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PREFACE

The present thesis entitled ”Elastic waves in the fibre-reinforced composite materials”

is an outcome of the research carried out by the author under the supervision of Dr. S.

Sarat Singh, Department of Mathematics & Computer Science, Mizoram University,

Aizawl - 796 004, Mizoram, INDIA.

This thesis consists of six chapters. Chapter 1 is the general introduction which

includes basic definitions, Cauchy’s first law of motion, Helmholtz decomposition of a

vector, Cardan’s method, Cramer’s rule, Seismic waves, applications of wave propa-

gation, fibre-reinforced composite materials, thermoelastic saturated porous materials

and review of literatures. Chapter 2 deals with the problem of reflection of elastic waves

due to incident longitudinal wave at the plane free boundary of thermally conducting

fibre-reinforced composite materials. We have obtained the amplitude and energy ra-

tios of the reflected waves analytically and numerically. Chapter 3 is concerned with

the problem of the reflection of elastic waves due to incident longitudinal and trans-

verse waves at a plane free boundary of a thermoelastic saturated porous material. We

obtained the amplitude and energy ratios corresponding to the reflected waves sepa-

rately for the case of incident longitudinal wave and for the case of incident transverse

wave.

Chapter 4 discusses the problem of reflection and refraction of elastic waves from

a plane interface between two dissimilar incompressible fibre-reinforced elastic half-

spaces. The reflection and refraction coefficients corresponding to the reflected and

refracted waves are obtained analytically and numerically. The energy ratios corre-

sponding to the reflected and refracted waves are also presented. Chapter 5 inves-

tigates the problem of reflection and refraction of SH-waves from a plane interface

between the homogeneous and the non-homogeneous fibre-reinforced half-spaces. The

amplitude and energy ratios corresponding to the reflected and refracted SH-waves

have been obtained analytically and numerically.

iv



Chapter 6 is the last chapter and it is the summary and conclusion of the thesis.

In the end of the thesis, references of the books/papers of authors have been given

in alphabetical order in the Bibliography. The problems discussed in Chapters 2-5

have already been published in reputed international journals and are given in list of

publications.
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Chapter 1

Chapter 1

General Introduction

1.1 Basic definitions

1.1.1 Continuum mechanics

Continuum mechanics is a branch of mechanics which deals with the mechanical be-

haviour of solids and fluids on the macroscopic scale. It treats the material as uniformly

distributed throughout the regions of space ignoring the discrete nature of matter. The

quantities such as density, displacement, velocity, and so on are defined as continuous

(or at least piecewise continuous) functions of position. The motion and deformation of

substances are rendered amenable to mathematical analysis by introducing the concept

of a continuum or continuous medium. If a body contains a sufficiently large number

of molecules, so that the distances between two neighboring molecules are negligible in

comparison with the dimensions of the body, then the body is said to be a continuous

body and it behaves in accordance with the laws of mechanics. Mechanics is the science

which deals with the interaction between force and motion. The variables which occur

in continuum mechanics are variables related to forces (usually force per unit area or

per unit volume, rather than force itself) and kinematic variables such as displacement,

velocity and acceleration.

1

mzu
Text Box



Chapter 1

The problems of continuum mechanics may be discussed in two main kinds. The

first is the formulation of constitutive equations which are adequate to describe the me-

chanical behaviour of various particular materials or classes of materials. This formu-

lation is essentially a matter for experimental determination, but a theoretical frame-

work is needed in order to devise suitable experiments and to interpret experimental

results. The second problem is to solve the constitutive equations, in conjunction with

the general equations of continuum mechanics, and subject to appropriate boundary

conditions, to confirm the validity of the constitutive equations and to predict and

describe the behaviour of materials in situations which are of engineering, physical or

mathematical interest. The physical laws of continuum mechanics are expressed by

tensor equations. The tensor transformations are linear and homogeneous, such tensor

equations, if they are valid in one coordinate system, are valid in any other coordinate

system. This invariance of tensor equations under a coordinate transformation is one

of the principal reasons for the usefulness of tensor methods in continuum mechanics.

The theory of continuous media is built upon the basic concepts of stress, motion

and deformation, upon the laws of conservation of mass, linear momentum, moment

of momentum, and energy, and on the constitutive relations. The constitutive rela-

tions characterize the mechanical and thermal response of a material, while the basic

conservation laws abstract the common features of all mechanical phenomena irre-

spective of the constitutive relations. The general system of equations governing the

three-dimensional motions of elastic bodies is strongly non-linear. Consequently, a very

few wave propagation problems can be solved analytically on the basis of this general

system of equations. Fortunately, it is a matter of wide experience that many wave

propagation effects in solids can adequately be described by linear theory.

The subject of wave propagation through continuous bodies has been an interest-

ing area of research since long. The theory of wave propagation in elastic solids was

developed during 19th and 20th centuries by Poisson (1829), Kelvin (1863), Rayleigh

2



Chapter 1

(1877, 1885, 1912), Stoneley (1924), Love (1944), Biot (1965) and many others. Wave

motion is a mode of energy transfer from one place to another, in a medium, often

with little or no permanent displacement of the particles of the medium, i.e., little or

no associated mass transport; instead there are oscillations around almost fixed po-

sitions. The mechanical waves require a medium to travel, while the electromagnetic

waves can travel through vacuum. It is interesting to note that all wave motions have

two important characteristics in common. First, energy is propagated to distant point.

Second, the disturbance travels through the medium without giving the medium, as a

whole, any permanent displacement. Each successive particle of the medium performs

a motion similar to its predecessors but later in time and returns to its origin.

1.1.2 Deformation

Continuum solids such as rocks at normal temperature when subjected to external loads

get deformed and when external forces are removed, these continuum solids return to

their original shape and size. This property exhibited by a continuum is called elastic

property and the continuum is called the elastic body. In fact, when the external forces

are applied on the continuous body, the relative position of its constituent particles

gets altered and the body is called strained body. The change in the relative position

of the particles is known as a deformation. At this stage of deformation, the particles

resist to change their positions but it is the external force which makes them to change

their positions upto some extent. Thus, when the external forces are withdrawn, these

particles at once regain their original shape and size. The elastic property of a contin-

uum body depends on the strength of resistance to this type of deformation. Greater

the resistance of a body to deform, the more elastic it is said to be. That is why steel

is more elastic than rubber.

3
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1.1.3 Stress and Strain

The forces per unit area set up inside the body to resist deformation are called stresses.

The deformation of the body accompanying stress is called strain. Thus, stress and

strain occur together. The word strain is used about local deformation in a material,

i.e., deformation in the neighborhood of a particle. The strain set up in a body in such a

way that there is a change in volume but no change in shape, is called dilatation. There

are two kinds of dilatation: compression, in which volume is reduced; and rarefaction,

in which the volume is increased. The second type of elastic deformation is a change

of shape without a change in volume and is called shear.

Let us consider, in a continuous medium, a region of volume V surrounded by

a closed surface, S in such a way that there is matter on both sides of the surface.

For each point inside V , we can define elastic stresses, strains and displacements as

continuous functions of the spatial coordinates and time. Stresses at a point inside V

are defined as the limits of the quotients of the forces that act at this point per unit

surface through a plane with a certain orientation. The orientation of the force, F and

that of the plane ∆S are included in the definition of the stress. The stress through a

plane with normal, ν is represented by a vector, T and may be written as Ud́ıas (1999)

T = lim
∆S→0

F

∆S
. (1.1)

Stress can be represented by a second order tensor, τ with nine elements τij, (i, j =

1, 2, 3) which are the stresses through three orthogonal planes. In Cartesian co-ordinates,

these planes are normal to the three axes (x1, x2 and x3). Using these tensors, we can

define the state of stress at a point through a plane of arbitrary orientation. For a

plane with a normal given by the unit vector ν, Cauchy’s relation between the vector,

T and the tensor τ is given by Ud́ıas (1999)

Ti = τjiνj. (1.2)

4



Chapter 1

Suppose the displacement of a particle be denoted by u(x, t). The deformation of the

medium can be expressed in terms of the gradients of the displacement vector. Under

the linearized theory, the deformation may be described in a very simple manner by

the small strain tensor, e with components as

eij =
1

2
(ui,j + uj,i), (i, j = 1, 2, 3). (1.3)

Here, eij = eji, i.e., e is a symmetric tensor of rank two.

1.1.4 Hooke’s Law

In classical elasticity, the relation between the stress components, τij and the strain

components, eij for an elastic solid continuum is given by Hooke’s Law (Achenbach,

1976). It states that, within the elastic limit, the stress is a linear function of strain.

τij = Cijklekl, (i, j, k, l = 1, 2, 3) (1.4)

where Cijkl are the elastic constants or elastic moduli, which characterize the elastic

properties of the body and they are related as

Cijkl = Cjikl = Cklij = Cijlk.

Thus, 21 of the 81 components of the fourth-order tensor, Cijkl are independent. If the

elastic constants vary from point to point of the medium, i.e., the elastic constants are

functions of the position, then the body is said to be elastically nonhomogeneous or

inhomogeneous. On the other hand, if the elastic constants are same for all points of

the medium, then the body is called elastically homogeneous. The material is elastically

isotropic when there are no preferred directions in the material, and the elastic con-

stants must be the same whatever the orientation of the Cartesian coordinate system

in which the components of τij and eij are evaluated.

5
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1.2 Cauchy’s first law of motion

Suppose a closed region V +S, where S is the boundary, is removed from a body. The

surface S is subjected to a distribution of surface tractions T(x, t). Each mass element

of the body may be subjected to a body force per unit mass, F(x, t). The principle of

balance of linear momentum states that the instantaneous rate of change of the linear

momentum of a body is equal to the resultant external force acting on the body at the

particular instant of time which may be written as∫
S

TdA+

∫
V

ρFdV =

∫
V

ρüdV. (1.5)

Equation (1.5) may be expressed to the stress tensor, τ with components, τkl using the

tetrahedron argument as

Tl = τklνk. (1.6)

This is the Cauchy stress formula. Physically, τkl is the component in the xl direction

of the traction on the surface with the unit normal ik, (k = 1, 2, 3).

Using Equation (1.6) into (1.5), we get∫
S

τklνkdA+

∫
V

ρFldV =

∫
V

ρüldV. (1.7)

The surface integral can be transformed into a volume integral by Gauss’ theorem

which states that ∫
S

νiτjkl...p dA =

∫
V

τjkl...p,i dV (1.8)

and we obtain ∫
V

(τkl,k + ρFl − ρül)dV = 0. (1.9)

6
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Since the integrand is continuous and V is an arbitrary part of the body, we get

τkl,k + ρFl = ρül. (1.10)

This is Cauchy’s first law of motion.

1.3 Helmholtz decomposition of a vector

Theorem 1.1: Any vector p may be represented in terms of a scalar potential P and

a vector potential Q as

p = ∇P +∇×Q, ∇ ·Q = 0, (1.11)

and this representation is called Helmholtz decomposition of the vector p.

Proof: Let the vector p(x) be piecewise differentiable in a finite open region V of

space. With each point in the space, we associate the vector as

W(x) = − 1

4π

∫ ∫ ∫
V

p(ξ)

|x− ξ|
dVξ, (1.12)

where

dVξ = dξ1dξ2dξ3,

and

|x− ξ| = [(x1 − ξ1)
2 + (x2 − ξ2)

2 + (x3 − ξ3)
2](1/2).

Then, W(x) satisfies the vector equation

∇2W = p(x) (1.13)

at interior points where p is continuous and

∇2W = 0

7
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at points outside the region V .

