criteria:

1. The determinant of the matriz, denoted as |Hn

(i.e., |Hy| > 0).

, must be greater than zero
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2. The basic reproduction number Ry must be greater than 1 (i.e., Ry > 1). Otherwise

unstable.

4.8 Sensitivity Analysis

In this section, We examine the impact of the parameters used to express the basic
reproduction number, Ry, through sensitivity analysis.

This demonstrates that an alteration in these parameters results in an alteration in
Ry. It is used to identify the variables with a significant impact on Ry and determine
which ones should be the focus of intervention measures. Sensitivity indices make it
possible to quantify the proportional change in a variable when a parameter is altered.

The forward sensitivity index of a variable, with regard to a specific parameter,

is used for that.
RO o aRoi

where ¢ = [A, B, u, 7, 0, a, ¢, Pi, P;]. The analytical equation for the sensitivity
of Ry to each parameter it comprises can be calculated using the formula mentioned
above. As a result, Figure 4.2 shows the sensitivity index of parameters i.e A, 8, u, 7,
0, a, €, P, P, respectively on Ry. The positive indices indicate a direct relationship
between the parameters and Ry, that is if the parameter increases/decrease then the
value of Ry will increase/decrease. Therefore in order to control COVID-19 from the
population, we need to reduce the Basic Reproduction number, we can achieve this
by reducing the parameters which give positive indices i.e v, r, 8, P;, P, A, here
birth rate A and rate of transmission [ are the most sensitive parameters of Ry In
light of the uncontrollable nature of the birth rate, our focus shifts to managing the
rate of disease transmission. To achieve this, we must limit our contact rate through
measures like quarantine and social distancing. By taking responsible actions and
collectively embracing these precautions, we can build a shield of protection against

infectious diseases, fostering a healthier and safer society.
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Figure 4.2: Forward sensitivity of Ry

Also O!go = +1 means that if § increase by 1 % than Ry will also increase by 1 %.
The negative indices indicate that there is an inverse relationship between the pa-
rameters and Ry, that is if the parameter decreases/increases then the value of Ry
will increase/decrease. p, 6, «, € have negative indices, among the p is the highest
sensitive if the death rate increase than Ry decrease. The strength of intervention h
has negative indices which imply that if we implement strict intervention measures

then Ry will decrease which will lead to a decrease in the Infected population.

From Figure [£.3] we observe that

e High § and High ~: When both the rate of transmission () and the rate
of transition from exposed to infected () are high, Ry increases significantly.
This indicates a rapid spread of infection due to high transmission rates and

quick progression from Exposed to Infected states.
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e Low [ and Low ~7: Conversely, when both § and v are low, Ry decreases.
This suggests better control of the spread as lower transmission rates and slower

transition rates reduce the overall number of infections.

e High § and Low v: When the rate of transmission is high but the transition
rate is low, Ry still increases, but less drastically compared to when both are
high. This implies that high transmission can be partially mitigated by slower

progression to the infected state.

e Policy Implications: Effective interventions could aim to reduce § through
measures such as social distancing and mask-wearing, while also managing the
rate at which exposed individuals become infectious () through timely testing

and quarantine measures, thus helping to control the spread of COVID-19.

%107

%107

1.5 4

0.5

Figure 4.3: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission  and transition from Exposed to Infected population
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From Figure 4.4} we observe that

e High 5 and Low 6: When the rate of transmission () is high and the rate of

disease-induced death (0) is low, Ry increases significantly.

e Low ( and High 6: Conversely, when £ is low and 6 is high, Ry decreases. This
suggests better control of the spread due to lower transmission rates potentially

reducing the overall spread.

e Balancing  and #: The relationship highlights the importance of controlling
transmission rates and managing disease severity through effective interventions

such as vaccination, social distancing, and treatment protocols to reduce R,.

e Policy Implications: Effective interventions could aim to reduce  through
measures such as social distancing and mask-wearing, while increasing treat-
ment and care to manage severe cases, thus influencing # and mitigating the

spread of COVID-19.

%107
B

1.5 4

0.5

Figure 4.4: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission 3 and the rate of disease-induced death 6
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4.9 Numerical Simulation

For the Numerical Simulation of the proposed model, we illustrate the mathematical
findings using the MATLAB program, the value of parameters are listed in the table.
Figure shows the Variation of SEII,Q R without time delay corresponding to the
values of Ry > 1 for different values of initial numbers of each compartment with
time t = 0 to 100. Figure 4.6] shows the Variation of SEII4QR without time delay
corresponding to the values of Ry > 1 for different values of initial numbers of each

compartment with time ¢ = 0 to 100

5
'16 X10 T T T T T T T T T

Susceptible —
14 | Exposed

Infected (Symptomatic)
Infected (Asymptomatic)
Quarantined

Recovered

Population

0O 10 20 30 40 50 60 70 8 90 100
Time (days)

Figure 4.5: Variation of SEII,Q) R without time delay corresponding to the values
of Ry > 1 for different values of initial numbers of each compartment with time ¢ =
0 to 100.
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Figure 4.6: Variation of SEII QR without time delay corresponding to the values
of Ry > 1 for different values of initial numbers of each compartment with time ¢t =
0 to 100

By altering the values of tau, the impact of the time delay is observed. In Figures
4. 74.84.94.10] we see a Simulation of a system showing a variation in population
with the effect of time delay on SEII4QR when 7 = 0.5,3,5,7. From this, we found
out that if the time delay 7 increases, it means there is a longer delay between the
time when an individual becomes exposed and the time they start infecting others.
Various precautionary measures will delay the Susceptible from being Exposed and

becoming infected.
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7=0.5
8000 T T T T T T
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Figure 4.7: Simulation of a system showing the variation of the population with the
effect of time delay on SEIT4QR when 7 = 0.5
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7=3
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Figure 4.8: Simulation of a system showing the variation of the population with the
effect of time delay on SEII4QR when 7 = 3
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Figure 4.9: Simulation of a system showing the variation of the population with the
effect of time delay on SEII,QR when 7 =5
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Figure 4.10: Simulation of a system showing the variation of the population with
the effect of time delay on SEITIAQR when 7 =7

As 7 increases, the number of susceptible individuals will decrease initially. This
is because the infection will spread at a slower rate, and more people will move
from the susceptible compartment to the exposed compartment due to the delay in
transmission.

The number of exposed individuals will increase with an increase in 7. This is
because the longer time delay allows more individuals to stay in the exposed compart-
ment before becoming infectious. As a result, the compartment of exposed individuals
will grow larger.

The number of symptomatic infected individuals will decrease with an increase in
7. This is because there is a longer period for the infection to spread before individ-
uals become symptomatic and move from the exposed compartment to the infected
compartment. With a longer time delay in transmission, more individuals will move
from the Exposed compartment to the Asymptomatic Infection compartment instead
of becoming symptomatic and moving to the Symptomatic Infected compartment

immediately.
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The number of people in the Quarantined compartment is likely to initially rise as
the time delay tau increases. This is because those in the quarantined compartment
are those who have been exposed to the virus but are not yet infectious because of
the quarantine and the prolonged transmission delay. Instead, they shift from the
exposed compartment to the quarantined compartment.

The number of recovered individuals will increase with an increase in 7. This
is because the longer time delay allows more individuals to recover before becoming
symptomatic and subsequently being quarantined or isolated.

In the initial phase, we see oscillatory behaviour, which arises due to the impact

of precautionary measures like social distancing, self-isolation, and personal hygiene.
These measures slow down the transmission of the disease, resulting in a longer time
before an exposed individual becomes infected. As a result, the dynamics of the
disease undergo oscillations, with periods of increasing and decreasing exposed indi-
viduals. Due to its influence on the effectiveness of disease control strategies. Our
finding can help in setting the timing of control measures, as implementing inter-
ventions during periods of high transmission may have a more significant impact on
disease control. It is possible to better prepare for and respond to outbreaks by an-
ticipating their time and intensity.
From Figure .11 we also see large oscillatory behaviour this is due to the high in-
tensity of transmission as we increase . Oscillations can lead to fluctuations in the
number of infectious individuals over time. Figure shows the effect of variations
in Transmission Rate § on SEII4R Model Dynamic.
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Figure 4.11: Variation of SEII4QR with effect of time delay when 7 = 5 and
higher values of 3
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Figure 4.12: Effect of Variations in Transmission Rate g on SEII14Q R Model Dy-

namics

4.10 Conclusion

In order to curb the COVID-19 disease’s rapid spread, a number of preventative
measures have been developed because the virus has irreparably affected society as a
whole. Lockdowns, social exclusion, and other therapies have all proved effective, but
they also hinder the coronavirus’s capacity to propagate. It is crucial to appreciate
the implications of these delays in order to create efficient pandemic response tactics.
In this study, mathematical modelling is investigated, and delay differential equations
(DDESs) are used to look into how delays caused by preventative measures affect the
dynamics of COVID-19.

We have developed a deterministic compartmental model, denoted as SEII4QR,

to characterize the mechanism of disease transmission. The total human population,
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denoted as N, is divided into six compartments: Susceptible (S), Exposed (E), Symp-
tomatic Infection (7), Asymptomatic Infection (1,), Quarantine (@), and individuals
who have either recovered from or succumbed to COVID-19 (R). In light of various
precautionary measures, such as social distancing, self-isolation, personal hygiene,
mask-wearing, and media awareness, we consider the presence of a delay in the time
taken for susceptible individuals to be exposed and potentially infected. To account
for this delay caused by precautionary measures, we introduce the parameter 7, rep-
resenting the extent of the delay in susceptibility to exposure and infection. In other
words, 7 captures the time lag in disease transmission from infected to susceptible
individuals due to the implementation of preventive interventions.

First, we analyze the Dynamics of a non-delayed system [4.1, we explored the
presence and stability of two critical points in the model: the Disease-Free Equilibrium
(DFE) and the Endemic Equilibrium (EE). Through stability analysis, we determined
that the DFE is locally asymptotically stable when the basic reproduction number,
denoted as Ry, is less than 1, and it becomes globally asymptotically stable under the
same condition that is if Ry < 1. On the other hand, the EE is locally asymptotically
stable when Ry is greater than 1.

Next we Dynamic with delay [4.2] for 7 > 0, we derive the expression for Disease-Free
Equilibrium (DFE) and the Endemic Equilibrium (EE). We provide stability criteria
for both the Disease-Free Equilibrium (DFE) and the Endemic Equilibrium (EE).
For Ry < 1, the DFE of the system is locally asymptotically stable when the
condition in (C2) is satisfied and 7 > 0. Conversely, the DFE is unstable for Ry > 1.

Moreover, for Ej, an endemic equilibrium point of the system , it will be
locally asymptotically stable with 7 > 0, subject to two conditions being met for
each of the seven Hurwitz matrices (H,) as defined in ({.11)). The first condition

requires the determinant of the matrix, represented as ‘Hn , to be greater than zero

(‘Hn’ > 0). The second condition demands that the basic reproduction number,
Ry, must be greater than 1 (Ry > 1). Failure to satisfy these criteria renders the
EE unstable. These findings offer crucial insights into the stability properties of
both equilibrium points, contributing to a deeper understanding of disease dynamics,
especially considering time delays.

We also investigate the impact of various parameters on the basic reproduction

number, denoted as Ry, through sensitivity analysis. By examining how changes in
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these parameters affect Ry, we aim to identify key variables that significantly influ-
ence the transmission of COVID-19 and should be targeted for intervention measures.
The forward sensitivity index, denoted as ago, is utilized to quantify the proportional
change in Ry with respect to specific parameters, including A, 5, u, v, 0, «a, €, P,
and P,. The sensitivity indices reveal whether a parameter has a positive or negative
relationship with Ry, indicating whether an increase or decrease in the parameter
will lead to a corresponding increase or decrease in Ry. Among the parameters with
positive indices, (3, the rate of disease transmission, and A, the birth rate, are the
most sensitive to Ry, suggesting that managing disease transmission and limiting
contact rates through measures like quarantine and social distancing are crucial in
controlling COVID-19. Conversely, parameters with negative indices, such as p, the
death rate, indicate an inverse relationship with Ry, suggesting that increasing inter-
vention measures can lead to a decrease in Ry and the infected population. Contour
plots illustrate the relationship between parameters § and p and their corresponding
values of Ry, highlighting how R, varies with changes in these specific parameters
and the potential impact on disease transmission. Understanding these dependencies
empowers the implementation of targeted interventions aimed at reducing Ry, thus
effectively controlling the spread of COVID-19.

In our numerical simulation of the proposed SEITAQR model using MATLAB,
we analyzed the impact of time delay 7 and illustrated the findings with Figures
and .10} As 7 increases, there is a longer delay between exposure
and infection, caused by precautionary measures. The number of susceptible indi-
viduals initially decreases due to slower transmission, while the number of exposed
individuals increases with more time for incubation. Symptomatic infected individu-
als decrease with increased 7, as the infection takes longer to develop symptoms.

Moreover, the number of asymptomatic infected individuals rises due to the longer
time delay in transmission, and more exposed individuals move to the asymptomatic
compartment. The number of people in quarantine initially increases due to prolonged
transmission delay, shifting from the exposed compartment. Additionally, the number
of recovered individuals increases, as they have more time to recover before becoming
symptomatic.