Let us use the vector identity

∇2W = ∇∇ ·W −∇×∇×W. (1.14)

With the help of (1.13), Equation (1.14) can be written as

p = ∇[∇ ·W] +∇× [−∇×W]. (1.15)

Now, we see that Equation (1.15) is of the form

p = ∇P +∇×Q, (1.16)

where

P = ∇ ·W, Q = −∇×W.

We have seen that P and Q are everywhere definite and continuous, and are differen-

tiable at interior points where p is continuous.

Since the divergence of a curl vanishes, we get

∇ ·Q = 0.

This completes the theorem.

1.4 Cardan’s Method

Consider a cubic equation

ax3 + bx2 + cx+ d = 0. (1.17)

This equation may be written as

x3 + lx2 +mx+ n = 0,

8
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where l = b/a, m = c/a, n = d/a.

To remove the x2 term, we put y = x+ l/3 or x = y− l/3 so that the resulting equation

is of the form

y3 + py + q = 0. (1.18)

Let us take y = u+ v so that

y3 − 3uvy − (u3 + v3) = 0. (1.19)

Comparing (1.18) and (1.19), we get

u3 + v3 = −q, u3v3 = −p3/27.

We know that u3 and v3 are the roots of the equation z2 + qz − p3/27 = 0 which gives

u3 = (−q +
√
q2 + 4p3/27)/2 = λ3(say)

and

v3 = (−q −
√
q2 + 4p3/27)/2.

The three values of u may be written as λ, λω, λω2, where ω is one of the imaginary

cube roots of unity.

From uv = −p/3, we get v = −p/3u.

Thus, the three values of v are

v = − p

3λ
, − pω2

3λ
, − pω

3λ
.

Hence, the three roots of (1.18) are

λ− p

3λ
, λω − pω2

3λ
, λω2 − pω

3λ
.

9
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Once the values of y are known, the corresponding values of x can be found from the

relation x = y− l/3. This method for solving the cubic equation is known as Cardan’s

method.

1.5 Cramer’s rule

Suppose A = (aij) ∈M(m× n,F) and b = (b1, ......., bm) ∈ Fm so that

a11x1 + . . .+ a1nxn = b1

...
...

...

am1x1 + . . .+ amnxn = bm

is a system of linear equations for (x1, ....., xn) with coefficients in F. The unknowns

of the system of linear equations are x1, x2, ..... and xn. If the values of bi are all

zero, then the system is said to be homogeneous. If detA ̸= 0, there exists an explicit

determinantal formula for the solution x of the system Ax = b given by the following

theorem.

Theorem 1.2: If detA ̸= 0 and Ax = b, then

xi =

det


a11 . . . b1 . . . a1n
...

...
...

an1 . . . bn . . . ann



det


a11 . . . . . . . . . a1n

...
...

an1 . . . . . . . . . ann


(1.20)

for i = 1, ....., n.

This method for solving systems of linear equations is known as Cramer’s rule (Jänich,

1994).

10
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1.6 Seismic waves

The wave travelling through an elastic solid with finite velocity is known as elastic

wave/Acoustic wave. Those waves travelling through the Earth medium due to a

sudden break of the rocks or explosion are known as Seismic waves. Seismic waves can

be divided in two kinds; Body waves and Surface waves.

1.6.1 Body waves

Body waves travel through the interior of the Earth and create raypaths refracted

by the varying density and modulus (stiffness) of the Earth’s interior. The density

and modulus vary according to temperature, composition and phase. These waves are

known as Primary waves (P waves) and Secondary waves (S waves ) in Seismology.

The primary waves are compressional waves that are longitudinal in nature, associated

with pushing or pulling of the particles in the same direction in which the energy is

travelling. These waves can travel through any type of materials including fluids and

can travel at nearly twice the speed of secondary waves. The secondary (S) waves are

shear waves that are transverse in nature, i.e., the particle motion is perpendicular

to the direction of wave propagation. These waves can be polarized into vertical and

horizontal directions, which are known as shear vertical (SV ) wave and shear horizontal

(SH) wave respectively. The velocity of the body wave depends not only on the elastic

property of the medium but also on the density of the medium. The secondary waves

can travel only through solids and their speeds are slower than P -waves.

1.6.2 Surface waves

Surface waves travel along the Earth’s surface and the strength or amplitude of these

waves decrease exponentially with increasing distance from the boundary surface.

There are mainly three types of surface waves: Rayleigh waves, Stoneley waves and
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Love waves.

(i) Rayleigh waves are the surface waves that travel along the stress free boundary of an

elastic half-space such that the disturbance is largely confined to the neighborhood of

the free boundary of the half-space. It was introduced by Rayleigh (1877) and hence,

called Rayleigh waves. These waves are the result of superposing longitudinal and

transverse waves. It is a combination of vibrations due to longitudinal and transverse

waves. In the Rayleigh wave propagation, the surface particle motion is found to be

counterclockwise elliptical (retrograde), which changes from retrograde at the surface

to prograde (clockwise elliptical) at depth, passing through a node at which there is

no horizontal motion.

(ii) Stoneley waves are those surface waves which can propagate along the interface

between liquid - solid or solid - solid half-spaces. They are non-dispersive in nature

and can travel along the solid - solid interface when their elastic properties are nearly

same. The amplitudes of Stoneley waves have their maximum values at the boundary

and decay exponentially towards the depth of each of them.

(iii) Love (1911) found that certain type of shear wave can travel in a layer lying over

an elastic half-space provided that the phase speed of the wave lies between the phase

speed of shear wave in the layer and that of in the half-space. Love waves are horizon-

tally polarized shear waves (SH waves) existing only in the presence of a semi-infinite

medium overlain by an upper layer of finite thickness. It is the fastest surface wave

and moves the ground side to side in a horizontal plane parallel to the earth’s surface

but at the right angle to the direction of propagation.

1.7 Applications of wave propagation

The elastic wave propagation has numerous applications in various fields. The sub-

ject of elastic wave propagation and their phenomena of reflection and transmission

from a boundary surface are of great practical importance in the field of Seismology,

12
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Earthquake Engineering and Geophysics. Elastic waves carry lots of information about

the characteristics of the medium through which they travel and thus, it becomes a

very reliable tool to the exploration cites. They give valuable information about the

interior of the material body. The body waves (P and S-waves) are used in earthquake

engineering for predicting earthquake in the dynamic response of soils and man-made

structures.

In geophysics, the study of wave propagation and their phenomena of reflection

and refraction are helpful not only in exploration of internal structure of the earth but

also in exploration of valuable materials buried inside the earth like minerals, metals,

hydrocarbons and petroleum. The method of wave propagation used in the exploration

of oils, minerals, crystals and others is one of the best suitable method because it is

cheap and less time consuming. The wave propagation technique is also used for the

estimation of the earth’s internal composition. The body waves have been sent from

one station and then, the signals are received in another station and examined. These

signals give indirect information about the internal structure of the earth. To know

about the deep interior of the earth materials, the seismic body waves are very useful.

It is proved in the literature that S-waves can not travel through the interior of the

core (the innermost part of the earth). This had led to the conclusion that the earth

core is composed of material which is non-viscous liquid like. Thus, the earth core is

believed to be in liquid form at high temperature (which makes the liquid of the core

almost a non-viscous) and harder than the solid.

1.8 Fibre-reinforced composite materials

Fibre-reinforced composite materials are made up with fibres of high strength and mod-

ulus embedded in or bonded to a matrix with distinct interfaces (boundaries) between

them. Both fibres and matrix retain the physical and chemical identities in such com-

posite materials, which produce a combination of properties that cannot be achieved
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with either of the constituents acting alone. In their properties, fibres are the principal

load carrying members, while the matrix keeps them in the desired location and orien-

tation acting as a load transfer medium between them and protects from environmental

damages such as elevated temperatures, humidity, etc. Thus, even though the fibres

provide reinforcement for the matrix, the latter also serves a number of useful functions

in a fibre-reinforced composite material. The fibres may be continuous, in which each

fibre extends through a body from one boundary to another or discontinuous, but in

the discontinuous case the length of the fibre must be large compared to its diameter.

The fibres may be carbon, nylon, or conceivably metal whiskers, while the matrix can

be a metal, an epoxy resin or rubber.

The mechanical behaviour of many fibre-reinforced composite materials is ade-

quately modelled by the theory of linear elasticity for transversely isotropic material

with the preferred direction coinciding with the fibre direction. In such composites,

the fibres are usually arranged in parallel straight lines. Fibre-reinforced composite

material with the reinforcement distributed continuously in concentric circles is a ma-

terial of locally transversely isotropic with the circumferential direction as the preferred

direction. Such a material medium is known as fibre-reinforced medium. The elastic

fibre-reinforced composite materials, for example, typical carbon fibre-epoxy resin com-

posites are not just anisotropic but also strongly anisotropic in the sense that the mod-

ulus for extension in the fibre direction greatly exceeds the moduli for extension in the

transverse direction and for shear in the fibre or transverse direction. Fibres have an

excellent potential to improve the mechanical properties of rapid-setting materials, and

could be used effectively to improve the performance of repairs. The fibre-reinforced

materials are very useful due to their low weight and high strength. The characteristic

property of a reinforced composite material is that its components act together as a

single anisotropic unit as long as they remain in the elastic condition. This means

that the components in the reinforced composite material are bound together so that
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there is no relative displacement between them. The idea of continuous theory in the

fibre-reinforced material was developed by Adkins and Rivlin (1955), Adkins (1956),

Belfield et al. (1983) and Mallick (2007).

1.9 Thermoelastic materials

The deformation of a body is associated with a change of heat its content. The time

varying loading of a body causes in it not only displacements but also temperature

distribution changing in time. Conversely, the heating of a body produces in it defor-

mation and temperature change. The motion of a body is characterized by the mutual

interaction between deformation and temperature fields. The branch of science which

deals with the mutual interaction of these fields is called thermoelasticity. Because of

the coupling nature of the deformation and temperature fields, the temperature terms

appear in the equations of motion, while the deformation terms appear in the equa-

tion of thermal conductivity. The theory of thermoelasticity was first postulated by

Duhamel (1837). Later, Biot (1956b) gave the full justification of the thermal con-

ductivity equation on the basis of thermodynamics of irreversible processes and also

presented the variational theorem and the fundamental methods for solving the ther-

moelasticity equation. Thermoelasticity generalizes the concept of the classical theory

of elasticity and the theory of thermal conductivity.

The theory of elastic materials with voids is an extension of the classical theory of

elasticity. This theory is concerned with elastic materials consisting of a distribution

of small pores or voids which contain nothing of mechanical or energetic significance.

Biot (1941) and Biot and Clingan (1941) developed the linear theory of deformation

of a porous elastic solid containing a viscous fluid. Later, this theory was extended by

Biot (1955) to include the most general case of anisotropy for a porous elastic solid.

The thermoelastic saturated porous material is a thermally conducting porous solid

with fluid-filled pores. Such materials are commonly found in crustal and reservoir
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rocks in the earth. The phenomena of co-existence of porosity and thermoelasticity

play an important role in non-destructive evaluation (NDE) of composite materials

and structures.

1.10 Review of Literatures

The subject of wave propagation and their phenomena of reflection and refraction from

boundary surface/interface is an interesting area of research. Some problems of wave

propagation have been studied by researchers with different models of the materials

and they are in open literatures. Notable among them are Musgrave (1954), Ewing et

al. (1957), Achenbach (1976), Ben-Menahem and Singh (1981), Green (1982), Bullen

and Bolt (1985), Chadwick (1985), Kielczynski and Pajewski (1987), Graff (1991),

Dowaikh and Ogden (1991), Sotiropoulos and Nair (1999), Ud́ıas (1999), Aki and

Richards (2002), Kumar et al. (2003), Pujol (2003), Chattopadhyay (2004), Emets et

al. (2004), Chattopadhyay and Michel (2006), Sevostianov et al. (2006), Ting (2006),

Singh and Tomar (2007a), Kumar and Devi (2010), Sharma and Kumar (2011), Oth-

man et al. (2012), Singh (2013a), Verma (2013) and several others.

The Earth crust possesses anisotropy of various types and whenever the seismic

waves travel through the earth medium, their velocities are affected by the properties

of the medium. The reflection and refraction of acoustic waves take place due to the

discontinuities present inside the earth. The effect of anisotropy to the wave prop-

agation have been analyzed by many researchers in the past and have appeared in

the literature, e.g., Gutenberg (1953, 1954), Buchwald (1959), Anderson (1961), Bath

and Arroyo (1962), Smith and Spencer (1970), Mott (1971), Bedford and Sutherland

(1973), Spencer (1974), Frisk (1979), Mannion and Pipkin (1983), Cates and Edwards

(1984), Talreja (1985), Gupta (1987), Chadwick (1989), Chattopadhyay and Choud-

hury (1990, 1995), Rogerson (1991, 1992), Green (1991), Mochizuki (1992), Hart and

Shi (1994), Chattopadhyay et al. (1996, 1997), Ogden and Sotiropoulos (1997), Wei
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et al. (1998), Dowaikh (1999), Szabo and Wu (2000), Tomar et al. (2002), Pradhan

et al. (2003), Tomar and Kaur (2003, 2007), Ogden and Vinh (2004), Nolde et al.

(2004), Chaudhary et al. (2004, 2006), Chattopadhyay and Rajneesh (2006), Tomar

and Singh (2006), Sharma (2007a, 2009), Chattopadhyay and Venkateswarlu (2007),

Abd-alla and Alsheikh (2009), Chattopadhyay et al. (2009, 2010), Chen et al. (2011),

Horgan and Murphy (2011), Singh (2011b), Othman and Said (2012), Wang and Zhao

(2013), Sahu et al. (2014) and many more.

Nayfeh and Nasser (1971) investigated the problem of thermoelastic waves in solids

with thermal relaxation. They used the Maxwell’s modified heat conduction equation

to explain plane harmonic waves in unbounded media as well as Rayleigh’s surface

waves propagating along a half-space consisting of linearly elastic materials that con-

duct heat. Green and Lindsay (1972) proposed the second couple theory of thermoelas-

ticity by introducing two parameters of relaxation time. Dhaliwal and Sherief (1980)

discussed the problem of generalized thermoelasticity for anisotropic media. They

proved the uniqueness theorem of the governing equation of generalized thermoelas-

ticity for an anisotropic media and explained the variation principle for the equation

of motion. Sharma and Singh (1985) studied the problem of thermoelastic surface

waves in a transversely isotropic half-space with thermal relaxations and derived the

dispersion relation. Ponnusamy (2007) studied the problem of wave propagation in a

generalized thermoelastic solid cylinder of arbitrary cross-section using Fourier expan-

sion collocation method and derived the frequency equation. Aouadi (2008) discussed

the problem of generalized theory of thermoelastic diffusion for anisotropic media and

presented the governing equation for generalized thermoelastic diffusion media with

one relaxation time. Othman and Song (2008) established the model equations for the

generalized magneto-thermoelasticity with two relaxation times in an isotropic elas-

tic medium under the effect of reference temperature on the modulus of elasticity.

Ponnusamy and Rajagopal (2011) investigated the problem of wave propagation in
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a transversely isotropic thermoelastic solid cylinder of arbitrary cross-section. They

obtained the frequency equations for longitudinal and flexural (symmetric and anti-

symmetric) modes of vibration and computed numerically for elliptic and parabolic

cross-sectional zinc cylinders. Singh (2011a, 2013b) investigated the problem of wave

propagation in thermo-elastic materials with voids due to incident longitudinal and

transverse waves. The problems of wave propagation in the thermoelastic materials

were also discussed by Chadwick (1979), Roychoudhuri and Sain (1982), Singh and

Sharma (1985), Chandrasekharaiah and Murthy (1997), Sharma et al. (2000), Singh

(2003, 2004, 2005), Kumar and Sarthi (2006), Sharma (2006, 2008a, 2010), Tian et

al. (2007), Kumar and Kansal (2008, 2009), Kumar and Rupender (2009), Kumar and

Kumar (2010), Singh (2010a), Singh and Yadav (2012), Kumar and Gupta (2013) and

Kumar and Kaur (2014).

Biot (1956a, 1962a, 1962b, 1964) developed the theory of dynamic poroelasticity

and demonstrated the existence of two longitudinal waves and a shear wave in fluid sat-

urated porous media. Bear et al. (1992) discussed the displacement waves in saturated

thermoelastic porous media and presented a complete set of macroscopic equations

evolving from an excitation of a saturated porous medium domain in the form of an

abrupt pressure and temperature changes applied at the domain’s boundary. Nor-

ris (1992) discussed the connection between the parameters in the static equations of

the theories of poroelasticity and thermoelasticity. Levy et al. (1995) developed a

mathematical model for saturated flow of a Newtonian fluid in a thermoelastic, ho-

mogeneous, isotropic porous medium under non-isothermal conditions. Gurevich et al.

(1999) showed the fact that Biot’s theory of poroelasticity, adequately describes the

behaviour of the porous materials. Pride et al. (2004) studied the problem of seismic

attenuation due to wave-induced flow and obtained the analytical expressions of the

three P -waves attenuation mechanism in sedimentary rocks. Dai et al. (2006) studied

the reflection and transmission of elastic waves from an interface of a fluid-saturated
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porous solid and a double porosity solid. They discussed the effects of the angle of

incidence and frequency on amplitude ratios of the reflected and transmitted waves.

Haibing et al. (2014) derived wave equation for fluid saturated thermoelastic medium

and also obtained the dispersion equations of four kinds of waves. Some problems

of wave propagation in porous materials were also presented by Sharma and Gogna

(1991), Sorek et al. (1992), Denneman et al. (2002), Tajuddin and Reddy (2005),

Markov (2005, 2009), Sharma (2005a, 2005b, 2007b), Silvin et al. (2006), Tomar and

Arora (2006), Kumar and Hundal (2007a), Vashishth and Gupta (2009), Arora and

Tomar (2010), Kumar and Devi (2011), Kumar et al. (2011), Kumar et al. (2011,

2013), Sharma and Vashishth (2011), Chen et al. (2012), Kumar et al. (2012) and

Kumar and Saini (2012).

Chattopadhyay and Keshri (1986) discussed the propagation of shear waves along

the plane surface between two different elastic medium with initial stress. Dowaikh and

Ogden (1990) studied the problem on surface waves and deformations in a pre-stressed

incompressible elastic solid. They derived the secular equation and analysed for partic-

ular deformations explaining the specific forms of strain-energy function. Rogerson and

Sandiford (2000) discussed asymptotic representations of the dispersion relation for a

two layers, pre-stressed incompressible elastic laminate. Chattopadhyay and Roger-

son (2001) investigated the problem of the reflection of waves in slightly compressible,

finitely deformed elastic media. They showed two distinct cases exist which depen-

dent on the underlying primary deformation. Itskov and Aksel (2002) discussed the

problem of elastic constants and their admissible values for incompressible and slightly

compressible anisotropic materials. They derived the constitutive (stress-strain) rela-

tions for incompressible anisotropic materials which cannot be obtained through the

direct inversion of the generalized Hooke’s law. Kossovich et al. (2002) studied the

analysis of the dispersion relation for an incompressible transversely isotropic elastic

plate. They obtained the dispersion relation and derived asymptotic expansions, giv-
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ing phase speed and frequency as functions of wave number in both the long and short

wave regimes. Kumar and Hundal (2007b) investigated the problem of surface wave

propagation in a fluid-saturated incompressible porous medium and derived the dis-

persion relation connecting the phase velocity with wavenumber.

Baylis and Green (1986) studied the problem of flexural waves in fibre-reinforced

laminated plates. Sengupta and Nath (2001) discussed the problem of surface waves

in fibre-reinforced anisotropic elastic media. Chattopadhyay et al. (2002) studied the

problem of reflection of quasi-P and quasi-SV waves at the free and rigid boundaries of

a fibre-reinforced medium. They obtained the expressions of phase velocities of quasi-P

and quasi-SV waves. Singh and Khurana (2002) attempted the problem of reflection of

P and SV waves at the free surface of a monoclinic elastic half-space. They obtained a

method to get the angles of propagation of reflected waves in the anisotropic medium

and derived the reflection coefficients of the reflected waves. Singh and Singh (2004)

investigated the problem of reflection of plane waves at the free surface of a fibre-

reinforced elastic half-space and obtained the closed form expression of the amplitude

ratios corresponding to the reflected qSV and qP waves. Singh and Tomar (2007b) in-

vestigated the problem of shear waves at a corrugated interface between two dissimilar

fibre-reinforcced elastic half-spaces using Rayleigh’s method of approximation. Abbas

(2011) studied a two dimensional problem for a fibre-reinforced anisotropic thermoe-

lastic half-space with energy dissipation using the Green and Naghdi theory (1993) and

the results with energy dissipation and without energy dissipation were compared.
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Chapter 2

Incident longitudinal wave at a

fibre-reinforced thermoelastic

half-space1

2.1 Introduction

The structures made up of fibre-reinforced composite materials are very useful due to

their low weight and high strength. Singh (2006) investigated the problem of propaga-

tion of plane waves in a fibre-reinforced, anisotropic, generalized thermoelastic media

and derived the frequency equation. Abbas and Abd-alla (2011) attempted the prob-

lem of generalized thermoelastic interaction in an infinite fibre-reinforced anisotropic

plate containing a circular hole using the Lord and Shulman (1967) theory. They dis-

cussed the effects of the presence and absence of reinforcement on temperature, stress

and displacement using a finite-element method.

In this chapter, the problem of incident longitudinal wave at a plane free bound-

ary of thermally conducting fibre-reinforced composite half-space has been attempted

within the context of Lord Shulman theory. Using appropriate boundary conditions, we

have obtained the amplitude and energy ratios of the reflected waves. These ratios are

computed numerically for a particular model and the results are depicted graphically.

1Journal of Vibration and Control, 20(12), 1895-1906(2014).
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2.2 Basic Equations

The linear equations governing thermoelastic interactions in homogeneous anisotropic

solid may be written as (Singh, 2006)

(i) strain and displacement relation

eij =
ui,j + uj,i

2
; (i, j = 1, 2, 3) (2.1)

(ii) stress, strain and temperature relation

τij = Cijklekl − βijT ; (i, j, k, l = 1, 2, 3) (2.2)

(iii) equation of motion

τij,j + ρFi = ρüi; (i, j = 1, 2, 3) (2.3)

(iv) heat conduction equation

KijT,ij = T0βiju̇i,j + ρCeṪ ; (i, j = 1, 2, 3) (2.4)

where ρ is density, ui = (u1, u2, u3), T is the temperature change of a material particle,

T0 is the reference uniform temperature of the body, Kij is the thermal conductivity

tensor, Cijkl are the elastic parameters, βij is the thermal elastic coupling tensor, Ce is

the specific heat at constant strain and the superimposed dot denotes the differentiation

with respect to time, while comma is used for spatial derivatives.