The model exhibits oscillatory behaviour during the initial phase, influenced by
precautionary measures, leading to varying numbers of exposed individuals. Under-

standing the effects of 7 helps in setting optimal timing for control measures to combat

131



4.10. CONCLUSION CHAPTER 4

disease transmission effectively. Anticipating outbreak timing and intensity aids in

better preparation and response.
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Chapter 5

Optimizing SARS-CoV-2 Control
Measures: Innovative
Reaction-Diffusion Techniques

5.1 Introduction

The COVID-19 pandemic, which emerged in late 2019, has significantly impacted
global health, economies, and daily life (H. Lu et al., [2020). After nearly three
years, many of the stringent precautionary measures and lockdowns have been lifted,
allowing people to resume their regular activities. However, the disease remains a
persistent threat due to its ability to spread silently and asymptomatically (Hufnagel
et al., 2004). This ongoing risk underscores the need for continued analysis and un-
derstanding of COVID-19’s transmission dynamics, particularly in how it propagates
through time and space.

Understanding how COVID-19 spreads is critical for establishing effective mitiga-
tion techniques. Mathematical modelling has emerged as an important tool in this
pursuit, providing insights into disease transmission dynamics and directing public
health measures. These models assist in predicting the course of the pandemic under
various scenarios, assessing the possible impact of control efforts, and guiding resource

allocation.

1High Technology Letters, 1006-6748, DOI:10.37896/HTL30.6/10928.
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Kermack and McKendrick’s groundbreaking work established the basis for utiliz-
ing mathematical models to understand the dynamics of infectious diseases (Kermack
and McKendrick, [1927)). In the context of COVID-19, various mathematical models
have been formulated to analyze transmission dynamics in India. Researchers have
extended classical models such as SI (Duan et al.,[2019)), SIS (Y. Xie et al.,|2020)), and
SIR (Sene, |2020) by adding compartments to represent asymptomatic cases, isolated
individuals, quarantine measures, protective actions, deaths, lockdowns, hospitaliza-
tions, and more (Bajiya et al., 2020; Gupta et al., 2021; Khajanchi and Sarkar, |2020;
Mahajan et al., 2020; Ray et al., [2020; Senapati et al., 2021; Tiwari et al., [2020).
Cooper et al. (Cooper et al.,2020) analyzed a variant of the well-known susceptible-
infected-removed (SIR) model, which does not assume a constant total population and
allows the number of susceptible individuals to fluctuate non-monotonically. This in-
novative SIR model is valuable for assessing the disease’s impact due to its predictive
capability for COVID-19 spread. Zhou et al. (Zhou et al., 2020) were among the
first to apply the SEIR model to estimate epidemiological parameters of the novel
Wuhan coronavirus. To estimate the intensity of events and track the virus’s dynamic
reproduction number simultaneously, Chiang et al. (Chiang et al., 2022)) proposed a
method combining the Hawkes process with the SEIR model. This approach calcu-
lates the infected populations essential for the Hawkes process and considers nonlinear
feedback between susceptible and infected populations (Franco, 2020). For the SEIRD
model, the feedback phenomena between exposed and infected populations were de-
tailed in (Loli Piccolomini and Zama, [2020)). The SEIRD model is particularly akin
to a dynamic model for a batch reactor performing an autocatalytic reaction with
catalyst deactivation, drawing an analogy between disease transmission and chem-
ical reaction in epidemic and chemical kinetic modelling (Simon, 2020). Hazarika
and Gupta (Hazarika and Gupta, 2020) presented a model for forecasting COVID-
19 spread using wavelet-coupled random vector functional link networks. Reiner et
al. (“Modeling COVID-19 scenarios for the United States”, |2021)) utilized the SEIR
model for scenario analysis in the United States. Xie (G. Xie, 2020)) developed a
model based on Monte Carlo simulation for COVID-19 spread, with the key feature
being the number of infected individuals modelled by a Poisson distribution with the
parameter Rt, which could vary across different observation stages.

The COVID-19 pandemic exhibits complex dynamics due to factors like human

behaviour, mobility patterns, and varying population densities. This could be mod-
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elled using reaction-diffusion model where the infection spreads over space and time,
taking into account the movement of individuals and the local interaction rates. As
Spatial heterogeneity acknowledges that the population is not uniformly mixed and

that the distribution and interactions of individuals vary across different locations.

5.2 Model Formulation

We develop a deterministic compartmental model, denoted as SEII,H R, to describe
the mechanism of disease transmission. Let N represent the total human population.
This population is divided into six compartments: Susceptible (S), Exposed (FE),
Symptomatic Infection (), Asymptomatic Infection (14), Hospitalized (H ), and those
who have either recovered or died from COVID-19 (R). Additionally, we incorporate
vital dynamics: the natural human birth rate, denoted by A, and the mortality rate,
denoted by u.

Susceptible individuals move to the Exposed compartment upon contact with
either Symptomatic (I) or Asymptomatic (I4) individuals at a transmission rate [3.

Our model is adapted to include various intervention techniques. Preventive mea-
sures such as lockdowns, media campaigns for awareness, effective hand-washing,
social distancing, and mask usage are part of the intervention strategies aimed at
slowing disease spread.

The application of these interventions suggests a reduction in the disease trans-
mission rate as reflected in the model parameters. The strength of the intervention,
denoted by 1 where ¢ € [0, 1], is considered to decrease the transmission rate. A
value of ¢ = 0 indicates no intervention, while 1) = 1 signifies strong intervention.

When interventions are implemented, the parameter § is modified to (1 — ¢)0.
Exposed individuals move to the I, I4, and H compartments at a rate v. A fraction
of the population transitions from Exposed to Symptomatic at a rate P;, to Asymp-
tomatic at a rate P, and to Hospitalized at a rate Pj.

The term (1 + b)oH indicates that individuals who are hospitalized will recover
more quickly and move to the Recovered compartment due to medical treatment.
Symptomatic and Asymptomatic individuals recover at rates a and 7, respectively.
Each compartment may decrease due to natural mortality u, with the Symptomatic

compartment additionally decreasing due to COVID-19-related mortality at a rate 6.
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Based on these assumptions, we propose the following model, represented as a

system of non-linear differential equations. The schematic diagram is shown in the

figure (5.1)).
[w+e)
K p.Y :" ‘ H a
B
A (1-¢)B : p,Y c
E L———-—4 s, - R —
78
u psY l W

H (1+b)o
|
Tl

Figure 5.1: Schematic Diagram of SEII,HR

ds
m =A—(1—9)BSI + 1) — pS,
dE
T (1 =)BS(I + 1a) —vE — pE,
dl
o pvE = (p+0)I — o, (5.1)
al
d_tA =pyE —ely — pla,
dH
e psyE = [(1 +b)o + p]H
dR
o’ =al+ely+[(14+b)o+ ulH — puR,

with nonnegative initial conditions given by
S(0) >0, E(0) >0, I(0) >0, I4 >0, H0) >0, R(0) > 0.
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All the parameters of the system are assumed to be positive for all time ¢t > 0.

5.3 Dynamic with Reaction-Diffusion.

The COVID-19 pandemic exhibits complex dynamics due to factors like human be-
haviour, mobility patterns, and varying population densities. Reaction-diffusion mod-
els are well-suited to capture these complexities, providing a more accurate represen-
tation of how the virus spreads and evolves over time.

Reaction-diffusion models incorporate both the reaction i.e., local interactions and
dynamics of population and diffusion, spatial movement and spread of the Individuals.
This dual approach helps in understanding how COVID-19 spreads across different
regions over time, providing a spatial-temporal view of the pandemic. Using Eq

a Reaction-Diffusion model is given as follow

ST _ DIAS + A~ (L 0)BS(L + L)~ S, 2 € 011 >0
%:D2AE+(1—¢)55(I+IA)—qE—H,E, x€Qt>0
a[(af?t):D3A]+p17E—(,u+6’+oz)I,xEQ,t>O (5.2)
%:D4AIA+]727E—€]A—MIA7 ret>0
%:Dg,AH—FP?ﬁE—[(l—Fb)U—FM]H, reft>0
%:DGAR+a[+dA+[(1+b)a+u]H—uR, reQt>0

with
(S(ZE, 0)7 E(‘ra 0)7 ](I, 0)7 IA(J:7 0)7 H(I7 0)7 R(ZE, O)) = (CI(I>> <2(x)7 <3(x)7 C4(ZE), <5(l‘), Cﬁ(x))

for z € 2 and also satisty

oS OF 0I 0l4 OH OR

on On On OIn  On  On y FEGLL >
The variables (S(x,0), E(z,0), I(z,0),4(z,0), H(z,0), R(x,0)) denote the densities
of individuals within each compartment at time ¢ and location x. Here, A represents
the Laplace operator, and D; (for i = 1,2,...,6) corresponds to the respective diffu-

sion coefficients. We assume that D1 = Dy = D3 = Dy = D5 = Dg = D.
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Table 5.1: Parameter Description for SEII,HR

Parameter Description Values

A Birth rate 52000 year?
U Death rate 0.0245 year=*
B Rate of transmission 1.7399day*
y Rate of transition from Exposed to I, I4, and Q 0.1923 day~!
D1 Fraction of population moves from Exposed to symptomatic class  0.3362

D2 Fraction of population moves from Exposed to asymptomatic class 0.4204

D3 Fraction of population moves from Exposed to quarantine class 0.2434

Q Recovery rate of symptomatic infected class 0.07 day~*

€ Recovery rate of asymptomatic infection 0.9 day~*

o Recovery rate of quarantine class 0.9 day™!

0 Rate of disease-induced death 0.0001 day~!

5.4 Dynamic behaviour of SEII4HR model with
Reaction-Diffusion

We observe that the first five equations in system are independent of R(x,t). The

resulting reduced system is as follows:

as(aﬁ’t) = DIAS+A— (1 —Y)BSUT +14) — pS, 2€Q,t>0

aEg;:,t) = DyAE+ (1 =9)BSUI+1a) —7E—pE, 2 €Q,1>0

a[g’t) = DsAT +piyE — (n+0+a)l, z€Qt>0 (5.3)
%:DZLA]A—{—]?Q’YE—E[A—MIA, re,t>0
%:D5Aﬂ+p37E—[(l+b)a+u]H, ref,t>0

with

(S(ZE,O)7E($,O), ](CL’,O), IA(‘I70)7 H(JJ,O)) = (Cl(x)a <2($),C3(I‘), C4(95)7C5($)) Jor xin{)
(5.4)

and satisfy

oS 9E oI dl, OH OR

G = = =g =g = =0, T€It>0 (5.5)
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5.5 Positivity and boundedness

We assume that Dy = Dy = D3 = Dy = Ds = Dg = D and demonstrate the existence
and uniqueness of the solution.

Let X := C(Q,R?) be a Banach space equipped with the supremum norm | - [|x.
Define X* := C(Q,R3), making (X,X") a strongly ordered space. Suppose that
Ti(z) , To(x) , Ts(x) , Ty(z) , Ts(z) : C(Q,R) = C(Q,R) are the Cy semigroups
related to DA— i, DA—(y+p), DA—(a+0+p1), DA—(e+p) and DA—[(1+b)o+p]
dependent on Eq. , respectively. It is evident that for every ¢ € C(Q,R) and
t > 0, we have:

T(00() = [ G(oT(o.t5)ds
Ta(0c(w) =0 [ )T 5)ds.
Ty(£)C () =e— (@0t / C(s)Ti(z,t, 5)d
Ty(0)0(e) = [ (6Tt 5)ds,

T5(t)((z) :e_[(1+b)”+“]t/((S)Fl(ae,t,s)ds.
Q

where 'y represent the Green functions related to DA depend on Eq. .

From Martin an Smith (Martin and Smith, [1990) We obtain that T;(¢) : C(Q,R) —
C(,R) (i = 1,2,3,4,5) stands for strongly positive and compact.For all initial values
(eXtand X € Q, let § = (Fy, Fo, F3, Fu, Fs) be defined as § : X+ — X given by:

F1(Q) (@) = A = (1= 9)BGi (2, 0)[¢(2,0) + Ca(, 0)]
F2(Q)(x) = (L = )BG (2, 0)[¢s(x,0) + Ca(z, 0)]
F3(¢)(x) = p17¢a(z, 0)
Fa(Q)(x) = p1Ga(z,0)

F5(¢)(x) = pavCe(x,0)

Hence equation can be written as

Y(x,t) =T(#)(x) + /0 T(t — s)F(Y(x,s))ds,

where

T(t) = dlag(Tl (t)v TQ <t>7 T3(t)7 T4(t)7 T5 <t>)
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and
Y(z,t) = (S(z,t), E(x,t), [(x,t), [s(x,t), H(z,t), R(z,1))

. Then, we get the following result.

Theorem 5.1. For any ¢ € X, the reaction-diffusion system Eq. — POS-

sesses a unique solution Y (-,t, @) with the initial condition Y(-,0,¢) = ¢. Moreover,

the mappmg ¢<t> Xt = X+) deﬁned by d}(t>¢ = (S<7 tu (b)’ E(? ta ¢)7 I(? tu (b)? IA('? ta (/b)v H<7 ta ¢))
for all x € X and t > 0, is point dissipative.

Proof. For every ( € XT and h > 0, one has
1
. - . + —
hlg& h dist(hF(¢) + ¢(0),X") =0

According to Corollary 4 from (Martin and Smith, 1990), Y(-,¢, () represents a
unique mild solution of Egs. - on [0, 7¢), with Y(-,0,¢) and Y(-,¢,¢) € X,
where t, < 4+o00. We then prove that the solution is global. From the system of
equation Eq. considering the first three equations, we have

%(S(m,t)—l—E(x,t)—i—](x,t)—i—]A(x,t)—l—H(x,t)) =DAS+E+I1+14+H)+
A—uS+E+I1+14+H)—-0I
—al —ely— (1+b)cH
<DAS+E+T+144+H)+A
—u(SH+E+ 1+ 14+ H).

By comparison principle, for a very small positive number ¢ there exists t* > 0, V
t > t*, such that S(x,t) + E(z,t) + I(z,t) + Is(z,t) + H(z,t) < % + &, uniformly V
x € Q.

Hence, S(vt) < %—{—8, E(at) < %_’_5’ I(7t) < %—'—57 IA(7t) < %—'—5 and H(at) <
A

m +e€.

This indicates that S, E, I, I,, and H are uniformly bounded. Consequently,
(t) : Xt — X7 is point dissipative. O]
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5.6 Basic Reproduction Number R

System always has Disease Free Equilibrium Ey(Sy, 0,0, 0,0) where Sy = % and
there exist Endemic Equilibrium E,(S*, E*, I*, I}, H*) given by
0=A—(1—-9)B8S"(I"+I}) — nS*
0=1—-9)BS*(I" + 1) —yE" — pE”
0=pyE* — (a+ )" — pul” (5.6)
0=poyE" — el — pul}
0=psyE* —[(14+b)o + u|H”

which gives

A— E*
o _ A=yt k)
1
I = pl’YE*
a+0+p
E*
=1 (5.7)
e+ p
* _ sV E”
(14+b)o+ p

Furthermore, according to the theory in (W. Wang and Zhao, [2012))

OF,
ot
where P = (E,I,14,H,S)T.
System ([5.4))-(5.5]) can be written as

= D;AP; + Fi(x,P) = Vi(x,P), i=1,2,3,4,5.

%:DZAE+(1—¢)5S(I+IA)—vE—uE r€Q,t>0

81;,15) = DsAl+pyE = (p+0+a)l, 1 €Qt>0

81,4({5?75) — DALy + poyE — eIy — pla, €0t >0 (5.8)
%:DEAHMWE—[OM)UJW]H; r€Qt>0
%:DlAS+A—(1—w)ﬁS(I+[A)—uS, ret>0

OB 91 0L, OH 95
%_%_871_871—871_0’ z € ot >0 (5.9
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(E(z,0),1(x,0), La(x,0), H(x,0), 5(z,0)) = (C(x), G3(x), Ca(2), G5(), 1 () for x € Q

(5.10)
(L =9)BS(I + 14)
0
Therefore we get F;(z, Ey(0)) = 0 and
0
0
(v+ 1 E — D AE
Vi(z, Ey(0)) = (n+ p)la — p2yE — DyALy
(1+b)o+ p)H — psyE — D;AH
BS(I + 14) + pS — A= D1AS
F(x), V(X) denoted as
du; 1<i,j<4
and
Vi) = Vi(x, Ey(z)) 7
du; 1<i,j<3
respectively, where Ey(z) = (0,0,0,0, Sp).
Thus,
0 (1—9)BSe (1—v)BSy 0
0 0 0 0
Fle) =1, 0 0 0
0 0 0 0
and
vt — k20 0 0 0
—p1y (b + 6+ ) — KAy 0 0
V(z) = —pary 0 €+ p— k2N 0
—p37 0 0 [(L+ D)o + ] — k*As

where k is the wave number. F(z) denotes a 4 X 4 continuous and nonnegative
matrix function, while —V(x) represents a 4 x 4 continuous and cooperative matrix
function. According to (W. Wang and Zhao, 2012), the distribution of the total new

infections is defined as
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/0 " @) T () () dt,

Further, we define

where £ denotes a positive and continuous operator that maps the initial infection
distribution ((x) to the total number of infected individuals produced during the

infection period. By the next-generation matrix method, we have

(1 =) ByAP, (1 —)BYAP,
plp+y)(a+0+p)  plp+e)(pn+7)

5.7 Uniqueness of DFE and EE

D:

Theorem 5.2. For Ry < 1, the reaction-diffusion system Eq. has only Ey(Sy,0,0,0);
whereas for Ry > 1, there exist a unique E,(S*, E*, I*, Iy, H*) , where

A— E*
o A=y +pE)
i
I — PWE*
a+0+u
E*
=2 (5.11)
€+ 1
e PE
(1+b)o+ p

Proof. Clearly FEj is unique when Ry < 1 . Therefore, we need to prove only for
Ry > 1. From Eq. (5.6) we know that

SZLA—(WruE)’ ;__PE

1 Ca+0+pu
IAZPQ’YE _ psvE
e+’ (1+b)o+ pu

From second equation of eq(j5.6|), we have

A— (’Y+M)E) { pivE pyE
7 pw+0+a  e+p

J(E) = (1 - )8 ( v+ wE
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Since J(0) = 0, adding the first two equation of eq(5.6)), we have

J(%) =—(y+uwE=-A<0

(1= )BYAP(y + ) | (1 =) BYAP(y + p)

/

J(O):M(M+'y)(a+€+,u) M(N+€)(M+’Y) _(7+M)
[ A =9)ByAR (1—9)BAR,
N {u(u+7)(a+9+u) MOET IR 1} (v + 1)

=(Ro—1)(y+p) >0

This shows that J(E) = 0 exists at least one positive root E* € (O, %), this implies

that the positive equilibrium of Eq. (5.4) exists. Next, we shall prove E* is unique.
Based on Eq. (5.7) and the following facts

(1 —)BS*(I* + I})) = vE* + pE* (5.12)

we also have F, I, 14, H > 0. Therefore, it follows from the above equation

’ A _ E*
J(E)=(1-v)p ( (7: = ) [u +p;7+ o’ epiyu

—(+n) (513)

Suppose there exists another positive equilibrium E[*(S**, E**, I** I3, H*) | then
we have J'(E#*) > 0, which contradicts the inequality. O

5.8 Local stability of disease-free equilibrium

Let 0= py < pg < ... < p; < ...Dbe the eigenvalues of —A on 2 with homogeneous
Neumann boundary conditions. Let U(u;) denote the eigenfunction space correspond-
ing to p;, and let {@;; : j =1,2,3,...,dim U(y,;)} be an orthonormal basis of U ().

The space Z can be decomposed as follows:

)

where
OF 0I 09I, O0OH 0S8
4 08 OF _d_ 90
“On  On  On on  On 0 on 00

, Zij = aw;; | a € R®. Then, we shall show the local stability of equilibrium as follows.

7 ={(E,1,I4,H,S) e [C'(@)
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Theorem 5.3. The Disease-Free Equilibrium (DFE) Eq of the reaction-diffusion sys-
tem described by FEq. exhibits local asymptotic stability when Ry < 1.

Proof. Consider the linearization of the reaction-diffusion system Eq. (5.4) at Ej:
OY(x,t)
ot

where Y = (S,E, [,IA,H), D= diag(D17D2,D3,D4,D5) D1 = D2 = D3 = D4 =
D5 = D, and

=DY(x,t) + A(Ey)Y(z,1),

—p 0 —(1=9)B8S —(1—1)BS 0
0 —(v+p) Q=985 (1-v)BS5 0
A=10 P17y —(n+0+ ) 0 0
0 P2y 0 —(e+p) 0

| 0 P37y 0 0 —[(1+b)o + p]

Let LY = DY + A(E))Y, and let Z; (for ¢ > 1) be invariant under £. An eigenvalue
A of L exists if and only if it is an eigenvalue of a matrix —Dy; + A(Ey) with ¢ > 1,
where there is an eigenvalue in Z;. In other words, A must satisfy the following
characteristic equation: det(A + Du; — A(Ep)) = 0, where I represents the identity

matrix. Therefore, the characteristic equation at Fy can be specifically expressed as:

Clearly A\; = —(u + p; D) is an eigenvalue of eq (5.14) Therefore the remaining four

eigenvalues are the roots of the following equation

>\4+A1)\3—|—A2>\2 +A3)\+A4 - O
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=(v+mw+p+0+a)+ (et p)+[(1+b)o+pu] +4Du;
= (21 + 29 + 23 + 14 + 4Dp;)? /2 — (21 + Dp;)?
+ (w2 + Dpi)? + (z3 + Dpi)? + (w4 + Dp;)?) /2
— (1 =9)BySo(p1 + p2)
= (z1 + D) (w2 + Dpi) (w3 + Dpg) + (21 + D) (w2 + D) (24 + D)
+ (@1 + Dpi) (s + Dps) (w4 + Dpi) + (22 + Dpi) (ws + Dpg) (w4 + D)
— (1 =9)Bv(z2 + Dpi)p2So — (1 — ) By(x3 + Dpi)p1So
— (1 =) By(x4 + Dpi)prSo — (1 — ) By (w4 + Dpi)p2So
(

Ay = (x1 + Dpi)(z2 + D) (x5 + D) (x4 + D) — (1 — ) By(x2 + Dpi) (24 + D) p2So

— By(xs + Dpi)(za + D)

Where,
r1= (y+p), vo=p+0+a), x3=(e+pn), s =[(1+0b)o+ u| According to the

Routh-Hurwitz criterion, the equation above will yield negative roots or roots with

negative real parts if the following condition is satisfied:

A, A3 0
A >0, ’il j‘”’ >0,|1 Ay A4l >0
2 0 A A

Hence, the disease-free equilibrium point Ej of the system is locally asymptotically
stable, when R, < 1. O

Theorem 5.4. The Endemic Equilibrium FEy of the reaction-diffusion system FEq.
2'3 locally asymptotically stable if Ry > 1

Proof. Consider the linearization of the reaction-diffusion system Eq. (5.4) at Ej:

Wé”;’ D DY(a,t) + B(E)Y(z,¢),
—q¢ 0 —(1-=v)35* —(1-v)3S* 0
azr —r  (1=¢)BS*  (1—-9)B8S* 0
B=|0 pvy —s 0 0
0 poy 0 —t 0
0 p3vy 0 0 —u
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where

=1 =) + I}) + 4]
=(v+n)

=(u+0+ )

= (e+n)

= (0 +p)
= (1 —9)B(I" +1})

Similarly, A must be a root of det(Al + Du; — A(E;)) = 0. Therefore, we can denote
the characteristic equation at F; as A5 + By\* 4+ BsA\3 + BoA\? 4+ Bi\ + By = 0.

where

By=(q+r+s+t+u)

By=(q4+r+s+t+u)?/2— (@ +r*+ s+t +u)/2 - ByS*(p1 + p2)

By =qr(s+t+u)+ (gs+rs)(t+u)+tu(lg+r)+ SvS [(azn — g —u)
(P1 + p2) — (sp2 + tp1)]

By = qrs(t +u) + qtu(r + s) + rstu + 7S (a8 + azu — qu)(p1 + p2)
— 545" (sp2 + tp1) — ByuS™(sp2 + up1)

By =qr(s+t+u)+ (gs+rs)(t+u) +tu(q+r) + BvS*[(a21 — ¢ — u)
(P1 +p2) — (sp2 + tp1)]

According to the Routh-Hurwitz criterion, the above equation will give negative roots

or negative real parts if the following condition is satisfied:

By By By 0
By ¢
By>0,/P0 Bloo |1 B, Bso,|F BB 0y
1 B3 0 B B 0 Cy Co BO
v 0 1 By B
Hence, the endemic equilibrium point E; of the system is locally asymptotically stable
when Ry > 1 O

5.8.1 Steady Persistence of COVID-19 under R, > 1

This subsection examines the uniform persistence of the reaction-diffusion system de-
scribed by Eq. (5.4). The linearized system is evaluated at Ey(Sy, 0,0, 0,0), resulting
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in the following linear reaction-diffusion system for E, I, I4, and H:

% = DAE+ (1 —=4)BSo(I + 1) —vE — pE,x € Qt >0

8[21;,0 =DAI+pivE — (p+0+a)l,z €Q,t>0 (5.15)
% = DAIy+poyE —elg — ply,x € Q,t >0

% = DAH +p3vE — [(1+b)o + p]H,x € Q,;t >0

OE 01 _0la _ OH _OR
on  On  On  On  On
Clearly, the above system is a cooperative system. Suppose E(z,t) = e (y(x),

I(z,t) = eMG(x), Ia(z,t) = eM(x), and H(x,t) = eM(s5(x). Thus, the above

system simplifies to

=0, v€00,t>0 (5.16)

M) = DANG(z) + (1 = ¥)BS0(ACs(x) + Aa(x)) — (v + ) A(z), v € 2,8 > 0
AGs(x) = DANG (%) + p1yAGa(@) — (1 + 0 + ) AGs(x), v € Q.8 > 0 (5.17)
Aa(x) = DAXG(x) + payAla () — (€ + p)A(x), 2 € Q.8 > 0

AG(x) = DANG () + psyAGe(z) — [(1 4+ D)o + p]AG(x),x € Q,t >0

06 _ 0% _ 04 _ 06 _
on  On  On  On =0, ol (5.18)

It follows from Theorem 7.6.1 in (Smith, [1995)) that Eq. has a principal eigen-
value \o(Sp(x)) with a positive eigenfunction ((z) = ((2(x), (3(x), (), (5(2)). Sim-
ilar to the argument in (W. Wang and Zhao, 2012) and (L. Zhang et al., 2016), we
obtain the lemmas as follows.

Lemma 1: The quantities (Ry — 1) and the principal eigenvalue Ao(Sp(z)) share the

same sign. Furthermore, the equilibrium point Ej is asymptotically stable if Ry < 1.