Let us consider a two-dimensional xy-plane so that the displacement u = (u1, u2, 0)

and ∂
∂z

≡ 0. Consider the Cartesian coordinate system in which the x and z-axes are

perpendicular to one another and laying horizontally, while the y-axis is vertical with

the positive direction pointing vertically downward. The requisite components of stress

tensor are given (Singh, 2006) as

τ11 = c11u1,1 + c12u2,2 − β1T, τ12 = c0(u1,2 + u2,1), τ22 = c13u1,1 + c33u2,2 − β2T,
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where

c11 = λ+ 2α + 4µL − 2µT + β, c12 = c13 = λ+ α, c22 = c33 = λ+ 2µT ,

c55 = 2µT , c0 = µL, β1 = (c11 + c12)α1 + c12α2, β2 = (c12 + c22 − c55)α1 + c22α2,

λ, α, β, µL, µT are material constants and α1, α2 are coefficients of linear thermal

expansion.

Inserting these stress components into Equation (2.3), the equations of motion

without body force and heat source densities for a generalized thermoelastic fibre-

reinforced elastic material are given by

c11u1,11 + (c12 + c0)u2,12 + c0u1,22 − β1T,1 = ρü1, (2.5)

c22u2,22 + (c12 + c0)u1,12 + c0u2,11 − β2T,2 = ρü2, (2.6)

K1T,11 +K2T,22 − ρCe(Ṫ + τ0T̈ ) = T0[β1(u̇1,1 + τ0ü1,1) + β2(u̇2,2 + τ0ü2,2)], (2.7)

where K1, K2 are coefficients of thermal conductivity, and τ0 is thermal relaxation

time. In the equations of motion given by (2.5)-(2.7), the displacement components

u1, u2 and the thermal variable T are coupled with one another.

In the absence of thermal effect, i.e., β1 = β2 = 0, K1 = K2 = 0, Ce = 0 and the

above equations of motion reduce to

c11u1,11 + (c12 + c0)u2,12 + c0u1,22 = ρü1, (2.8)

c22u2,22 + (c12 + c0)u1,12 + c0u2,11 = ρü2. (2.9)

There is coupling between the displacement components u1 and u2 and these equations

correspond to the equations of motion in the fibre-reinforced elastic medium.

23



Chapter 2

2.3 Propagation speed of Plane waves

Suppose the displacement components of the incident waves due to longitudinal wave,

transverse wave and thermal wave are represented by

u1 = A exp(ıP ), u2 = B exp(ıP ), T = C exp(ıP ), (2.10)

where A,B and C are the amplitude constants, P = ωt − k(x sin θ − y cos θ) is the

phase factor and ω(= kc) is angular frequency.

In the case of reflection from a plane free boundary, the displacements are given by

u1 = A exp(ıP ′), u2 = B exp(ıP ′), T = C exp(ıP ′), (2.11)

where P ′ = ωt − k(x sin θ + y cos θ) is the phase factor. Using Equations (2.10) and

(2.11) into (2.5)-(2.7), we have

−(D1 − ρc2)A± (c12 + c0) sin θ cos θB +
i

k
β1 sin θC = 0, (2.12)

±(c12 + c0) sin θ cos θA− (D2 − ρc2)B ∓ i

k
β2 cos θC = 0, (2.13)

τ ∗T0β1c
2 sin θA∓ τ ∗T0β2c

2 cos θB − i

k
(D3 − ρc2τ ∗Ce)C = 0, (2.14)

where the upper sign corresponds to the incident waves while the lower sign corresponds

to the reflected waves, the expressions of D1, D2, D3 and τ ∗ are given by

D1(θ) = c11 sin
2 θ + c0 cos

2 θ, D2(θ) = c0 sin
2 θ + c22 cos

2 θ,

D3(θ) = K1 sin
2 θ +K2 cos

2 θ & τ ∗ = τ0 − ı/(kc).

For the non-trivial solutions in Equations (2.12)-(2.14), the determinant of the coeffi-

cient matrix must vanish which gives

Ω0ζ
3 + Ω1ζ

2 + Ω2ζ + Ω3 = 0, (2.15)
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where

ζ = ρc2, Ω0 = τ ∗, Ω1 = −D1τ
∗ −D2τ

∗ −D4 −
τ ∗T0β

2
2 cos

2 θ

ρCe

− τ ∗T0β1
2 sin2 θ

ρCe

,

Ω2 = D1D2τ
∗ +D1D4 +D2D4 +

τ ∗T0β
2
2 cos

2 θ

ρCe

D1 +
τ ∗T0β

2
1 sin

2 θ

ρCe

D2

− τ ∗(c12 + c0)
2 sin2 θ cos2 θ − 2

(
c12 + c0
ρCe

)
τ ∗T0β1β2 sin

2 θ cos2 θ,

Ω3 = −D1D2D4 + (c12 + c0)
2 sin2 θ cos2 θD4, D4 =

D3

Ce

.

Applying Cardan’s method in Equation (2.15), we get

ξ3 + 3Hξ +G = 0, (2.16)

where

ξ = τ ∗ζ + Ω1/3, H = (3τ ∗Ω2 − Ω2
1)/9, G = (27τ ∗2Ω3 − 9τ ∗Ω1Ω2 + 2Ω3

1)/27.

The three roots of Equation (2.16) are given by

ξ1 = h1 + h2, ξ2 = h1g + h2g
2, ξ3 = h1g

2 + h2g,

where

h31 = {−G+ (G2 + 4H3)1/2}/2, h32 = {−G− (G2 + 4H3)1/2}/2

and g = (−1± ı
√
3)/2 is the cube root of unity.

Thus, we get the three roots of Equation (2.15) as

ζ1 = (ξ1 − Ω1/3)/τ
∗, ζ2 = (ξ2 − Ω1/3)/τ

∗, ζ3 = (ξ3 − Ω1/3)/τ
∗. (2.17)

These roots ζ1, ζ2 and ζ3 give the propagation speeds of three waves. The modulus

of these speeds of propagation have been depicted graphically through Figures 2.1-2.3.

We have observed that these velocities depend on the angle of propagation, material

constants and thermal parameters of the medium. These values are complex, i.e., they

have attenuation part and these attenuation parts will be depicted graphically.

25



Chapter 2

Figure 2.1: Variation of the modulus of the non-dimensional velocity ζ1 with θ0

Figure 2.2: Variation of the modulus of the non-dimensional velocity ζ2 with θ0
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Figure 2.3: Variation of the modulus of the non-dimensional velocity ζ3 with θ0

(a) When the medium is in the absence of thermal effect, the following quantities

reduce to 0

β1 = β2 = 0, K1 = K2 = K = 0, τ0 = 0, D4 = 0, Ω3 = 0

and Equation (2.15) reduces to

ζ2 +B1ζ +B2 = 0, (2.18)

where

B1 = −(D1 +D2), B2 = D1D2 − (c12 + c0)
2 sin2 θ cos2 θ.

This equation gives the expression for velocity of longitudinal (qP -wave) and transverse

waves (qSV -wave) in fibre-reinforced elastic medium as
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2ρc2 = D1 +D2 ±
√

(D1 −D2)2 + 4(λ+ α + µL)2 sin
2 θ cos2 θ. (2.19)

These results are the same results as those of Singh and Singh (2004) for fibre-reinforced

materials.

(b) When the medium reduces to isotropic medium, we have

µL = µT = µ, α = β = 0, c11 = c22 = λ+ 2µ, c0 = µ, c12 = λ.

Under this condition, the Equation (2.15) reduces to

ζ2 +B1ζ +B2 = 0 (2.20)

so that

B1 = −(D1 +D2), B2 = D1D2 − (λ+ µ)2 sin2 θ cos2 θ,

D1 = (λ+ 2µ) sin2 θ + µ cos2 θ, D2 = (λ+ 2µ) cos2 θ + µ sin2 θ.

This equation gives respectively the phase speeds of longitudinal (P -wave) and trans-

verse waves (SV -wave) as
√

(λ+ 2µ)/ρ and
√
µ/ρ for the isotropic elastic solid.

2.4 Reflection Phenomena

Consider a homogeneous thermally conducting transversely isotropic fibre-reinforced

medium (M : 0 ≤ y < ∞) in the undeformed state at a uniform temperature T0. The

direction of the fibre is assumed to be parallel to x-axis. If a plane wave of longitudinal

nature making an angle θ0 with the y-axis is incident at the stress free boundary, y = 0

there are reflected waves which are longitudinal wave, transverse wave and thermal

wave in the half-space M . The geometry of the problem is given by Figure 2.4.
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Figure 2.4: Geometry of the problem

The total displacement due to incident and reflected waves in the half-space M may

be given (Singh, 2006) as

u1 = A0 exp(ıP0) +
3∑

j=1

Aj exp(ıPj), (2.21)

u2 = a0A0 exp(ıP0) +
3∑

j=1

ajAj exp(ıPj), (2.22)

T = b0A0 exp(ıP0) +
3∑

j=1

bjAj exp(ıPj), (2.23)

where P0 = ωt − k0(x sin θ0 − y cos θ0) is the phase factor of the incident longitudinal

wave at angle θ0 with A0 as amplitude constant, Pj = ωt− kj(x sin θj + y cos θj), (j =

1, 2, 3) are the phase factors of the reflected waves corresponding to amplitude con-

stants Aj at angles θj and expressions of the coupling constants a0, b0, aj and bj are
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given as

a0 =
(β2M0 − L1β1 sin

2 θ0) cos θ0
(L1β2cos2θ0 − β1N0) sin θ0

, b0 = −ık0
(M0N0 − L2

1 sin
2 θ0 cos

2 θ0)

(N0β1 − L1β2 cos2 θ0) sin θ0
,

aj =
(L1β1 sin

2 θj − β2Mj) cos θj
(L1β2 cos2 θj − β1Nj) sin θj

, bj = −ıkj
(MjNj − L2

1 sin
2 θj cos

2 θj)

(Njβ1 − L1β2 cos2 θj) sin θj
,

L1 = c12 + c0, M0 = D0
1 − ζ1, N0 = D0

2 − ζ1, D0
1 = c11 sin

2 θ0 + c0 cos
2 θ0,

D0
2 = c0 sin

2 θ0 + c22 cos
2 θ0, Mj = Dj

1 − ζj, Nj = Dj
2 − ζj,

Dj
1 = c11 sin

2 θj + c0 cos
2 θj, Dj

2 = c0 sin
2 θj + c22 cos

2 θj, (j = 1, 2, 3).