Lemma 2 : Assume Y(-,¢,() denotes the solution of the reaction-diffusion system
given by Eqs. (5.4)—(5.5) with the initial condition Y(-,0,¢) = ¢ € X*. Additionally
1. Forall ¢ € X*, 2 € Q, and t > 0, we have S(z,t,¢) > 0. Furthermore, there
exists a positive number 7 such that liminf, , . S(x,¢,{) > n uniformly for
z €.
2. If there exists a time ¢; > 0 such that E(-,t1,{) =0, I(-,t1,{) =0, 1a(-,t1,() =
0,0r H(-,t;,¢) =0, then for allz € Qand ¢t > t;, we have (E(z,t,¢), I(z,t,¢), I4(x,t, (), H(z.
0.
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5.9 Global Stability

We establish global stability for the reaction-diffusion system described by Eq. (5.4)
by defining ((z) = x — 1 — Inz. It is evident that {(x) > 0 for all x > 0. Next, we
proceed to obtain global stability as follows.

Theorem 5.5. The Disease-Free Equilibrium (DFE) Eq of the reaction-diffusion sys-
tem described by Eq. exhibits global asymptotic stability when Ry < 1.

Proof. From Lemma 1, we ascertain that Ao(Sp(z)) < 0 when Ry < 1. This implies
the existence of a sufficiently small g > 0 such that A\o(So(z)+¢€p) < 0. Consequently,
according to the S-equation of system Eq. (5.4), we have

0S(z,t)
ot

<DIA+A—pSforxeQt>0.

Moreover, there exists a to > 0 such that S(z,t) < So(x) + go for x € Q, t > to.

Thus, we have:

%ﬁﬁ < DAE + (1= 9)B(So(x) + )] + (1= $)B(So(x) + 0)Ja = VE — pB, v € .t >0
L) AT+ B — (W+0+a), z2€Qt>0 (5.19)
%SDélAIA—l—vaE—EIA—uIA, ret>0
%gmwwm_[mb)amw, reQt>0

OE 0l 0lI4, O0H OR

— = = = = — = Qt>t 5.20
on On On  On  On  TEE =T (5:20)

Let ((x) = (((2), (3(x), &4(x), 5(x)) be an eigenfunction of system Eq. (5.17]) corre-

sponding to the principal eigenvalue A\o(So(z) + €9) < 0. There exists a ¢; > 0 such

that
$1(G2(), G3(), Ca(z), (5(x)) > (E(w,t0), I(z,t0), La(7,t0), H(x,t0))

. Furthermore, we get
¢1(<2(x)7 C3($)7 C4(x)7 C5<x>>6)\O(SO(x)+EO)(t7tO) > (E(:L‘, t)a I(:U, t)v [A(xa t)v H(xv t))? for z € Q7 t=> tO‘
Therefore,

lim E(z,t) =0, lim I(z,t) =0, lim [s(z,t)=0, and lim H(z,t) =0,

t—o00 t—o00 t—o00 t—o00
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uniformly for x € Q.
This renders the S-equation of the reaction-diffusion system Eq. (5.4) asymptot-

ically stable:
0S(x,t)

ot
Furthermore, according to Thieme (Thieme, |1992) and Guo et al (Guo et al., [2012),
it follows that lim, ,, S(x,t) = So(x) uniformly for x € Q. Hence, Fy of the reaction-
diffusion system Eqs. (5.4)—(5.5)) is globally asymptotically stable. O

5.10 Sensitivity Analysis

In this section, We examine the impact of the parameters used to express the basic
reproduction number, Ry, through sensitivity analysis.

This demonstrates that an alteration in these parameters results in an alteration in
Ry. Tt is used to identify the variables with a significant impact on Ry and determine
which ones should be the focus of intervention measures. Sensitivity indices make it
possible to quantify the proportional change in a variable when a parameter is altered.

The forward sensitivity index of a variable, with regard to a specific parameter,

is used for that.
Ry  ORo @

KT
where ¢ =[A, 5, u, v, 0, a, €, Pi, P», 1]. The analytical equation for the sensitivity
of Ry to each parameter it comprises can be calculated using the formula mentioned
above. As a result, Figure [5.2] shows the sensitivity index of parameters i.e A, 8, u,
v, 0, a, €, Py, P, respectively on Ry.

The positive indices indicate a direct relationship between the parameters and Ry,
that is if the parameter increases/decrease then the value of Ry will increase/decrease.
Therefore in order to control COVID-19 from the population, we need to reduce the
Basic Reproduction number, we can achieve this by reducing the parameters which
give positive indices i.e v, B, Py, P» A, here birth rate A and rate of transmission (3
are the most sensitive parameters of Ry In light of the uncontrollable nature of the
birth rate, our focus shifts to managing the rate of disease transmission. To achieve
this, we must limit our contact rate through measures like quarantine and social dis-
tancing. By taking responsible actions and collectively embracing these precautions,

we can build a shield of protection against infectious diseases, fostering a healthier
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and safer society.Also ago = +1 means that if 8 increase by 1 % than Ry will also
increase by 1 %.

The negative indices indicate that there is an inverse relationship between the pa-
rameters and Ry, that is if the parameter decreases/increases then the value of Ry
will increase/decrease. pu, 0, «, €, 1) have negative indices, among the p is the highest
sensitive. The strength of intervention, denoted as v, has negative indices. This im-
plies that implementing stringent intervention measures will result in a reduction of
the basic reproduction number, Ry. Consequently, a lower Ry will lead to a decrease
in the infected population.

1 represents the efficacy and strictness of intervention strategies such as social
distancing, quarantine, vaccination, and public health policies. When 1 is applied ef-
fectively and rigorously, it exerts a downward pressure on Ry. The basic reproduction
number, Ry, is a crucial metric in epidemiology that indicates the average number
of secondary infections produced by a single infected individual in a fully suscepti-
ble population. By reducing Ry, we curtail the spread of the infection, leading to a

smaller number of new cases over time. Therefore, stringent intervention measures,

1 T T T T T T
0.5F o
&
£ o = =
= /
>
=
8 .05F .
[e¥]
[%5)
1 - -
1.5 | 1 1 1 1 1 L L
A I} 7 v 0 x € P1 F‘2 1
Parameters

Figure 5.2: Forward sensitivity of R,.

reflected by a higher negative value of ¢, play a critical role in controlling the out-

break. As Ry decreases below the threshold of 1, the infection cannot sustain itself
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within the population, resulting in a significant decline in the number of active cases

and ultimately leading to the containment of the disease.

5.11 Numerical Simulation

For the Numerical Simulation of the proposed model, we illustrate the mathematical
findings using the MATLAB program, the value of parameters are listed in the table.
Figure shows Spatiotemporal evolution of (a) Susceptible S(¢,z), (b) Expose
E(t,z), (c) Symptomatic Infection I(¢,z), (d) Asymptomatic Infection I4(¢,x), (e)
Hospitalised H(t,x), (f) Recovered R(t,x).

From Figure 5.4 Ry, 3, v:

e Result: This plot shows how changes in the rate of transmission and the rate of
transition from Exposed to infected/hospitalized affect the basic reproduction

number.

e Implication: Higher $ and higher v would increase Ry indicating a faster spread

when the transition from Exposed to Hospitalized stage is slow.

In order to reduce the disease spread we need to decrease Ry by reducing the rate of
transmission [ which can be done by implementing various precautionary measures
such as Social distancing, Personal hygiene and wearing masks. Managing v through
enhancing medical treatment and timely identification and isolation/hospitalisation

can significantly help in reducing R,.
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Figure 5.3: Spatiotemporal evolution of (a) Susceptible S(t, ), (b) Expose E(t, z),
(¢) Symptomatic Infection I(¢,x), (d) Asymptomatic Infection I4(¢,x), (e) Hospi-
talised H(t,z), (f) Recovered R(t,x)
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x10E
10

Figure 5.4: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission J and transition of Exposed to Infection/Hospitalize ~.

From Figure 5.5 Ry, £, pi:

e Result: This plot illustrate the relationship between the rate of transmission f3,

the fraction of exposed individuals developing symptoms p;, and Ry.

e Implication: A higher g and higher p; would increase Ry, suggesting more

symptomatic cases contribute to higher transmission rates.
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Figure 5.5: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission  and fraction of Exposed developing symptoms p;.

From Figure Ry, B, :

e Result: This plot shows how the rate of transmission and the strength of inter-

vention affect Rj.

e Implication: Stronger interventions (higher 1) can reduce Ry even when the
transmission rate [ is high, highlighting the importance of effective public health

measures.
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Figure 5.6: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission  and Strength of interventions .

From Figure 5.7 Ro, 7, ¢:

e Result: This plot illustrates the relationship between the rate of transition, the

strength of intervention, and Rj.

e Implication: Enhanced interventions v combined with faster transitions ~ from
exposed to hospitalized stages can significantly lower Ry, suggesting a synergis-
tic effect.
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Figure 5.7: The numerical result exhibit that the dependence of Ry of system on
transition of Exposed to Infection/Hospitalize v and Strength of interventions .

The initial confirmed COVID-19 case in Yangzhou was documented on July 28, 2021,
and the outbreak was successfully contained by August 26, 2021. Consequently, the
COVID-19 outbreak in Yangzhou lasted for under a month before the situation was
completely and promptly controlled. All data regarding COVID-19 in Yangzhou were
sourced from the epidemic reports published on the official website of the Yangzhou
Commission of Health and were released by the Yangzhou Municipal Government’s
Press. These data were deidentified and made publicly accessible.

According to the COVID-19 guideline by the National Health Commission (2022),
the confirmed cases in Yangzhou comprised 175 (30.7%) classified as mild, 385 (67.5%)
as common, and 10 (1.8%) as severe, with the common type having the largest pro-
portion of cases. The period of diagnosis predominantly spanned from July 28 to
August 26, with the peak occurring between August 1 and August 14, and the high-
est daily count of confirmed cases recorded on August 5.

Figurel5.§8|illustrates the daily new cases and cumulative cases in Yangzhou, China,
from July to September 2021. The parameters were set as follows: 5 = 0.0065, v =
0.05, a = 0.004165, ¢ = 0.0714, 6 = 0.001, ¥ = 0.5042. Given that there were
no fatalities in the COVID-19 outbreak in Yangzhou, the parameter yu was set to 0.
Additionally, considering the total population of Yangzhou, approximately 4,460,000,
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and the initial infection data, the initial conditions were specified as follows: S(z,0) =
4459996, E(x,0) =1, I(x,0) =1, I4(x,0) =0, Q(z,0) =0, R(x,0) =0.

COVID-19 Case Data in Yangzhou, China
T T T T T T 1T T T T T T T T T T T T T T T T 1T T T 1T T T 1 T T T T T 1T T 1T 171
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Figure 5.8: the daily new cases and cumulative cases in Yangzhou, China

Based on these initial conditions and parameter values, numerical simulations
yielded the data prediction results presented in Figures and The model-
fitting results indicate the following: The basic reproduction number for the COVID-
19 outbreak in Yangzhou was calculated to be Ry = 2.3651. The epidemic was
projected to reach its peak with 59 new daily confirmed cases on the ninth day,
August 5. The total number of infections was estimated to reach 570 cases by the
end of the outbreak. Furthermore, the epidemic in Yangzhou was expected to be
completely cleared by the 26th day, August 22.

60

T T
= model fitting
actual data

50
40+ i
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10 !

Infected individuals in Yangzhou, China

Time (day)

Figure 5.9: Numerical results show prediction of the daily new cases in Yangzhou
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Figure 5.10: Numerical results prediction of the cumulative case in Yangzhou

5.12 Conclusion

The COVID-19 pandemic exhibits complex dynamics due to factors like human be-
haviour, mobility patterns, and varying population densities. The mathematical mod-
elling of COVID-19, SEI14H R using the Reaction-Diffusion framework has been de-
veloped. It provides a comprehensive understanding of the spatiotemporal dynamics
of the disease and its key influencing parameters.

We discussed the existence and uniqueness of Disease-Free Equilibrium and En-
demic Equilibrium. Stability analysis of the equilibrium points shows Disease Free
Equilibrium is locally asymptotically stable whenever the basic reproduction number,
Ry < 1, and is globally asymptotically stable whenever Ry <1. Also, Endemic Equi-
librium is locally asymptotically stable whenever the basic reproduction number, R,
> 1. Steady Persistence of COVID-19 under Ry > 1 of the reaction-diffusion system
described by Eq. is also examined.

The analysis of the basic reproduction number Ry in relation to the transmission
rate § and the transition rate 7 from exposed to infected/hospitalized stages, as
illustrated in Figure underscores the critical role of these parameters in disease

propagation. Our results indicate that higher values of 5 and ~ significantly elevate
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Ry, leading to a faster spread of the infection. Therefore, reducing the transmission
rate through measures like social distancing, personal hygiene, and mask-wearing is
essential. Additionally, enhancing medical treatment to ensure timely identification,
isolation, and hospitalization of exposed individuals can further help in controlling
the disease.

Furthermore, Figure [5.5| reveals the impact of the transmission rate § and the
fraction of exposed individuals developing symptoms p; on Ry. A higher S coupled
with a higher p; contributes to increased transmission rates, emphasizing the need
for effective public health strategies to manage symptomatic cases. Similarly, Fig-
ure highlights the importance of strong intervention measures (1) in reducing
Ry even when the transmission rate is high. This demonstrates that robust public
health interventions can significantly mitigate the spread of the virus, regardless of
the inherent transmission dynamics.