We have seen that longitudinal, thermal and transverse waves are coupled with one

another. The Snell’s law of this problem which gives the relation of the angles of

incident and reflected waves is given by

k0 sin θ0 = k1 sin θ1 = k2 sin θ2 = k3 sin θ3. (2.24)

2.5 Boundary Conditions

The boundary of the half-space y = 0 is free from mechanical stresses, i.e., all compo-

nents of stress tensor must vanish at y = 0. Mathematically, these conditions may be

expressed as: At y = 0

c12u1,1 + c22u2,2 − β2T = 0, (2.25)

u1,2 + u2,1 = 0, (2.26)

T,y = 0. (2.27)

Here, Equations (2.25) and (2.26) are due to vanishing of normal and shear components

of stress tensor, while Equation (2.27) is due to vanishing of temperature gradient on

the free boundary surface.
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Substituting the expressions of u1, u2 and T from Equations (2.21)-(2.24) into the

boundary conditions (2.25)-(2.27), we have

r1
A1

A0

+ r2
A2

A0

+ r3
A3

A0

+ r0 = 0, (2.28)

s1
A1

A0

+ s2
A2

A0

+ s3
A3

A0

+ s0 = 0, (2.29)

q1
A1

A0

+ q2
A2

A0

+ q3
A3

A0

+ q0 = 0, (2.30)

where r0 = −ıc12 sin θ0 + ıc22a0 cos θ0 − β2b0/k0, s0 = cos θ0 − a0 sin θ0,

q0 = b0 cos θ0/k0, rj = −ıc12 sin θ0 − ıc22ajkj cos θj/k0 − β2bj/k0,

sj = −kj cos θj/k0 − aj sin θ0, qj = −bjkj cos θj/k20, (j = 1, 2, 3).

These equations will give the amplitude ratios corresponding to the reflected waves.

2.6 Amplitudes and Energy

The amplitudes and energy corresponding to the incident and reflected waves are given

by solving the boundary conditions.

2.6.1 Amplitude Ratios

Solving Equations (2.28)-(2.30), we have

A1

A0

=
r0(s3q2 − s2q3) + r2(s0q3 − s3q0) + r3(s2q0 − s0q2)

r1(s2q3 − s3q2) + r2(s3q1 − s1q3) + r3(s1q2 − s2q1)
, (2.31)

A2

A0

=
r1(s3q0 − s0q3) + r0(s1q3 − s3q1) + r3(s0q1 − s1q0)

r1(s2q3 − s3q2) + r2(s3q1 − s1q3) + r3(s1q2 − s2q1)
, (2.32)

A3

A0

=
r1(s0q2 − s2q0) + r2(s1q0 − s0q1) + r0(s2q1 − s1q2)

r1(s2q3 − s3q2) + r2(s3q1 − s1q3) + r3(s1q2 − s2q1)
. (2.33)
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These equations give the amplitude ratios of the reflected coupled waves. We have

observed that these ratios depend on the thermal parameters, material constants and

the angle of incidence of the incident wave.

In the absence of thermal effect, i.e., β1 = β2 = 0, K1 = K2 = 0, τ0 = 0, D4 = 0

and Ce = 0, the equations of motion reduce to Equations (2.8) and (2.9). There is no

more thermal wave. Using the first two boundary conditions given in Equations (2.25)

and (2.26), the expression of the amplitude ratios are given by

A1

A0

=
r2s1 − r1s2
r1s2 + s1r2

,
A2

A0

=
2r1s1

r1s2 + s1r2
,

where

s0 = −s1 = cos θ1 + a1 sin θ1, s2 = −c1 cos θ2/c2 − a2 sin θ1,

r0 = r1 = −c12 sin θ1 − c22a1 cos θ1, r2 = c12 sin θ1 + c22a2c1 cos θ2/c2.

These results are the same results as those of Singh and Singh (2004) for the relevant

problem.

2.6.2 Energy Ratios

Consider the energy partition of the various reflected waves due to incident longitudinal

wave at the plane free surface y = 0. The rate of energy transmission is given by

Achenbach (1976) as

℘∗ = τ22u̇2 + τ21u̇1. (2.34)

The energy equation due to incident wave is given by

Einc = J0ωA
2
0 exp[2ı{ωt− k0(x sin θ0 − y cos θ0)}], (2.35)

where

J0 = ık0r0a0 − k0c0s0.
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The energy ratios of the various reflected waves are defined as the ratios of energy

corresponding to the reflected waves to the energy of the incident wave. The modulus

of energy ratios of the coupled reflected waves are given as

E1 =

∣∣∣∣J1J0
∣∣∣∣ ∣∣∣∣A1

A0

∣∣∣∣2 , E2 =

∣∣∣∣J2J0
∣∣∣∣ ∣∣∣∣A2

A0

∣∣∣∣2 , E3 =

∣∣∣∣J3J0
∣∣∣∣ ∣∣∣∣A3

A0

∣∣∣∣2 , (2.36)

where

J1 = −ık0r1a0 − k0c0s1,

J2 = ık0r2a2 − k0c0s2,

J3 = ık0r3a3 − k0c0s3.

Thus, we have observed that these energy ratios of the reflected waves are the func-

tions of the amplitude ratios, thermal parameters, material constants and the angle of

incidence of the incident wave.

2.7 Discussion of Numerical Computation

For the numerical computations, we take the following values of the relevant parameters

for fibre-reinforced thermoelastic materials M (modified values of Singh, 2006) as

λ = 1.65× 1010N/m2, µT = 2.46× 1010N/m2, µL = 6.66× 1010N/m2,

α = −1.18× 1010N/m2, β = 10.09× 1010N/m2, K1 = 2.45× 103Jm−1deg−1s−1,

K2 = 2.63× 103Jm−1deg−1s−1, α1 = 0.017× 104deg−1, α2 = 0.015× 104deg−1,

Ce = 0.154× 103Jkg−1deg−1, T0 = 293K, τ0 = 10s, ρ = 2, 660kg/m3, ω = 5s−1.

The variation of the non-dimensional velocity ζ1, ζ2 and ζ3 with angle of incidence

are depicted in Figures 2.1-2.3 and 2.5-2.7 for different values of specific heat Ce. In

Figure 2.1, the modulus of non-dimensional velocity, ζ1 corresponding to the reflected

longitudinal wave increases with the increase of angle of incidence upto certain value
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of θ0 and then it decreases thereafter. We have observed that the values of ζ1 increases

with the increase of Ce. In Figure 2.5, the non-dimensional attenuation part of ζ1

shows similar behaviour with the variation of modulus of ζ1, but here in this condition

with the increase of Ce, the attenuation values decrease. Figures 2.2 and 2.6 show that

the variation of the modulus of the values of ζ2 and it’s attenuation part decrease with

the increase of θ0 and it is obtained that the non-dimensional velocity corresponding

to thermal waves is not affected much with the change of Ce. The variation of the

non-dimensional velocity, ζ3 corresponding to transverse waves is shown in Figures 2.3

and 2.7. We have observed that the modulus of ζ3 starts from certain value which

decreases till θ0 = 240 and thereafter increases with the increase of θ0. The value of ζ3

is not affected much by the change of Ce near θ0 = 240 but it’s effect increases after this

value of angle of incidence. It may be noted that the attenuation part of ζ3 decreases

with the increase of θ0 and make a parabolic region in 260 ≤ θ0 ≤ 900.

Figure 2.5: Variation of the attenuation part of non-dimensional ζ1 with θ0.
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Figure 2.6: Variation of the attenuation part of non-dimensional ζ2 with θ0.

Figure 2.7: Variation of the attenuation part of non-dimensional ζ3 with θ0.
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Figure 2.8: Variation of the modulus of amplitude ratios of the reflected waves with θ0.

Figure 2.9: Variation of the modulus of energy ratios of the reflected waves with θ0.
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Figure 2.8 depicts the variation of amplitude ratios A1/A0, A2/A0 × 10 and A3/A0

of the reflected waves with the angle of incidence. Curve I shows that the variation of

A1/A0 starts from certain value and decreases sharply upto θ0 = 20 and then, increases

upto θ0 = 280 which decreases thereafter attaining the minimum value at θ0 = 740 and

then increases sharply. Curve II shows the variation of A2/A0 × 10 has two parabolic

regions, i.e., 0 ≤ θ0 ≤ 330 and 330 ≤ θ0 ≤ 900. In Curve III, the values of A3/A0

increase sharply in the region 00 ≤ θ0 ≤ 20 and then decreases upto θ0 = 300 which

then increases again upto θ = 500, thereby decreasing the values of A3/A0 with the

increase of θ0.

Figure 2.9 shows the variation of modulus of energy ratios, E1, E2 and E3 of the

reflected waves with angle of incidence. In Curve I, E1 starts from certain value and

then decreases sharply upto θ0 = 20. It increases upto θ0 = 280 which decreases, again

upto θ0 = 740 and thereafter E1 increases with the increase of θ0. Curve II shows that

E2 increases upto θ0 = 200 from certain value and then, it decreases upto θ0 = 330. It

increases again upto θ0 = 640 and thereafter E2 decreases with the increase of θ0. In

Curve III, the modulus of E3 increases sharply in the region 00 ≤ θ0 ≤ 20 and then

decreases upto θ0 = 420. Again it increases with the increase of θ0 upto 660, which

decreases thereafter with the increase of θ0. We have observed that the sum of energy

ratios is closed to unity.

2.8 Conclusion

The problem of reflection of elastic waves due to the incident longitudinal wave at the

plane free boundary of a thermally conducting fibre-reinforced composite materials has

been studied. We have observed that there are two longitudinal waves which coupled

together and a transverse wave propagating in the linear thermoelastic composite ma-

terials. The amplitude and energy ratios corresponding to the reflected waves have
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been obtained analytically and numerically for a particular model. We may conclude

the following remarks:

(i) All the amplitude and energy ratios are functions of the elastic parameters, thermal

parameters and angle of incidence.

(ii) The values of non-dimensional phase velocity corresponding to longitudinal wave

increase with the increase in specific heat, Ce of the material medium.

(iii) The non-dimensional phase velocity corresponding to thermal wave is not affected

much with the change of specific heat, Ce of the medium.

(iv) The results of Singh and Singh (2004) are reduced from our problem.

(v) The sum of energy ratios of the reflected waves is found to be close to unity.
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Chapter 3

Elastic waves in thermoelastic

saturated porous medium2

3.1 Introduction

The dynamical theory for wave propagation in fluid-saturated porous media was devel-

oped by Biot (1956a) using Lagrange’s equations and derive a set of coupled differential

equations governing the motions of solid and fluid phases. Gupta (2012) studied the

problem of the reflection of plane waves on the free surface of transversely isotropic,

thermoelastic half-space using Green-Naghdi(GN) theory of type-II and III. Sharma

(2008b) investigated the wave propagation in thermoelastic saturated porous medium

using modified Biot’s theory and obtained the velocities corresponding to the three

attenuated longitudinal waves and a non-attenuated transverse wave.

In this chapter, the reflection of plane waves due to incident longitudinal and trans-

verse waves at the free surface of thermoelastic saturated porous medium have been

investigated. The analytical expressions of the amplitude and energy ratios are derived

using appropriate boundary conditions. These ratios are computed numerically for a

particular model and the results are presented.

2Meccanica, 51(3), 593-609(2016).
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3.2 Basic Equations

The stress tensors in a thermally conducting porous solid saturated with a non-viscous

fluid are given by (Biot, 1962a)

τij = σij + α(−pf )δij, (3.1)

where σij is the stress tensor in solid, pf is the fluid pressure, α is Biot’s parameter

which represents bulk coupling between fluid and solid phases, δij is the Kronecker

delta.

The constitutive relations for effective stress tensors in the solid and fluid of an

isotropic thermally conducting fluid-saturated porous medium are derived as (Bear et

al., 1992 and Levy et al., 1995)

σij = λuk,kδij + µ(ui,j + uj,i)− βs(T − T0)δij, (3.2)

−pf = αMuk,k +Mwk,k − βf (T − T0)δij, (i, j, k = 1, 2, 3) (3.3)

where λ, µ are isothermal Lame’s constants, M is an elastic parameter for isotropic

bulk coupling of fluid and solid particles, wi = f(Ui − ui) is the component of the

averaged fluid motion relative to solid frame, f is the porosity of solid, Ui and ui are

the displacement components corresponding to the fluid and solid phases respectively

with βf and βs as their coefficients of thermal stress. The superimposed dot represents

partial time derivative and the comma is used for spatial derivative. It is assumed that

the two constituents of porous aggregate have same temperature, T0 in the undisturbed

state.