Additionally, Reaction-Diffusion models can simulate the impact of various inter-
vention strategies such as social distancing, travel restrictions, quarantine measures,
and vaccination campaigns. By analyzing these strategies within the model, poli-
cymakers can make data-driven decisions on which interventions are most effective
in different regions. This approach enhances health responses by forecasting future
infection waves, preparing healthcare infrastructures, and implementing timely and
suitable actions to mitigate repercussions. Lastly, Figure shows the combined
effect of the transition rate v and the strength of interventions ¥ on Ry. The findings
suggest that enhanced interventions, when paired with faster transitions from exposed
to hospitalized stages, can substantially lower Ry. This synergistic effect underscores
the importance of an integrated approach that combines public health measures with
medical interventions to effectively control the spread of COVID-19. Overall, our
study provides valuable insights into the dynamics of COVID-19 and highlights key

areas for intervention to reduce the disease’s impact on the population.
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Chapter 6

Analysis of a Novel
Reaction-Diffusion Model for

COVID-19: Evaluating Direct and
Aerosol Transmission Strategies

6.1 Introduction

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has highlighted the
critical importance of understanding transmission dynamics and developing effective
intervention strategies. Traditional compartmental models have provided valuable
insights into the disease spread and control measures. However, the spatial hetero-
geneity and varying modes of transmission, including both direct and aerosol routes,
necessitate more sophisticated modelling approaches. This study introduces a novel
deterministic SETI4A, R reaction-diffusion model that captures the complexities of
COVID-19 transmission through both direct contact and aerosol pathways. The
model assumes that symptomatic individuals shed more virus than asymptomatic
carriers and considers the persistence of the virus in the air for approximately three
hours. By incorporating spatial and temporal dynamics, this research aims to provide
a comprehensive evaluation of transmission patterns and the effectiveness of various

control strategies in different spatial settings.

SJournal of Xidian University,1001-2400. (Accepted)
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It is important to recognize that COVID-19 transmission is not limited to direct
methods such as coughing, sneezing, and face-to-face communication. Aerosol trans-
mission plays a critical role as well (C. Lu et al., 2020). Aerosols, which are tiny
respirable particles smaller than 5-10 pm, can remain airborne and travel significant
distances up to 1.5 m and stay up to 3 hours in the air (Anderson et al.,2020). When
susceptible individuals inhale these virus-laden aerosols, they immediately become
exposed to the virus (Tellier et al., 2019).

Building on the transmission mechanisms of infectious diseases, we explore a novel
reaction-diffusion system for COVID-19 that encompasses both direct and aerosol
transmission pathways. This comprehensive model allows for an in-depth analysis
of the theoretical aspects, enabling us to determine the extinction and persistence
thresholds of COVID-19. We further delve into the critical factors influencing the
epidemic dynamics of the disease.

Our approach includes performing a detailed stability analysis of the Disease-
Free Equilibrium (DFE) and Endemic Equilibrium (EE) both locally and globally.
This analysis is crucial for understanding the conditions under which the disease can
be eradicated or persists within a population. Additionally, we conduct a global
sensitivity analysis on the basic reproduction number Ry, which serves as a pivotal
parameter in assessing the potential spread of the virus.

To substantiate our theoretical findings, we implement extensive numerical simu-
lations. These simulations not only corroborate the theoretical calculations but also
provide a practical demonstration of the model’s accuracy and reliability in predicting
the dynamics of COVID-19 transmission. Through this multifaceted approach, we

aim to offer valuable insights into the control and mitigation of the ongoing pandemic.

6.2 Model Formulation

We develop a deterministic compartmental model, denoted as SETI4 A, R (Suscepti-
ble, Exposed, Symptomatic infection, Asymptomatic Infection, Aerosol, Recovered),
to describe the transmission dynamics of COVID-19. The model includes the follow-

ing compartments:

e S: Susceptible individuals who are at risk of infection.

e F: Exposed individuals who have been infected but are not yet infectious.
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I: Symptomatic infectious individuals who exhibit symptoms and can transmit

the virus.

I4: Asymptomatic infectious individuals who do not exhibit symptoms but can

still transmit the virus.

A,: Aerosol concentration in the environment, which contributes to indirect

transmission.

R: Recovered individuals who have gained immunity and are no longer suscep-
tible.

An assumption made as follows: Transmission Dynamics:

e Symptomatic individuals (1) contribute to direct transmission through contact
and also indirectly through the environment by increasing the aerosol concen-
tration (4,).

e Asymptomatic individuals (I4) contribute to the direct transmission and to a

lesser extent to the aerosol concentration.

e The susceptible population (S) becomes exposed (F) through contact with both
symptomatic and asymptomatic individuals, as well as through inhalation of

aerosols.
Progression of Disease:

e Exposed individuals (E) transition to either symptomatic (/) or asymptomatic

(14) infectious states.

e Both symptomatic and asymptomatic individuals eventually recover (R), with

different recovery rates.
Aerosol Dynamics:

e The aerosol compartment (A,) is influenced by contributions from both symp-

tomatic and asymptomatic individuals.

e The aerosol concentration decays over time, reducing the risk of indirect trans-

mission if not continuously replenished.
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Susceptible individuals move to the Exposed compartment upon contact with either
Symptomatic (/) or Asymptomatic (1) individuals at a transmission rate f.

Our model is adapted to include various intervention techniques. Preventive mea-
sures such as lockdowns, media campaigns for awareness, effective hand-washing,
social distancing, and mask usage are part of the intervention strategies aimed at
slowing disease spread.

The application of these interventions suggests a reduction in the disease trans-
mission rate as reflected in the model parameters. The strength of the intervention,
denoted by 1 where ¢ € [0, 1], is considered to decrease the transmission rate. A
value of ¢ = 0 indicates no intervention, while 1) = 1 signifies strong intervention.

When interventions are implemented, the parameter § is modified to (1 — )s.
Exposed individuals move to the I, 4, and H compartments at a rate y. A fraction
of the population transitions from Exposed to Symptomatic at a rate P, and to
Asymptomatic at a rate P.

Symptomatic and Asymptomatic individuals recover at rates a and n, respectively.
Each compartment may decrease due to natural mortality p, with the Symptomatic
compartment additionally decreasing due to COVID-19-related mortality at a rate 6.

Symptomatic and asymptomatic individuals release virus particles into the air
through activities like coughing, sneezing, talking, and breathing. This release is
modelled by ol and ¢l4, where o > ¢ indicates that symptomatic individuals shed
more virus particles than asymptomatic ones. The aerosol density also decreases due
to natural decay TA,(x,t). Based on these assumptions, we propose the following
model, represented as a system of non-linear differential equations. The schematic

diagram is shown in the figure (6.1).

ds
dE

dl

E :plny— (M—I—G)]— a], (61)
dl
d_: = poyE —ely — pla,
dA

L= ol I, —TA,
a YT
dR
E:O{I—‘—GIA—/,LR,
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'
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Figure 6.1: Schematic Diagram of SEII4HR

with nonnegative initial conditions given by

S(0) >0, E(0) >0, I(0) >0, I, >0, A.(0) >0, R(0)>0.

All the parameters of the system (/6.1]) are assumed to be positive for all time ¢ > 0.

6.3 Dynamic with Reaction-Diffusion.

The COVID-19 pandemic exhibits complex dynamics due to factors like human be-
haviour, mobility patterns, and varying population densities. Reaction-diffusion mod-
els are well-suited to capture these complexities, providing a more accurate represen-
tation of how the virus spreads and evolves over time.

Reaction-diffusion models incorporate both the reaction i.e., local interactions and

dynamics of population and diffusion, spatial movement and spread of the Individuals.
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This dual approach helps in understanding how COVID-19 spreads across different
regions over time, providing a spatial-temporal view of the pandemic. Using Eq
a Reaction-Diffusion dynamics is given as follow

Dynamics of Susceptible Individuals S(¢)

The susceptible individuals are recruited into the population at a constant inflow
rate A. They decrease due to infection through direct contact at a rate § when they
come into contact with infectious (I) and asymptomatic (I4) individuals, with a re-
duced transmission rate n for 4. They also get infected through aerosol transmission
at a rate f3,.. Additionally, they decrease due to vaccination at a rate ¢ and natural
mortality at a rate p. Thus, the dynamics of susceptible individuals are given by:

0S(x,t)
ot

Dynamics of Exposed Individuals E(t)

= DiAS+A—(1—)3S(I +1,)— B.SA, — uS

Exposed individuals are those who have been infected but are not yet infectious.
They increase due to infection of both susceptible and vaccinated individuals through
direct contact at a rate (1 —¢)BS(I + I4) and aecrosol transmission at a rate 3,.5A4,.
They decrease as they transition to the infectious class at a rate v and due to natural

mortality at a rate p. Thus, the dynamics of exposed individuals are given by:

OB(z,t
% — DyAE + (1= )BS(I + 1) + B.SA, — E — uE

Dynamics of Symptomatic Infectious Individuals I(t)

Symptomatic infectious individuals arise from the exposed class at a fraction p,
and transition at a rate . They decrease due to disease-induced mortality at a rate
0, recovery at a rate o, and natural mortality at a rate pu. Thus, the dynamics of

symptomatic infectious individuals are given by:

I
% = DsAl +p1vE — (n+ 0+ a)l

Dynamics of Asymptomatic Infectious Individuals [,4(¢)

Asymptomatic infectious individuals also arise from the exposed class but at a
fraction ps and transition at a rate 7. They decrease due to recovery at a rate €
and natural mortality at a rate p. Thus, the dynamics of asymptomatic infectious
individuals are given by:

Ol (z,t)

9 DyALs +poyE —elg — pls
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Dynamics of Aerosol Density A, (z,t)

Aerosol density A, (x,t) is affected by the contribution from symptomatic indi-
viduals (¢]) and asymptomatic individuals (¢l4), where o > ¢ indicates that symp-
tomatic individuals contribute more to the aerosol density than asymptomatic in-
dividuals. The aerosol density also decreases due to natural decay (YA, (x,t)) and

spreads out over space via diffusion. Thus, the dynamics of aerosol density are given

by:
0A,(z,1)

ot

Dynamics of Recovered Individuals R(t)

= DsAA, + ol +ply —TA,

Recovered individuals increase due to the recovery of both symptomatic and
asymptomatic infectious individuals at rates a and e, respectively. They decrease
due to natural mortality at a rate p. Thus, the dynamics of recovered individuals are

given by:
OR(z,t)
ot

Based on the biological assumptions and the schematic representation of the coron-

= DgAR+al +€ely — uR

avirus, we develop a mathematical model for the novel coronavirus. This model is
expressed as the following six-dimensional system of nonlinear ordinary differential
equations (ODEs):

‘”g’t) = DIAS + A — (1= )BSU + La) = B,SA, — S, © €t >0
8Eé:;c,t) = DoAE + (1 = )BS(I + 1) + B.SA, = yE — pE, v € Qt >0
81(;;@_D3A[+p17E—(,u+9+oz)I,xEQ,t>0 (6.2)
%:D@uﬂ;gw—eu—uu, rENt>0
W:Dﬁ,@wu@u—mr, z Q>0

aRéi’t) =DsAR+al +ely+ —pR, v € Q,t >0

with
(S(z,0), E(x,0),I(x,0), La(z,0), A,(2,0), R(z,0)) = (Ci(2), &(x), G(2), G(@), G5(), Co(2))

for x € 2 and also satisfy
0A, OR

0S OE ol ol -
on  On  on  on  On —8n_0’ z €O, t>0
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The variables (S(x,0), E(z,0), I(z,0), [4(z,0), A.(x,0), R(x,0)) denote the densities
of individuals within each compartment at time ¢ and location x. Here, A represents
the Laplace operator, and D; (for i = 1,2,...,6) corresponds to the respective diffu-
sion coefficients. We assume that D1 = Dy = D3 = Dy = Dg = D # Ds.

Table 6.1: Parameter Description for SEIIsHR

Parameter Description Values

A Birth rate 52000 year !
1 Death rate 0.0245 year™!
I} Rate of transmission through direct contact 1.7399 day~*
B, Rate of transmission through Aerosol 0.03 day~*

v Rate of transition from Exposed to I, I4, and @) 0.1923 day—!
P1 Fraction of population moves from Exposed to symptomatic class  0.3362

Do Fraction of population moves from Exposed to asymptomatic class 0.4204

Q@ Recovery rate of symptomatic infected class 0.07 day~*

€ Recovery rate of asymptomatic infection 0.9 day—!

0 Rate of disease-induced death 0.0001 day~*
P Strength of intervention 0.5042

0 Rate at which I shed SARS-CoV-2 0.03 day™!

") Rate at which 4 shed SARS-CoV-2 0.02 day™*

T Decay rate of a pathogen in the air 0.02 day~*

6.4 Dynamic behaviour of SEII4HR model with
Reaction-Diffusion

We observe that the first five equations in the system (6.2)) are independent of R(z,t).

The resulting reduced system is as follows:

35(%9;”5) = DIAS + A — (1= 9)BS(I +14) — B,SA, — S, x € At >0
8E€()f,t) = DyAE + (1= )BS + I4) — BSA, —vE — pE, 2 € Q0 t >0
815{;775):D3A[+p1»yE—(,u+9+a)I,xEQ,t>O (6.3)
%:DﬂtAIAijwE—dA—MIA, ret>0
%:DE)AATJFQML@IA—TAM ret>0
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with

(S(I’())vE(va)’](IvO)’ ]A(:E,O),AT(I,())) = (Cl(fﬂ),@@)a C3($)>C4($)a C5(£L‘)) fO’I" x 1nf)
(6.4)
and satisfy
oS OE dl dl, 0OH OR

6.5 Positivity and boundedness

We assume that Dy = Dy = D3 = Dy = Dg = D # D5 and demonstrate the existence
and uniqueness of the solution.