The equations of motion in the thermally conducting isotropic porous solid satu-

rated with a non-viscous fluid are given by (Sharma, 2008b)

τij,j = ρüi + ρf ẅi, (3.4)
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(−pf ),i = ρf üi + qẅi, (3.5)

KT,jj −ρCe(Ṫ + τ0T̈ ) = T0β{τ0(üj,j + ẅj,j) + u̇j,j + ẇj,j}, (3.6)

where β = βs + αβf , ρ and ρf are the densities of porous aggregate and pore fluid

respectively, q is the parameter representing the inertial coupling between pore-fluid

and solid matrix of porous aggregate.

Using (3.1)-(3.3), Equations (3.4)-(3.6) may be written in vector form as

(λ+ µ+ α2M)∇(∇ · u) + µ∇2u− ρü+ αM∇(∇ ·w)− ρfẅ− β∇T = 0, (3.7)

αM∇(∇ · u)− ρf ü+M∇(∇ ·w)− qẅ− βf∇T = 0, (3.8)

βT0[(∇ · u̇+ τ0∇ · ü) + (∇ · ẇ+ τ0∇ · ẅ)]− [K∇2T − ρCe(Ṫ + τ0T̈ )] = 0, (3.9)

where u and w are the displacements in the solid and pore fluid phases.

With the help of Helmholtz’s Theorem, u and w may be written as

u = ∇ϕs +∇×ψs, ∇ ·ψs = 0,

w = ∇ϕf +∇×ψf , ∇ ·ψf = 0. (3.10)

where ϕs,ψs are potential functions corresponding to the solid phase, while ϕf ,ψf

correspond to that of the flow of the pore fluid relative to the solid.

Using Equation (3.10) into (3.7)-(3.9), we get the following set of equations

(λ+ µ+ α2M)∇2ϕs + µ∇2ϕs − ρϕ̈s + αM∇2ϕf − ρf ϕ̈f − βT = 0, (3.11)

µ∇2ψs − ρψ̈s − ρf ψ̈f = 0, (3.12)

αM∇2ϕs − ρf ϕ̈s +M∇2ϕf − qϕ̈f − βfT = 0, (3.13)
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ρf ψ̈s + qψ̈f = 0, (3.14)

βT0(∇2ϕ̇s + τ0∇2ϕ̈s +∇2ϕ̇f + τ0∇2ϕ̈f )− [K∇2T − ρCe(Ṫ + τ0T̈ )] = 0. (3.15)

We come to know that Equations (3.11), (3.13) and (3.15) show the coupling nature

of the longitudinal waves corresponding to the potentials ϕs, ϕf and the thermal wave,

while Equations (3.12) and (3.14) show the coupling nature of the transverse waves

corresponding to potentials, ψs and ψf .

3.3 Wave Propagation

Let us take the Cartesian co-ordinates system with x and z-axis lying horizontally and

y-axis is vertical with the positive direction pointing downward.

Figure 3.1: Geometry of the problem

Consider two dimensional problem of wave propagation (xy-plane) in the thermally

conducting isotropic fluid-saturated porous half-space, (H : y ≥ 0) at a uniform tem-
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perature (T0). Suppose a train of longitudinal/transverse wave with an amplitude of

A0/B0 is incident at the plane free boundary, y = 0 of thermoelastic saturated porous

half-space, H making an angle θ0 with the normal. The incident wave give rises four

reflected plane waves which are three coupled longitudinal waves and one transverse

wave (Sharma, 2008b). The geometry of the problem is shown in Figure 3.1.

The total displacement potentials due to incident and reflected waves in the half-

space, H are given by

ϕs =
3∑

j=0

Aj exp(ıPj), (3.16)

ϕf =
3∑

j=0

ajAj exp(ıPj), (3.17)

T − T0 =
3∑

j=0

bjAj exp(ıPj), (3.18)

ψs = B0 exp(ıP0) +B exp(ıPs), (3.19)

ψf = d0B0 exp(ıP0) + dB exp(ıPs), (3.20)

where ψs and ψf are the z-components of ψs and ψf respectively,

P0 = k0(x sin θ0 + y cos θ0)− ωt, Pj = kj(x sin θj − y cos θj)− ωt,

Ps = ks(x sin θs − y cos θs) − ωt, A1, A2, A3 are the amplitudes of the reflected

coupled longitudinal waves at angles θ1, θ2, θ3 respectively, B is the amplitude of the

reflected transverse wave at an angle θs, kj and ks are corresponding wavenumbers.

The expressions of the coupling constants a0, b0, aj, bj, d0 and d are given as

a0 =
(D − ρc20)βf/β − (αM − ρfc

2
0)

(M − qc20)− (αM − ρfc20)βf/β
, b0 =

{(M − qc20)(D − ρc20)− (αM − ρfc
2
0)

2}k20
{(αM − ρfc20)βf/β − (M − qc20)}β

,
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aj =
(D − ρc2j)βf/β − (αM − ρfc

2
j)

(M − qc2j)− (αM − ρfc2j)βf/β
, bj =

{(M − qc2j)(D − ρc2j)− (αM − ρfc
2
j)

2}k2j
{(αM − ρfc2j)βf/β − (M − qc2j)}β

,

d0 = d =
µ− ρc2s
ρfc2s

, D = λ+ 2µ+ α2M, (j = 1, 2, 3)

where c0 and cj are phase velocities of the incident and coupled longitudinal waves,

while cs is phase velocity of the transverse wave. The expressions of their phase veloc-

ities are given by

c1 = [G1G2/6−G3/2 + {(G2/3−G2
1/9)

3 + (G3
1/27−G2G1/6 +G3/2)

2}(1/2)

− G3
1/27]

(1/3) − (G2/3−G2
1/9)/[G1G2/6−G3/2 + {(G2/3−G2

1/9)
3

+ (G3
1/27−G2G1/6 +G3/2)

2}(1/2) −G3
1/27]

(1/3) −G1/3;

c2 = (G2/3−G2
1/9)/[2{G1G2/6−G3/2 + {(G2/3−G2

1/9)
3 + (G3

1/27−G2G1/6

+ G3/2)
2}(1/2) −G3

1/27}(1/3)]−G1/3− [G1G2/6−G3/2 + {(G2/3−G2
1/9)

3

+ (G3
1/27−G2G1/6 +G3/2)

2}(1/2) −G3
1/27]

(1/3)/2

+ [3(1/2){G2/3−G2
1/9}/{G1G2/6−G3/2 + {(G2/3−G2

1/9)
3 + (G3

1/27

− G2G1/6 +G3/2)
2}(1/2) −G3

1/27}(1/3) + {G1G2/6−G3/2 + {(G2/3−G2
1/9)

3

+ (G3
1/27−G2G1/6 +G3/2)

2}(1/2) −G3
1/27}(1/3)]i/2;

c3 = (G2/3−G2
1/9)/[2{G1G2/6−G3/2 + {(G2/3−G2

1/9)
3 + (G3

1/27−G2G1/6

+ G3/2)
2}(1/2) −G3

1/27}(1/3)]−G1/3− [G1G2/6−G3/2 + {(G2/3−G2
1/9)

3

+ (G3
1/27−G2G1/6 +G3/2)

2}(1/2) −G3
1/27]

(1/3)/2

− [3(1/2){G2/3−G2
1/9}/{G1G2/6−G3/2 + {(G2/3−G2

1/9)
3 + (G3

1/27

− G2G1/6 +G3/2)
2}(1/2) −G3

1/27}(1/3) + {G1G2/6−G3/2 + {(G2/3−G2
1/9)

3

+ (G3
1/27−G2G1/6 +G3/2)

2}(1/2) −G3
1/27}(1/3)]i/2;
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cs =

√
µ

(ρ− ρ2f/q)
;

τ = τ0 + i/ω, G1 = Ω1/Ω0, G2 = Ω2/Ω0, G3 = Ω3/Ω0,

Ω0 = ρCeτ(ρ
2
f − qρ), Ω3 = (λ+ 2µ)KM

Ω1 = ρCeτ(Dq +Mρ− 2αMρf ) +K(ρq − ρ2f ) + T0τββf (ρ− ρf ) + β2T0τ(q − ρf ),

Ω2 = −K(Dq + ρM − 2αMρf )− ρτCe(DM − α2M2)− T0τββf (D − αM)

+ T0τβ
2(αM −M).

The Snell’s law which gives the relation between the angles of the incident and reflected

waves is

k0 sin θ0 = k1 sin θ1 = k2 sin θ2 = k3 sin θ3 = ks sin θs. (3.21)

3.4 Boundary Conditions

The stress tensors (normal and shear tensors), temperature gradient and fluid flux

vanish at the free boundary surface. Mathematical form of these conditions at y = 0

are

(i) Normal stress tensor, τ22 = 0:

(λ+ α2M)∇2ϕs + 2µ(
∂2ϕs

∂y2
+
∂2ψs

∂x∂y
) + αM∇2ϕf − β(T − T0) = 0, (3.22)

(ii) Shear stress tensor, τ21 = 0:

2
∂2ϕs

∂x∂y
+
∂2ψs

∂x2
− ∂2ψs

∂y2
= 0, (3.23)

(iii) Temperature gradient/radiative heat flux emission, T,2 = 0:

∂T

∂y
= 0, (3.24)
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(iv) Fluid flux, ẇ2 = 0:

∂ϕ̇f

∂y
+
∂ψ̇f

∂x
= 0, (3.25)

where τ22 and τ21 are given in Equation (3.1), w2 is the y component of w and the

suffices 1 ≡ x, 2 ≡ y. Using Equations (3.16)-(3.21) into the boundary conditions

(3.22)-(3.25), we have a system of equation

4∑
j=1

aijXj = −ai0, (i = 1, 2, 3, 4) (3.26)

where

a10 = {(λ+ α2M) + 2µ cos2 θ0 + a0αM + βb0/k
2
0}A0 + 2µ sin θ0 cos θ0B0,

a1j = {(λ+ α2M) + 2µ cos2 θj + ajαM + βbj/k
2
j}k2j/k20,

a14 = −2µ sin θ0 cos θsks/k0, a20 = 2 sin θ0 cos θ0A0 + (sin2 θ0 − cos2 θ0)B0,

a2j = −2 sin θ0 cos θjkj/k0, a24 = sin2 θ0 − cos2 θsk
2
s/k

2
0,

a30 = b0 cos θ0A0, a3j = −bj cos θjkj/k0, a34 = 0,

a40 = −a0 cos θ0A0 − d0 sin θ0B0, a4j = aj cos θjkj/k0, a44 = −d sin θ0,

[X1 X2 X3 X4] = [A1 A2 A3 B], (j = 1, 2, 3).

This equation will be used to find out the amplitude ratios of the reflected waves for

both the cases of incident longitudinal and transverse waves.