Let X := C(Q,R?) be a Banach space equipped with the supremum norm || - [|x.
Define X+ := C(Q, R?), making (X,X") a strongly ordered space. Suppose that
Ti(x) , Tao(z) , Ts(z) , Ta(x) , Ts(z) : C(Q,R) — C(,R) are the Cy semigroups
related to DA — p, DA — (v + ), DA — (a+ 60 + ), DA — (e + p) and DsA — T
dependent on Eq. , respectively. It is evident that for every ¢ € C(Q,R) and
t > 0, we have:

T, (t)¢(x) :e“t/QC(s)Fl(x,t, s)ds,

z) =e~ OF? ) (x,t, s)ds,
T (1)< (2) / ()T (2, 8)d
Ty(£)¢ (1) me™ (e / ()T (1, 5)ds,
Ty(t)6(a) =~ [ (et )i,
Ts(t)((z) =€~ /QC(S)Fg,(x,t,s)ds.

where I'; represent the Green functions related to DA depend on Eq. (6.5)).
From Martin an Smith Martin and Smith, [1990| We obtain that T;(t) : C(Q,R) —
C(Q,R) (i = 1,2,3,4,5) stands for strongly positive and compact.For all initial values

169



6.5. POSITIVITY AND BOUNDEDNESS CHAPTER 6

(eXtand X € Q, let § = (Fy, Fa, F3, Fu, Fs) be defined as § : X+ — X given by:

Fi(Q(z) = A = (1 = v)BG(z,0)[G(z,0) + Gz, 0)] — B,Gi(x,0)¢5(z, 0)
Fa(Q)(x) = ( ¥)BG(,0)[¢ (2, 0) + Ca(z, 0)] + B,Gi (2, 0)¢5(x, 0)
F3(0)(x) = p17Ga(w, 0)

Fa(Q)(x) = pryCa(z,0)

F5(Q)(x) = 0Gs(2,0) + ¢Cu(,0)

Hence equation can be written as

Y(x,t) =T()(x) + /0 T(t — s)F(Y(x,s))ds,

where
T(t) = diag(T1(t), T2(t), Ts(t), Ta(t), T5(t))
and
Y(z,t) = (S(z,t), E(x,t), [(x,t), [s(x,t), Ar(2, 1), R(z,1))
. Then, we get the following result.

Theorem 6.1. For any ¢ € X*, the reaction-diffusion system Eq. - POS-

sesses a unique solution Y (-,t, @) with the initial condition Y(-,0,¢) = ¢. Moreover,

the mapping ¥(t) : X+ — X, defined by h(0)6 = (S(-,,6), B+, 0), I, 6), La(+£,6), Ar(-,,6))
for all x € X and t > 0, is point dissipative.

Proof. For every ¢ € XT and h > 0, one has

Tim, % dist(hF(C) + C(0),X+) = 0
. According to Corollary 4 from Martin and Smith, 1990, Y(-, ¢, () represents a unique
mild solution of Egs. - on [0,7), with Y(-,0,¢) and Y(-,¢,() € X*, where
te < 400. We then prove that the solution is global. From the system of equation
Eq. considering the first three equations, we have

%(S(x,t) + E(x,t) + I(x,t) + Ia(z,t)) = DA(S + E + I + I4)+
A=pu(SH+E+T+1,)—061
—al —ely
<DASH+E+T+14)+A
—u(S+E+1+14).
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By comparison principle, for a very small positive number ¢ there exists t* > 0, V
t > t*, such that S(x,t) + E(z,t) + [(z,t) + La(x,t) < % + &, uniformly V = € Q.
Hence, S(-,t) < %+5, E(-,t) < %—1—5, I(,t) < %+5, Ia(e,t) < %—1—5.

This indicates that S, E, I, I4 are uniformly bounded. Consequently, 1(t) : Xt —
X+ is point dissipative. Similarly, from Eq. , one has

{Ma—(f“ < DsAr +o( +€) + (5 +2) = TA, zeQt>1,

94 =0, z €00, t>0.

(6.6)

By comparison principle,

A A
o, te)tel, te
limsup A, (z,t) < G re)+ el ),
t—+00 T

Therefore, there is t* > t* such that

uniformly for Vo € Q.

A A
A (z,t) < g(; +e)+ g&(; +¢), for Vt >t*,

which implies A, (z,t) is bounded. Therefore ¥ (t) : X* — X is point dissipative.
]

6.6 Basic Reproduction Number R

System always has Disease Free Equilibrium Ey(Sp, 0,0,0,0) where Sy = % and
there exist Endemic Equilibrium E;(S*, E*, I*, I}, H*) given by
0=A— (1= )85 (I + I3) — 3,54, — pS"
0= (1 $)BS (I + I3) + B,S A, — V" — uE"
0=pyE* — (a+0)" — pl” (6.7)
0 = poyB* — eI — ply
0=ol"+ol} —TA;

which gives

L
o Pk
a+0+pu
E*
I = p2y (6.8)
€+ u
op1 + ¥Yp2
Ar = [(u+9+a)T (6+/~L)] ~E?
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Furthermore, according to the theory in W. Wang and Zhao, 2012

op;
ot

where P = (E,I,14,A,,S)T.
System 1’ can be written as

= D;AP; + Fi(z, P) — Vi(x, P), i=1,2,3,4,5.

%:DQAEJF(1—¢)5S(I+IA)+6TSAT—7E—ME, reQt>0
a[g’t) = DsAIl +pivE—(u+0+a)l, 2€Q,t>0

aan(;v,t) — DyALy+ poyE — eIy — pla, € Q6> 0 (6.9)
8_’4”8(;’3’75) = DsAA, + ol +plys — YA, 2€Qt>0

85(;;%) = DIAS+A— (1—)BSU + 1) — B,SA, — S, z €t >0

OE 0l 01 OH 08
(E(J}, 0),I(l’,O),[A(l‘,()),Ar(I,O),S(x,())) = (CQ(:U>7<3($)=C4(x>7<5(x>acl(x)> fOT z €4
(6.11)
(L=¥)BS(I + 1a) + B, S A,
0

Therefore we get F;(z, Ey(0)) = 0 and
0
0
(u+0+a)] —p1yE — DsAI
Vi(z, Eo(0)) = | (n+ p)la — p2yE — DiAly
TA, —ol —plys— D;AA,
BS(I +I1x) + pS— A —D,AS

F(x), V(X) denoted as

OF;i(x, Ey(z))
Ou,

1<4,j<4
and

Vi(x, Ey(z))
8uj

respectively, where Fy(z) = (0,0,0,0,.5)).

Thus,

1<i,j<3
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0 (1=v)BSy (1=4)BSs BrSo

0 0 0 0
Fla)= |, 0 0 0

0 0 0 0
and

v — K2A, 0 0 0

_ —p1y (h+0+a) -k A; 0 0
Vi(z) = Dy 0 €+ pu— kA, 0
0 —0 —@ T - ]{?2A5

where k is the wave number. F(z) denotes a 4 X 4 continuous and nonnegative
matrix function, while —V(x) represents a 4 x 4 continuous and cooperative matrix
function. According to W. Wang and Zhao, 2012, the distribution of the total new

infections is defined as

/0 " F@)T () () dt,

Further, we define

where £ denotes a positive and continuous operator that maps the initial infection
distribution ((x) to the total number of infected individuals produced during the

infection period. By the next-generation matrix method, we have

(1 =) ByAPy (1 —9)ByAP,
p(p+y)(a+0+p)  plp+e)(p+7)
VB, Mvpps + popy + Opps + eopy + pipps)
pY(p+e)(p+v)(a+0+ p)
£ Ror + Ror, + Roa,

Ry =

The biological significance of the quantities Ry, Ror,, Roa, can be described as
the contributions of Symptomatic Infected individuals, Asymptomatic Infected in-
dividuals, and SARS-CoV-2 spread as Aerosols to the basic reproduction number,

respectively.
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6.7 Uniqueness of DFE and EE

Theorem 6.2. For Ry < 1, the reaction-diffusion system FEq. has only Ey(Sy,0,0,0);
whereas for Ry > 1, there exist a unique E,(S*, E*, I*, Iy, H*) , where

1
I = plfYE*
a+0+p
E*
Iy = P2y (6.12)
e+ pu
op1 + pp2
A: _ [(#+0+a)’r (E—HL)]’}/E*

Proof. Clearly Ej, is unique when Ry < 1 . Therefore, we need to prove only for
Ry > 1. From Eq. we know that

g Al +pE) pyE

U ’ a+60+u
7 _pyE _ [itorey T ) B
A 6_'_#7 T T Y

From second equation of eq, we have

3E) =1 -y (AZLENEY [_00E o

A o E [ op1 - + ;sz ]
48, < (7;' 1) ) (t0+a)  (etm) B

T —(y+mwE

Since J(0) = 0, adding the first two equation of eq(??), we have

J(%) =—(y+puE=-A<0

J(0) = (A —)ByAP(y —p) | (1= ¥)BYAR(y — 1)
e+ 7)o+ 60 + p) e+ €)(p+ )
VB Ay — ) (appa + popy + Opps + copy + ppps)
pY(p+e)(p+7)(a+6+p)
=(Lo —1)(y—p) >0

—(y—mn)

+
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This shows that J(E) = 0 exists at least one positive root E* € (0, %), this implies
that the positive equilibrium of Eq. (6.4) exists. Next, we shall prove E* is unique.
Based on Eq. and the following facts

(1= )BS"(I" + ) = vE* + pE” (6.13)

we also have F, I, 14, A, > 0. Therefore, it follows from the above equation

710y =1 - wyp | (ST ) (B 2 (LR P (L)

0 pw+0+a  e+p pw+0+a  e+p ju
A-ewey (Ese2) V() ) (e
+ B, 7|+ VE | ———
I T T It
—(y+n)

Suppose there exists another positive equilibrium E*(S**, E** I'* I}, A**) | then we
have J'(Ef* > 0), which contradicts the inequality. O

6.8 Local stability of disease-free equilibrium

Let 0= py < pg < ... < p; <...be the eigenvalues of —A on 2 with homogeneous
Neumann boundary conditions. Let U(u;) denote the eigenfunction space correspond-
ing to p;, and let {@;; : 7 =1,2,3,...,dim U(;)} be an orthonormal basis of U ().

The space Z can be decomposed as follows:

b
where

Z={(E,I,I4,A,,S)€[C @) 04, 08

O T am T on  on on 0 om0

, Z;j = aw;; | a € R®. Then, we shall show the local stability of equilibrium as follows.

Theorem 6.3. The Disease-Free Equilibrium (DFE) Eq of the reaction-diffusion sys-
tem described by FEq. exhibits local asymptotic stability when Ry < 1.
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Proof. Consider the linearization of the reaction-diffusion system Eq. (6.4) at Ej:
OY(x,t)

ot
where Y = (S, E,[, ]A,AT>, D= diag(D17D2,D3,D47D5) Dl = D2 = D3 = D4 = D,

and

=DY(x,t) + A(Ey)Y(z,1),

—H 0 —(1=v)BSy —(1—=14)BSs —B,50]
0 —(v+u) (@A—=v)BSy (1-=v)BSe  BrSo

A=1]0 Yy  —(k+tbl+a) 0 0
0 D2 0 —(e+p) 0
0 0 0 % -7

Let LY = DY + A(E))Y, and let Z; (for ¢ > 1) be invariant under £. An eigenvalue
A of £ exists if and only if it is an eigenvalue of a matrix —Du; + A(Ep) with i > 1,
where there is an eigenvalue in Z;. In other words, A must satisfy the following
characteristic equation: det(Al + Du; — A(Ep)) = 0, where I represents the identity

matrix. Therefore, the characteristic equation at Ey can be specifically expressed as:
(A4 (s + D)) (N + ALX3 + AN? 4 Ag) + Ay) = 0. (6.14)

Clearly Ay = —(u + ;D) is an eigenvalue of Eq. (6.14]) Therefore the remaining four

eigenvalues are the roots of the following equation

M4+ AN+ AN+ A0+A,=0

176



6.8. LOCAL STABILITY OF DISEASE-FREE EQUILIBRIUM CHAPTER 6

=(v+mw+p+0+a)+(e+p)+T+4Dp;
= (w1 + w9 + 23 + 24 +4Dp;)? /2 — (w1 + Dpy)?
+ (w2 + D) + (z3 + Dpi)? + (w4 + Dp;)?) /2
( (1 =)BvSo)(p1 + p2) — BrSo
= (21 + Dpi) (w2 + D) (23 + Dpi) + (21 + Dpi) (w2 + D) (24 + D)
(w1 + Dpi) (s + Dpi)(wa + Dpg) + (w2 + Dpi)(ws + Dpi) (w4 + Dpsg)
— (1 =) By(x2 — BrSo + Dpi)p2So — (1 — ) By(x3 + Dpis)p1So
— (L =) By(24 + Dpi)p1So — (1 — ) By(z4 + Dpi)p2So
Ay = (21 + D) (w2 + Dpi) (w3 + Dpi) (x4 + Dp) — BrSo — (1 — ) By(z2 + Dpi) (w4 + D) p2So
— By(x3 + Dpi)(zs + Dpi)pa

+

Where,
r1 = (Y+p), v2a = (p+0+a), vz = (e+p), 4 = Y According to the Routh-Hurwitz
criterion, the equation above will yield negative roots or roots with negative real parts

if the following condition is satisfied:

A A3 0
A >0, ’il j‘”’ >0,|1 Ay A4l >0
2 0 A A

Hence, the disease-free equilibrium point Ej of the system is locally asymptotically
stable, when R, < 1. O

Theorem 6.4. The Endemic Equilibrium FEy of the reaction-diffusion system FEq.
2'3 locally asymptotically stable if Ry > 1

Proof. Consider the linearization of the reaction-diffusion system Eq. (6.4) at Ej:

oY (z,t)
ot

—q¢ 0 —(1-9)pS" —(1—-9)BS" =45
asy —r  (1=9)BS*  (1—9)BS" G5

=DY(x,t) + B(Ey)Y(x, 1),

0 poy 0 —t 0
0 O 0 @ —u
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where

s=(p+0+a)
t=(e+ )
u="T

agr = (1 = ¢)B(I" + I3) + 5.5

Similarly, A must be a root of det(Al + Du; — A(E;)) = 0. Therefore, we can denote
the characteristic equation at F; as A5 + By\* 4+ BsA\3 + BoA? + Bi\ + By = 0.

where

By=(q+r+s+t+u)

By=(q4+r+s+t+u)?/2— (@ +r*+ s+t +u)/2 - ByS*(p1 + p2)

By =qr(s+t+u)+ (gs+rs)(t+u)+tu(lg+r)+ 5vS (a1 — g —u)
(P1 + p2) — (sp2 + tp1)]

By = qrs(t +u) + qtu(r + s) + rstu + 7S (a8 + azu — qu)(p1 + p2)
— 545" (sp2 + tp1) — ByuS™(sp2 + up1)

Bo=qr(s+t+u)+ (gs+rs)(t+u) +tu(q+r) + BvS* (a2 — ¢ — u)
(P1 + p2) — (sp2 + tp1)]

According to the Routh-Hurwitz criterion, the above equation will give negative roots

or negative real parts if the following condition is satisfied:

By By By 0
By ¢
By>0,/P0 Bloo |1 B, Bso, |t BB 0y
1 B3 0 B B 0 Cy C BO
v 0 1 By B
Hence, the endemic equilibrium point E; of the system is locally asymptotically stable
when Rg > 1 O

6.8.1 Steady Persistence of COVID-19 under R, > 1

This subsection examines the uniform persistence of the reaction-diffusion system de-

scribed by Eq. (6.4). The linearized system is evaluated at Ey(Sy, 0,0, 0,0), resulting
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in the following linear reaction-diffusion system for E, I, I4, and A,:

% = DAE + (1 =9)BSo(I + 1a) + 5,50A, = vE — pE,x € Q,t >0
aﬁgﬂ::DAI+pwE—%u+8+aﬂpreQ¢>0 (6.15)
W = DAIy+poyE —elg — ply,x € Qt >0

% — DsAA, 4ol + oIy —TA, x>0

0F _ 01 _ oL _0A. _on
on  on On On  on

Clearly, the above system is a cooperative system. Suppose E(z,t) = e (y(x),
I(z,t) = eMN(G(x), Ia(z,t) = eMy(x), and A.(x,t) = eM(5(x). Thus, the above

system simplifies to
A (7) = DAXG(x) 4+ (1 =) BSo(Als(z) + Aa(2)) — (v + 1) A(x), 2 € Q1 > 0
() = DANG(2) + pryAGe(z) — (1 + 0 + a)AG(z), 2 € Q,t >0 (6.17)
AG(x) = DAXG(x) + poyAGa(z) — (€ + p)AGu(z), 2 € Q.1 >0
( ) DA)‘CS(JZ)_‘_QQ%( )+¢C4(x)—TC5($),x€Q,t>O

0 _ 0% _ 04 _ 06 _
on  On  On  On =0, zeol (6.18)

It follows from Theorem 7.6.1 in Smith, 1995 that Eq. (6.17)) has a principal eigenvalue
Ao(So(x)) with a positive eigenfunction ((z) = (((z), G3(z), (), (s(x)). Similar to
the argument in W. Wang and Zhao, 2012 and L. Zhang et al., 2016, we obtain the

lemmas as follows.

=0, €0Q,t>0 (6.16)

T

Lemma 1: The quantities (Ry — 1) and the principal eigenvalue A(Sp(z)) share the

same sign. Furthermore, the equilibrium point Ej is asymptotically stable if Ry < 1.

Lemma 2 : Assume Y(-,¢,() denotes the solution of the reaction-diffusion system

given by Eqs. (6.4)—(6.5) with the initial condition Y(-,0,¢) = ¢ € X*. Additionally
1. Forall ¢ € X*, 2 € Q, and t > 0, we have S(z,t,¢) > 0. Furthermore, there

exists a positive number 7 such that liminf, , . S(x,¢,{) > n uniformly for
z € Q.

2. If there exists a time ¢; > 0 such that E(-,t1,{) =0, I(-,t1,() =0, Ia(,%1,()

0,0r A.(-,t,¢) =0, then for all z € Q and ¢t > ¢;, we have (E(z,t,¢), I(z,t,(), 14

0.
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6.9 Global Stability

We establish global stability for the reaction-diffusion system described by Eq. (6.4)
by defining ((z) = x — 1 — Inz. It is evident that {(x) > 0 for all x > 0. Next, we
proceed to obtain global stability as follows.

Theorem 6.5. The Disease-Free Equilibrium (DFE) Eq of the reaction-diffusion sys-
tem described by Eq. exhibits global asymptotic stability when Ry < 1.

Proof. From Lemma 1, we ascertain that \g(Sp(z)) < 0 when Ry < 1. This implies
the existence of a sufficiently small g > 0 such that A\y(So(z)+¢cp) < 0. Consequently,
according to the S-equation of system Eq. , we have
0S(x,t)
ot
Moreover, there exists a to > 0 such that S(z,t) < Sy(x) + &y for x € Q, t > t.

Thus, we have:

< DIA+A—puS for v € Q,t>0.

BT < DB + (1= 0)B(So(a) + <)l + (1~ )B(So(z) +20)Ls
+ B(So(x) +e0)Ar — (v —p)E, 2€Q,t>0 (6.19)
ol(x,t) < DAl +pivE— (p+0+a)l, x € Qt>0 (6.20)

ot
I t
%SDAIAerwE—eIA—MA, reQt>0
A, (z,t
%§D5AAT+Q[+¢IA—TAT, ret>0

OE oI 0I, 0A, OR

e S S = = Ot > 21

on  On  On on  On 0 welhi2ty (6:21)
Let ((x) = ((a(z), (3(x), (4(x), (5(x)) be an eigenfunction of system Eq. (6.17]) corre-
sponding to the principal eigenvalue Ao(So(z) + £9) < 0. There exists a ¢; > 0 such

that

$1(G2(), (), Ca(x), C5(x)) = (E(w,t0), I(z,t0), La(®,t0), Ar(z, t0))
. Furthermore, we get
61(G(x), G(x), Ca(x), C5(:L'))e)‘O(SO(’”)J“EO)(t’tO) > (E(x,t), I(x,t), Ia(x,t), Ap(x,t)), forxz € Qt >t
Therefore,

lim E(z,t) =0, lim I(z,t) =0, tlim I4(z,t) =0, and tlim A (z,t) =0,
—00 —00

t—o00 t—00
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uniformly for x € Q.
This renders the S-equation of the reaction-diffusion system Eq. (6.4) asymptot-

ically stable:
0S(x,t)

ot
Furthermore, according to Thieme Thieme, [1992 and Guo et al Guo et al., 2012} it
follows that lim; ., S(z,t) = So(z) uniformly for z € Q. Hence, Ey of the reaction-
diffusion system Eqs. (6.4)—(6.5)) is globally asymptotically stable. O

6.10 Sensitivity Analysis

In this section, We examine the impact of the parameters used to express the basic
reproduction number, Ry, through sensitivity analysis.

This demonstrates that an alteration in these parameters results in an alteration in
Ry. Tt is used to identify the variables with a significant impact on Ry and determine
which ones should be the focus of intervention measures. Sensitivity indices make it
possible to quantify the proportional change in a variable when a parameter is altered.

The forward sensitivity index of a variable, with regard to a specific parameter,

is used for that.
Ry  ORo @

"0 R,
where ¢ =[A, 5, i, 7, 0, a, €, P, Ps, ¥, 0, ¢, T, B,]. The analytical equation for the
sensitivity of Ry to each parameter it comprises can be calculated using the formula
mentioned above. As a result, Figure [6.2] shows the sensitivity index of parameters
ie A, B, u, v, 0, a,¢, Py, Py, Y, 0, 0, T, B, respectively on R.

The positive indices indicate a direct relationship between the parameters and Ry,
that is if the parameter increases/decrease then the value of Ry will increase/decrease.
Therefore in order to control COVID-19 from the population, we need to reduce the
Basic Reproduction number, we can achieve this by reducing the parameters which
give positive indices i.e v, 8, P, P» A, B, 0, .

f (Rate of Direct Transmission): This parameter represents the rate at which
susceptible individuals become infected through direct contact with infectious individ-
uals. It includes interactions such as physical touch, droplets from coughs or sneezes,
and close proximity interactions. Since direct transmission is a primary pathway for
the spread of COVID-19, the sensitivity index for g is typically high. This implies
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that small changes in the rate of direct transmission can significantly impact Rj.
Therefore, measures such as social distancing, mask-wearing, and reducing gather-

ings are crucial to lowering # and consequently Rj.

1 T T T T T T T T T T
0.5F 1
@ :
© 0 | ‘ | —
S [
£
P
=
2 45t .
)
o)
Ak — .
1 -5 L 1 L 1 1 1 1 1 L 1 1 1 1
g 1 P P I e 2 € A ¥ 8 e o T

Parameters

Figure 6.2: Forward sensitivity of R,.

Br (Transmission Through Aerosol): This parameter signifies the rate of
transmission through aerosols, which are tiny particles that can remain suspended
in the air for extended periods and travel longer distances. Aerosol transmission is
particularly important in enclosed spaces with poor ventilation. Although 3, might
have a lower sensitivity index compared to 3, it still plays a significant role in the
overall transmission dynamics. The sensitivity index 8 > [, indicates that direct
transmission has a more substantial impact on Ry compared to aerosol transmission.
Nevertheless, improving indoor ventilation, using air filtration systems, and encour-
aging outdoor activities can help reduce (3, and its contribution to Ry. The negative
indices indicate that there is an inverse relationship between the parameters and Ry,
that is if the parameter decreases/increases then the value of Ry will increase/de-
crease.

In summary, reducing Ry requires a multifaceted approach that targets both [

and (,, with a greater emphasis on reducing direct transmission due to its higher
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sensitivity index. This combined effort will contribute to controlling the spread of
COVID-19 within the population.

Now for the negative indices, we have pu, 0, «, €, ¥, and Y. These parameters
have an inverse relationship with Ry, meaning that if these parameters increase, the
value of Ry will decrease, thereby contributing to the control of COVID-19 within the
population.

Y (Strength of Intervention): This parameter represents the effectiveness and
strength of interventions implemented to control the spread of the virus. Interventions
can include a wide range of measures such as lockdowns, travel restrictions, quarantine
protocols, and mass vaccination campaigns. A higher value of ¢ indicates stronger and
more effective interventions. Since 1) has a negative index, increasing the strength
of interventions will lead to a reduction in Ry. This highlights the importance of
robust public health measures and policies in mitigating the spread of COVID-19.
For example, effective contact tracing, widespread testing, and timely quarantine can
significantly reduce transmission rates and bring down Rj.

T (Rate of Decay of Pathogen SARS-CoV-2): This parameter signifies
the rate at which the virus decays or becomes inactive in the environment. Factors
influencing T include temperature, humidity, exposure to sunlight, and the presence
of disinfectants. A higher rate of decay means that the virus does not survive long
outside a host, reducing the likelihood of transmission. Enhancing the rate of decay
through environmental controls, such as regular disinfection of surfaces, improving
hygiene practices, and utilizing UV light in public spaces, can effectively reduce Rj.
The negative index associated with T indicates that increasing the rate of decay will
contribute to lowering the basic reproduction number.

Other parameters such as u (death rate), o (recovery rate of I') and e (recovery rate
of 14) also play vital roles. Enhancing these parameters through better healthcare,

vaccination strategies, and supportive policies will further aid in reducing Rj.

6.11 Numerical Simulation

For the Numerical Simulation of the proposed model, we illustrate the mathematical
findings using the MATLAB program.
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1t

Figure 6.3: Spatiotemporal evolution of (a) Susceptible S(t,z), (b) Expose E(t,z),
(¢) Symptomatic Infection I(¢,x), (d) Asymptomatic Infection I4(¢,x), (e) Aerosol
A, (t,x), (f) Recovered R(t,x)

Figure [6.3| shows Spatiotemporal evolution of (a) Susceptible S(t,z), (b) Expose
E(t,x), (c) Symptomatic Infection I(t,z), (d) Asymptomatic Infection I4(¢,x), (e)

Aerosol A,(t,x), (f) Recovered R(t,z).