3.5 Amplitude Ratios & Energy Partition

The amplitude and energy ratios of the reflected waves are defined as the ratios of

amplitudes and energy corresponding to the reflected waves to that of the incident

wave. If we consider the energy partitions of the various reflected waves at the free

surface (y = 0), the rate of energy transmission per unit area is given by (Achenbach,
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1976 & Tomar and Arora, 2006)

℘∗ = σ22u̇2 + σ21u̇1 + α(−pf )ω̇2. (3.27)

The energy expression due to incident wave may be written as

Einc = J0ω exp[2ı{k0(x sin θ0 + y cos θ0)− ωt}], (3.28)

where

J0 = −
[
(λ+ 2µ+ a0α

2M + a20αM +
βsb0
k20

+
αβfa0b0
k20

) cos θ0k
3
0A

2
0 + µ cos θ0k

3
0B

2
0

]
.

This incident wave is either a longitudinal wave or a transverse wave. In the next

section, we will discuss the reflection phenomena of elastic waves separately, for the

cases of incident longitudinal and transverse waves.

3.5.1 For incident longitudinal wave

The amplitude ratios corresponding to the reflected three coupled longitudinal and a

transverse waves due to the incident longitudinal wave are obtained by solving Equation

(3.26) as

Zi =
Ri

R0

, (i = 1, 2, 3, 4) (3.29)

where

R0 = a22a33(a11a44 − a14a41) + a23a32(a14a41 − a11a44) + a24a32(a11a43 − a13a41)

+a24a33(a12a41 − a11a42) + a21a33(a14a42 − a12a44) + a23a31(a12a44 − a14a42)

+a24a31(a13a42 − a12a43) + a21a32(a13a44 − a14a43) + a22a31(a14a43 − a13a44),

R1 = a22a33(a14a40 − a10a44) + a23a32(a10a44 − a14a40) + a24a32(a13a40 − a10a43)

+a24a33(a10a42 − a12a40) + a20a33(a12a44 − a14a42) + a23a30(a14a42 − a12a44)
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+a24a30(a12a43 − a13a42) + a20a32(a14a43 − a13a44) + a22a30(a13a44 − a14a43),

R2 = a20a33(a14a41 − a11a44) + a23a30(a11a44 − a14a41) + a24a30(a13a41 − a11a43)

+a24a33(a11a40 − a10a41) + a21a33(a10a44 − a14a40) + a23a31(a14a40 − a10a44)

+a24a31(a10a43 − a13a40) + a21a30(a14a43 − a13a44) + a20a31(a13a44 − a14a43),

R3 = a22a30(a14a41 − a11a44) + a20a32(a11a44 − a14a41) + a24a32(a10a41 − a11a40)

+a24a30(a11a42 − a12a41) + a21a30(a12a44 − a14a42) + a20a31(a14a42 − a12a44)

+a24a31(a12a40 − a10a42) + a21a32(a14a40 − a10a44) + a22a31(a10a44 − a14a40),

R4 = a22a33(a10a41 − a11a40) + a22a30(a11a43 − a13a41) + a23a32(a11a40 − a10a41)

+a23a30(a12a41 − a11a42) + a20a32(a13a41 − a11a43) + a20a33(a11a42 − a12a41)

+a21a33(a12a40 − a10a42) + a21a30(a13a42 − a12a43) + a23a31(a10a42 − a12a40)

+a20a31(a12a43 − a13a42) + a21a32(a10a43 − a13a40) + a22a31(a13a40 − a10a43),

aij, (i, j = 1, 2, 3, 4) are given in Equation (3.26) with the following modified expres-

sions

a10 = (λ+ α2M) + 2µ cos2 θ1 + a0αM + βb0/k
2
0, a14 = −2µ sin θ1 cos θsks/k0,

a20 = 2 sin θ1 cos θ1, a2j = −2 sin θ1 cos θjkj/k0, a24 = sin2 θ1 − cos2 θsk
2
s/k

2
0,

a30 = b0 cos θ1, a40 = −a0 cos θ1, a44 = −d sin θ1.

In this case, B0 = 0 and θ0 = θ1. It may be noted that Z1 = A1/A0, Z2 = A2/A0 & Z3 =

A3/A0 correspond to the amplitude ratios of the reflected three coupled longitudinal

waves, while Z4 = B/A0 corresponds to the amplitude ratio of the reflected transverse

wave. We have observed that these amplitude ratios are functions of angle of incidence,

Biot’s parameter, elastic parameters, porosity and coefficients of thermal stress.

The energy ratios of the reflected three coupled longitudinal and a transverse waves
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due to incident longitudinal wave are

Ei =
Ji
J0
Z2

i , (i = 1, 2, 3, 4) (3.30)

where

J0 = −{λ+ 2µ+ (α + a0)a0αM + (βs + αβfa0)b0/k
2
0} cos θ1k30,

Ji = (λ+ 2µ+ ajα
2M + a2jαM +

βsbj
k2j

+
αβfajbj
k2j

) cos θjk
3
j , J4 = µ cos θsk

3
s .

Here, E1, E2 and E3 correspond to the energy ratios of the reflected three coupled

longitudinal waves and E4 corresponds to that of the reflected transverse wave. We

have observed that the energy ratios are the functions of angle of incidence, Biot’s

parameter, elastic parameters, porosity, coefficients of thermal stress and amplitude

ratios.

The energy partition relation is given by

E1 + E2 + E3 + E4 = 1. (3.31)

This means that the sum of energy ratios corresponding to reflected three coupled

longitudinal waves and a transverse wave is unity which indicates the conservation of

energy.

3.5.2 For incident transverse wave

The amplitude and energy ratios corresponding to the reflected three coupled longitu-

dinal and a transverse waves due to incident transverse wave are given by

Z ′
i =

Ri

R0

, E ′
i =

Ji
J0
Z ′

i
2
, (i = 1, 2, 3, 4) (3.32)

where Ri, Ji, and R0 are given in Equations (3.29) and (3.30) with the following

changes

a10 = 2µ sin θs cos θs, a14 = −2µ sin θs cos θsks/k0, a20 = sin2 θ0 − cos2 θ0,
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a2j = −2 sin θs cos θjkj/k0, a24 = sin2 θs−cos2 θsk
2
s/k

2
0, a30 = 0, a3j = bj cos θjkj/k0,

a40 = −d0 sin θs, a44 = −d sin θs, J0 = −µ cos θsk30.

In this case, A0 = 0 and θ0 = θs. It may also be noted that Z ′
1 = A1/B0, Z

′
2 =

A2/B0 & Z ′
3 = A3/B0 correspond to the amplitude ratios of the reflected coupled

longitudinal waves, while Z ′
4 = B/B0 corresponds to that of the reflected transverse

wave. We have observed that these amplitude ratios are functions of angle of incidence,

Biot’s parameter, elastic parameters, porosity and coefficients of thermal stress. The

energy ratios are found to be the functions of angle of incidence, Biot’s parameter,

elastic parameters, porosity, coefficients of thermal stress and amplitude ratios. The

conservation of energy which is given by Equation (3.31) is also satisfied under this

case.

3.6 Particular case

In the absence of thermal effect, the problem reduces to the wave propagation in the

homogeneous isotropic poroelastic solids. Under this condition

βs = βf = τ0 = K = Ce = 0.

With these values, the phase velocities corresponding to the two coupled longitudinal

and a transverse waves are

c1 = −G1 +

√
G2

1 − 4G2

2
, c2 = −G1 −

√
G2

1 − 4G2

2
, cs =

√
µ

(ρ− ρ2f/q)
,

G1 =
Ω1

Ω0

, G2 =
Ω2

Ω1

, Ω0 = ρq − ρ2f , Ω1 = 2αMρf − ρM −Dq, Ω2 = DM − α2M2.

Using the boundary conditions given by Equations (3.22), (3.23) and (3.25), the am-

plitude and energy ratios corresponding to the reflected two coupled longitudinal and

transverse waves due to the incident longitudinal wave are given by Equations (3.29)
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and (3.30) with the following modified values

R0 = a11(a22a44 − a24a42) + a12(a24a41 − a21a44) + a14(a21a42 − a22a41),

R1 = a10(a24a42 − a22a44) + a12(a20a44 − a24a40) + a14(a22a40 − a20a42),

R2 = a11(a24a40 − a20a44) + a10(a21a44 − a24a41) + a14(a20a41 − a21a40),

R4 = a11(a20a42 − a22a40) + a12(a21a40 − a20a41) + a10(a22a41 − a21a42),

a10 = (λ+ α2M) + 2µ cos2 θ1 + a0αM,

a1j = {(λ+ α2M) + 2µ cos2 θj + ajαM}k2j/k20,

J0 = −(λ+ 2µ+ a0α
2M + a20αM) cos θ1k

3
0,

Jj = (λ+ 2µ+ ajα
2M + a2jαM) cos θjk

3
j ,

a0 =
−(αM − ρfc

2
0)

(M − qc20)
,

aj =
−(αM − ρfc

2
j)

(M − qc2j)
, (j = 1, 2).

Similarly, the amplitude and energy ratios of the reflected waves for the incident trans-

verse wave are given by Equation (3.32) with the modified values of a1j, Jj and aj

which are same as in the case of incident longitudinal wave. These amplitude and

energy ratios are functions of angle of incidence, Biot’s parameter, porosity and elastic

parameters.

3.7 Numerical Results

For the numerical computation of amplitude and energy ratios of the reflected waves,

we have used the following relevant parameters (Sharma, 2008b)

λ = 3.7 Gpa, µ = 7.9 Gpa, M = 6 GPa, ρ = 2216 kg/m3, ρf = 950 kg/m3,

q = 1.05ρf/f , Ce = 1040 Jkg−1/K, K = 170 Wm−1/K, βf = 2.37 × 10−3 Gpa/K,

βs = 2βf , ω = 2 s−1, T0 = 300◦ K, and τ0 = 10−10s.
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The variation of the modulus of amplitude and energy ratios corresponding to the

reflected coupled longitudinal waves and reflected transverse wave with the angle of

incidence (θ0) are depicted in Figures 3.2-3.9 for the incident longitudinal wave and

Figures 3.10-3.17 for the incident transverse wave at different values of Biot’s parame-

ter (α) and porosity (f).

In all these figures, we use

(a) Curve I : α = 0.3; Curve II : α = 0.4; Curve III : α = 0.5 and f = 0.16

(b) Curve I : f = 0.20; Curve II : f = 0.30; Curve III : f = 0.40 and α = 0.3

3.7.1 For the case of incident longitudinal wave

In Figure 3.2, the modulus of amplitude ratio, Z1 corresponding to the reflected coupled

longitudinal wave at angle θ1 starts from certain values which decreases initially and

makes a parabolic region, which increases thereafter with the increase of the angle of

incidence, θ0. In the parabolic region, Z1 decreases with the increase of α and increases

with the increase of f . Figures 3.3 and 3.4 show that the values of the modulus of

amplitude ratios, Z2 and Z3 corresponding to the reflected coupled longitudinal waves

at angles θ2 and θ3, decrease with the increase of θ0 attaining zero value at the grazing

angle of incidence. We come to know that all the values of Z2 increases with the

increase of α and Z3 decreases with the increase of f . The values of the modulus of

amplitude ratio, Z4, corresponding to reflected transverse wave in Figure 3.5 increases

initially with the increase of θ0 and attains a maximum value, thereafter it decreases

to zero value at the grazing angle of incidence. With the increase of porosity, f , the

values of Z4 decrease. We have observed in this case that the amplitude ratios depend

on α, f and θ0.
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Figure 3.2: Variation of the modulus of amplitude ratio, Z1 with θ0 for different values of
α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.3: Variation of the modulus of amplitude ratio, Z2 with θ0 for different values of
α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.4: Variation of the modulus of amplitude ratio, Z3 with θ0 for different values of
α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.5: Variation of the modulus of amplitude ratio, Z4 with θ0 for different values of
α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.6: Variation of the modulus of energy ratio, E1 with θ0 for different values of α
and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.7: Variation of the modulus of energy ratio, E2 with θ0 for different values of α
and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.8: Variation of the modulus of energy ratio, E3 with θ0 for different values of α
and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.9: Variation of the modulus of energy ratio, E4 with θ0 for different values of α
and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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In Figure 3.6, the modulus of energy ratio E1 corresponding to reflected coupled

longitudinal wave at angle θ1 decreases initially with the increase of θ0 to the mini-

mum value, 0 and makes a parabolic region which increases sharply, thereafter with

the increase of θ0. The decreasing nature of the modulus of the energy ratio, E2 corre-

sponding to reflected coupled longitudinal wave at angle θ2 may be seen in Figure 3.7.