The impact of various parameters on the basic reproduction number (Ry) can
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be elucidated through several key groupings. From Figure [6.4, when examining Ry,
f (rate of transmission through direct contact), and 9 (strength of intervention), it
becomes evident that a high transmission rate and low intervention strength result in a
high Ry, indicating an elevated spread of infection. Conversely, when the transmission
rate is low and intervention strength is high, Ry is significantly reduced, suggesting
better control of the spread. This emphasizes the importance of effective interventions
in reducing direct contact transmission. Stronger interventions can significantly lower

Ry, even in scenarios with high transmission rates.

y10E

x107

1.5~

0.5

Figure 6.4: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission 8 and Strength of intervention .

In the context of Ry, 3, (rate of transmission through aerosol), and ¢ (rate at which
asymptomatic individuals shed SARS-CoV-2), higher values of these parameters lead
to a higher Ry, indicating a greater spread of infection (Figure . Lower values,
on the other hand, result in a lower Ry. This grouping highlights the critical role
of asymptomatic individuals in spreading the virus through aerosols. Measures to
reduce aerosol transmission, such as mask mandates and improved ventilation, can

significantly lower Ry.
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Figure 6.5: The numerical result exhibit that the dependence of Ry of system on
the rate of transmission through aerosol . and rate at which Asymptomatic in-
fected individual shed SARS-CoV-2 ¢.

From Figure B (direct transmission), and [, (aerosol transmission) together,
high values of both parameters result in a very high Ry, indicating a high potential
for outbreaks. Lower values suggest better control. This underscores the combined
effect of direct and aerosol transmission on the spread of COVID-19, highlighting the

need for interventions targeting both pathways to effectively reduce Rj.
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Figure 6.6: The numerical result exhibit that the dependence of Ry of system on
the rate of direct transmission S and rate of aerosol transmission f,.

The impact of symptomatic individuals on the spread of the virus is evident when
examining Ry, p; (fraction of the population moving from exposed to symptomatic
class), and ¢ (rate at which symptomatic individuals shed SARS-CoV-2) (Figure
. Higher values of these parameters lead to a higher Ry, while lower values result
in a lower Ry. This grouping shows that a higher fraction of exposed individuals
becoming symptomatic and shedding the virus significantly increases Ry. Reducing
the shedding rate through treatment or isolation of symptomatic individuals can help

lower Ry.
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Figure 6.7: The numerical result exhibits that the dependence of R of system on

fraction of Exposed individual exhibit symptoms p; and rate at which Symptomatic
infected individual shed SARS-CoV-2 .

Similarly, the role of asymptomatic individuals in transmission is highlighted by
Ry, ps (fraction of the population moving from exposed to asymptomatic class), and
¢ (rate at which asymptomatic individuals shed SARS-CoV-2) (Figure . Higher
values of these parameters lead to a higher Ry, while lower values result in a lower
Ry. Managing asymptomatic individuals through testing and isolation is crucial for

controlling the spread of the virus.
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Figure 6.8: The numerical result exhibits that the dependence of Ry of the system
on a fraction of Exposed individuals becoming infected but do not show symptoms
p1 and the rate at which Asymptomatic infected individual shed SARS-CoV-2 ¢.

Finally, the environmental factors influencing the spread of COVID-19 are evident
in the grouping of Ry, ¢ (rate at which asymptomatic individuals shed SARS-CoV-2),
and T (decay rate of the pathogen in the air) (Figure. Higher shedding rates from
asymptomatic individuals and a slower decay rate of the virus in the air significantly
increase Ry. Improving ventilation and air filtration systems to increase the decay

rate of the pathogen can help reduce R,.
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Figure 6.9: The numerical result exhibit that the dependence of Ry of system on
the rate at which Asymptomatic infected individual shed SARS-CoV-2 ¢ and the
rate at which SARS-CoV-2 decay in the air T

6.12 Conclusion

This study has presented a comprehensive evaluation of COVID-19 dynamics using
a deterministic SEII4 A, R reaction-diffusion model, incorporating both direct and
aerosol transmission routes. By accounting for spatial heterogeneity and the pro-
longed airborne presence of SARS-CoV-2, the model offers nuanced insights into the
spread of the virus across different regions. The assumption that symptomatic indi-
viduals shed more virus than asymptomatic carriers underscores the importance of
targeted interventions.

We discussed the existence and uniqueness of Disease-Free Equilibrium and En-
demic Equilibrium. Stability analysis of the equilibrium points shows Disease Free
Equilibrium is locally asymptotically stable whenever the basic reproduction num-
ber, Ry < 1, and is globally asymptotically stable whenever Ry <1. Also, Endemic

Equilibrium is locally asymptotically stable whenever the basic reproduction number,
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Ry > 1. The steady Persistence of COVID-19 under Ry > 1 of the reaction-diffusion
system described by Eq. is also examined.

Our findings emphasize that spatially targeted strategies, such as localized lock-
downs and enhanced ventilation in high-risk areas, can significantly mitigate the
spread of COVID-19. Specifically, our research highlights several key interventions
that can effectively reduce the basic reproduction number, Ry, even in scenarios with
high transmission rates (3).

First, we found that stronger interventions, characterized by higher values of 1),
can significantly reduce Ry. This indicates that robust public health measures, such
as stringent lockdowns or movement restrictions in hotspot regions, are crucial in
controlling the spread of the virus.

Second, reducing the shedding rate (o) through effective treatment or isolation
of symptomatic individuals plays a vital role in lowering Ry. This underscores the
importance of prompt diagnosis and isolation of infected individuals to minimize the
virus’s presence in the community.

Third, managing asymptomatic individuals through regular testing and isolation is
essential in controlling the spread of COVID-19. By identifying and isolating asymp-
tomatic carriers, we can significantly reduce the virus shed (¢) by these individuals,
thereby lowering the overall transmission potential.

Lastly, improving ventilation and air filtration systems to increase the decay rate
of the pathogen in the air (1) is a critical intervention. Enhancing indoor air quality
in public spaces, workplaces, and residential areas can help reduce the concentration
of viral particles in the air, thereby decreasing the risk of airborne transmission and
contributing to a lower Rj.

In summary, our findings suggest that a combination of spatially targeted lock-
downs, effective isolation of symptomatic and asymptomatic individuals, and im-
provements in indoor air quality are essential strategies to mitigate the spread of
COVID-19. These interventions, when implemented together, can significantly re-
duce the basic reproduction number and control the outbreak, even in the presence
of high transmission rates.

This novel modelling approach highlights the critical role of integrating spatial and
temporal dimensions in understanding and controlling infectious disease outbreaks,
providing a valuable tool for policymakers and public health officials in managing

current and future pandemics.
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Conclusions

This thesis has explored various facets of COVID-19 dynamics and control strate-
gies through a series of interconnected studies, each building on the last to provide
a comprehensive understanding of how to combat the pandemic effectively. Chapter
1 presents a general introduction to the COVID-19 pandemic and the role of mathe-
matical modelling in understanding its spread and control.

Chapter 2 delved into the mathematical modelling of vaccination strategies against
SARS-CoV-2, focusing on assessing coverage and efficacy. Our findings demonstrated
the critical role of achieving high vaccination coverage and ensuring effective vaccines.
By reducing the basic reproduction number Ry and the number of infections, these
strategies were shown to be paramount in mitigating the impact of COVID-19. The
model highlighted that without substantial vaccine coverage and efficacy, the virus
would continue to pose a significant threat.

Building on this foundation, Chapter 3 investigated the broader dynamics of
SARS-CoV-2, incorporating various intervention strategies alongside vaccination. By
combining measures such as social distancing and mask-wearing with vaccination ef-
forts, we found a substantial decrease in the virus’s transmission rate. This chapter
underscored the necessity of a multifaceted approach, demonstrating that a synergistic
combination of interventions is crucial for effectively curbing the spread of COVID-19
and protecting public health.

Chapter 4 expanded our understanding by examining the impact of precautionary
measures on COVID-19 transmission through a Delay Differential Equation (DDE)
approach. This model incorporated the notion of time delay introduced by interven-
tions, such as social distancing and self-isolation, which postpone the transmission

of the disease. Our analysis revealed that prompt and sustained implementation of

192



CHAPTER 7

these measures is vital for reducing transmission rates. Delays in taking action can
significantly increase infection rates, highlighting the importance of timely and proac-
tive responses.

In Chapter 5, we introduced innovative reaction-diffusion techniques to optimize
SARS-CoV-2 control measures. Recognizing that in the real world, populations can-
not be considered homogenous, we incorporated heterogeneity to make our model
more realistic. By acknowledging the diverse characteristics of different regions and
populations, the model provided a more nuanced understanding of disease dynam-
ics. This approach demonstrated that customized strategies based on local conditions
could enhance the effectiveness of control measures, paving the way for more targeted
interventions.

Chapter 6 presented a novel reaction-diffusion model to evaluate the dynamics of
direct and aerosol transmission of COVID-19. Building on existing knowledge that
SARS-CoV-2 can be transmitted through aerosols, with virus particles smaller than 5
micrometres remaining airborne for up to 3 hours and travelling more than 1.5 meters,
we developed a model that emphasized the significant role of aerosol transmission,
particularly in enclosed spaces. Strategies aimed at improving ventilation and air
filtration, alongside traditional direct transmission interventions, were shown to be
critical in mitigating overall transmission. This comprehensive model underscored
the necessity of integrated approaches that address both direct and aerosol pathways
to effectively control the virus’s spread.

In conclusion, the chapters of this thesis collectively contribute to a deeper under-
standing of COVID-19 dynamics and the effectiveness of various intervention strate-
gies. The mathematical models developed and analyzed provide valuable insights for
public health policymakers, emphasizing the importance of a multifaceted approach
in combating the pandemic. By integrating vaccination strategies, timely precau-
tionary measures, and innovative modelling techniques, this research offers a robust
framework for optimizing SARS-CoV-2 control and informs future responses to sim-

ilar public health crises.
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ABSTRACT

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has posed un-
precedented challenges globally, affecting millions of lives and overwhelming health-
care systems. The necessity for effective intervention strategies has driven re-
searchers to employ various approaches, including mathematical modelling, to
predict and mitigate the spread of the virus. This thesis aims to explore and de-
velop mathematical models that can offer insights into the dynamics of the virus
and the impact of different control measures.

The Objectives of this Research are given bellow:

e To study the stability of various Mathematical Models.
e To study the effect of delay created by precautionary measures.

e To study the effect of Diffusion on various Models.

The thesis is structured into seven chapters, each building on the previous one
to provide a comprehensive analysis of COVID-19 dynamics and intervention
strategies.

Chapter 1: General Introduction This chapter presents a general introduc-
tion to the COVID-19 pandemic and the role of mathematical modelling in un-
derstanding its spread and control.

Chapter 2: Mathematical Modeling of Vaccination Strategies Against SARS-
CoV-2: Assessing Coverage and Efficacy This chapter provided a comprehensive
analysis of various vaccination strategies against SARS-CoV-2 using our proposed
SV EII4R model. The results demonstrated that higher vaccination coverage and
efficacy significantly reduce the basic reproduction number Ry and the number
of infections. The model highlights the critical role of vaccination in controlling
the spread of COVID-19, emphasizing that achieving high coverage and ensuring
effective vaccines are paramount for mitigating the pandemic’s impact.

Chapter 3: Investigating SARS-CoV-2 Dynamics: The Role of Vaccination
and Intervention Strategies This chapter delved into the dynamics of SARS-CoV-

2 by incorporating various intervention measures. The SV E114R model revealed



that combining vaccination with other interventions, such as social distancing and
mask-wearing, substantially decreases the transmission rate. This synergistic
approach underscores the necessity of a multifaceted strategy to effectively curb
the virus’s spread and protect public health.

Chapter 4: FEvaluating Precautionary Measures in COVID-19 Spread: A
Delay Differential Equation Approach This chapter explored the impact of pre-
cautionary measures on COVID-19 transmission using delay differential equa-
tions. The findings illustrated how delays in implementing measures can lead
to significant increases in infection rates. Conversely, prompt and sustained in-
terventions are critical in reducing transmission. The delay differential equation
SEII,QR model provided valuable insights into the timing and effectiveness of
various precautionary measures, offering a framework for timely decision-making
in pandemic response.

Chapter 5: Optimizing SARS-CoV-2 Control Measures: Innovative Reaction-
Diffusion Techniques This chapter focused on optimizing control measures for
SARS-CoV-2. The model demonstrated how spatial heterogeneity and diffusion
processes influence the spread of the virus. By incorporating these factors, the
model provided a more nuanced understanding of disease dynamics, highlighting
the importance of tailored interventions based on regional characteristics. This
approach paves the way for more targeted and effective control strategies.

Chapter 6: Analysis of a Novel Reaction-Diffusion Model for COVID-19:
FEvaluating Direct and Aerosol Transmission Strategies In the final analytical
chapter, a novel reaction-diffusion SEII4H R model was developed to evaluate
the dynamics of direct and aerosol transmission of COVID-19. The model re-
vealed that aerosol transmission plays a significant role in the spread of the virus,
especially in enclosed spaces. Strategies focusing on improving ventilation and
air filtration, alongside traditional direct transmission interventions, were shown
to be critical in mitigating overall transmission. This comprehensive model em-
phasizes the need for integrated approaches addressing both direct and aerosol

pathways.



Chapter 7: Conclusion This chapter provides a summary and conclusions
of the thesis, synthesizing the findings from each chapter and discussing their
implications for future research and public health policy.

Throughout this thesis, I have aimed to offer valuable insights for public health
policymakers, emphasizing the importance of a multifaceted approach in com-
bating the pandemic. By integrating vaccination strategies, timely precautionary
measures, and innovative modelling techniques, this research provides a robust
framework for optimizing SARS-CoV-2 control and informs future responses to

similar public health crises.
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