The values of E2 increase with the increase of α and f . In Figure 3.8, the modulus of

E3 corresponding to reflected coupled longitudinal wave at angle θ3 starts from certain

value which decreases with the increase of θ0 upto θ0 = 780 and increases to certain

value, thereafter it decreases to zero value at the grazing angle of incidence. The vari-

ation of the modulus of E4 corresponding to reflected transverse wave at angle θs with

angle of incidence is shown in Figure 3.9. The value of E4 has minimum value at the

normal and grazing angle of incidence. The value of E4 increases with the increase of

α, while it decreases with the increase of f . Thus, we have seen that the energy ratios

depend on α, f and θ0. Moreover, the sum of energy ratios is close to unity.

3.7.2 For the case of incident transverse wave

In the case of incident transverse wave, the amplitude and energy ratios of the re-

flected coupled longitudinal waves and reflected transverse wave have critical values

for the angle of incidence. These critical angles can be obtained from the Snell’s law in

Equation (3.21). The critical angle of incidence for the amplitude and energy ratios is

θ0 = 400 for α = 0.3 and 0.4, while this angle is 390 for α = 0.5. But all the amplitude

and energy ratios have θ0 = 400 as the critical angle for f = 0.20, 0.30 and 0.40. This

means that the critical angles of the amplitude and energy ratios may be different for

different values of α, but it is same for different values of f .
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Figure 3.10: Variation of the modulus of amplitude ratio, Z ′
1 with θ0 for different values of

α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.11: Variation of the modulus of amplitude ratio, Z ′
2 with θ0 for different values of

α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.12: Variation of the modulus of amplitude ratio, Z ′
3 with θ0 for different values of

α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.13: Variation of the modulus of amplitude ratio, Z ′
4 with θ0 for different values of

α and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.14: Variation of the modulus of energy ratio, E′
1 with θ0 for different values of α

and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.15: Variation of the modulus of energy ratio, E′
2 with θ0 for different values of α

and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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Figure 3.16: Variation of the modulus of energy ratio, E′
3 with θ0 for different values of α

and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40

Figure 3.17: Variation of the modulus of energy ratio, E′
4 with θ0 for different values of α

and f; (a) α= 0.3, 0.4, 0.5 (b) f = 0. 20, 0.30, 0.40
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In Figure 3.10, the modulus of Z ′
1 corresponding to the reflected coupled longitudinal

wave at angle θ1 increases with the increase of θ0 upto critical angles, which decreases

to zero and makes a parabolic region thereafter. This amplitude ratio is maximum near

the critical angle of incidence and minimum at normal and grazing angle of incidence

and around θ0 = 450. The similar nature of the modulus of amplitude ratios, Z ′
2 and Z

′
3

can be seen in Figures 3.11 and 3.12. These amplitude ratios increase initially with the

increase of θ0 and then decrease upto critical angles. Here, we have seen sharp increase

of Z ′
2 and Z

′
3 after the critical angles and then decrease to zero. These amplitude ratios

have minimum value at the normal and grazing angle of incidence. In Figure 3.13,

the modulus of Z ′
4 starts from the maximum value which decreases to minimum value

with the increase of θ0 and increases and decreases upto the critical angles. There

are asymptotically increasing in Z ′
4 just after these angles and then increases with the

increase of θ0. This amplitude ratio has maximum value at the normal and grazing

angle of incidence with minimum value near θ0 = 280. We come to know that amplitude

ratios depend on α, f and θ0.

In Figure 3.14, the modulus of E ′
1 increases with the increase of θ0 upto θ0 = 280

and decreases upto critical angles. There is a parabolic region after these angles which

is 450 ≤ θ0 ≤ 900. The value of E ′
1 is minimum at the normal and grazing angle of

incidence and near θ0 = 450. We come to know that the modulus of E ′
2 in Figure 3.15

and Z ′
2 have similar nature and that of E ′

3 in Figure 3.16 with Z ′
3. In Figure 3.17, the

modulus of E ′
4 decreases initially with the increase of θ0 to the minimum value and

increases upto the critical angles. This energy ratio increases asymptotically just after

critical angles and then increases with the increase of θ0. It has minimum value near

θ0 = 290 and maximum value at the normal and grazing angle of incidence. Thus,

energy ratios also depend on α, f and θ0. Moreover, we have observed that the sum of

energy ratios is close to unity. All the amplitude and energy ratios have critical angles

for the incident transverse wave.
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3.8 Conclusion

The problems of the reflection of elastic waves due to incident longitudinal and trans-

verse waves at a plane free boundary of a thermoelastic saturated porous material have

been investigated. We come to know that there can exist four plane waves in thermoe-

lastic saturated porous medium, which are three attenuated coupled longitudinal waves

and a non-attenuated transverse wave. The amplitude and energy ratios corresponding

to the reflected waves are obtained separately for the case of incident longitudinal wave

and for the case of incident transverse wave. These ratios are computed numerically

and the results are depicted graphically. We may conclude with the following remarks:

(i) All the amplitude and energy ratios are functions of the angle of incidence, Biot’s

parameter, porosity, elastic parameters and the coefficients of thermal stress.

(ii) The modulus of the amplitude ratios, Z2 and Z3 corresponding to coupled longitu-

dinal waves at θ2 and θ3 for the incident longitudinal wave decrease with the increase

of the angle of incidence, θ0.

(iii) The value of Z2 corresponding to longitudinal wave at θ2 increases with the in-

crease of Biot’s parameter, α and Z3 that of longitudinal wave at θ3 decreases with the

increase of porosity, f .

(iv) The values of the modulus of amplitude ratios (Z4, Z
′
2, Z

′
3) and energy ratios

(E4, E
′
2, E

′
3) are minimum at the normal and grazing angle of incidence.

(v) With the increase of the values of porosity of the solid f , the values of Z4 corre-

sponding to transverse wave at θ4 decreases.

(vi) The value of E2 increases with the increase of α and f .

(vii) The value of E4 increases with the increase of α, while it decreases with the in-

crease of f .

(viii) All the amplitude and energy ratios have critical angles for the incident transverse

wave.

(ix) The critical angles of the amplitude and energy ratios for the incident transverse
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wave may be different for different values of α but same critical angle is observed for

different values of f .

(x) The sum of energy ratios is close to unity.
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Chapter 4

Elastic waves at a plane interface

between two dissimilar

incompressible transversely

isotropic fibre-reinforced elastic

half-spaces3

4.1 Introduction

Fibre-reinforced composites are useful in many man made structures. Spencer (1972)

developed a continuum model to explain the mechanical properties of such materials.

Fibres are assumed to be an inherent material property, rather than some form of

inclusion in such models. Crandall (1970) use slowness diagrams to represent wave

reflections and showed the decay rates of plane waves with complex slowness. Singh

(2007) discussed the problem of wave propagation in an incompressible transversely

isotropic fibre-reinforced elastic medium and obtained the reflection coefficients for the

case when outer slowness section is re-entrant.

In this chapter, the problem of the reflection and refraction of elastic waves from

3International Journal of Applied Mathematical Sciences, 7(2), 131-146(2014)
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a plane interface between two dissimilar incompressible fibre-reinforced elastic half-

spaces has been discussed. The reflection and refraction coefficients corresponding to

the reflected and refracted waves along with their energy ratios are obtained. These

coefficients are computed numerically for a particular model and the results have been

depicted graphically.

4.2 Constitutive Relations

The constitutive relation for an incompressible transversely isotropic fibre-reinforced

elastic medium is given (Singh, 2007) as

σ = −pI+ 2µT e+ 2(µL − µT ){a⊗ (ea) + (ea)⊗ a}+ 4(µE − µL){a(ea)}a⊗ a, (4.1)

where e is the infinitesimal strain, σ is the stress tensor, a is a unit vector defining

the axis of transversely isotropy, I denotes 3× 3 identity tensor, µL is the longitudinal

shear modulus, µT is the transverse shear modulus and µE is a weighted shear modulus

defined as

µE =
EL

ET

µT , (4.2)

where EL and ET are longitudinal and transverse Young’s moduli respectively. In such

materials, p is the pressure required to maintain the incompressibility constraint

tr e = 0. (4.3)

Let us consider the Cartesian co-ordinate system Ox1x2x3, such that Ox1 is parallel

to the direction of transversely isotropy. Equation (4.1) in terms of the displacement

components, 2eij = ui,j + uj,i may be written as

σij = −pδij + 2µT eij + 2(µL − µT ){δi1ej1 + ei1δj1}+ 4(µE − µL)e11δi1δj1. (4.4)
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In particular, these stress tensors are given by

σ11 = 2(2µE − µT )u1,1 − p, σ22 = 2µTu2,2 − p, σ33 = 2µTu3,3 − p, (4.5)

σ12 = µL(u1,2 + u2,1), σ13 = µL(u1,3 + u3,1), σ23 = µT (u2,3 + u3,2).

The equation of motion for the elastic waves in an incompressible fibre-reinforced elastic

medium in the absence of body force is

σij,j = ρüi, (i, j = 1, 2, 3), (4.6)

where ρ denotes density of the medium and superimposed dot denotes the derivative

with respect to time. Inserting Equation (4.5) into (4.6), we get

2(2µE − µT )u1,11 + µL(u1,22 + u2,12) + µL(u1,33 + u3,13)− p,1 = ρü1, (4.7)

µL(u1,12 + u2,11) + 2µTu2,22 + µT (u2,33 + u3,23)− p,2 = ρü2, (4.8)

µL(u1,13 + u3,11) + µT (u2,23 + u3,22) + 2µTu3,33 − p,3 = ρü3. (4.9)

By the incompressibility condition, we get the following relation

u1,1 + u2,2 + u3,3 = 0. (4.10)

Equations (4.7)-(4.9) represent the equations of motion of the elastic waves in the

incompressible transversely isotropic fibre-reinforced elastic medium.

4.3 Problem Formulation

Let us consider two dimensional Cartesian co-ordinates system in x1x2-plane with x2-

axis vertically upward and the two dissimilar incompressible transversely isotropic elas-

tic half-spaces M : −∞ < x2 ≤ 0 and M ′ : 0 ≤ x2 < ∞ are separated by x2 = 0. The
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parameters corresponding to the half-space M are denoted without prime, while the

parameters corresponding to the half-space M ′ are denoted with prime. We have the

following points

u1 ≡ u1(x1, x2, t), u2 ≡ u2(x1, x2, t), u3 ≡ 0,
∂

∂x3
≡ 0,

u′1 ≡ u′1(x1, x2, t), u′2 ≡ u′2(x1, x2, t), u′3 ≡ 0,
∂

∂x′3
≡ 0.

The equations of motion for the elastic waves in an incompressible fibre-reinforced

elastic half-space M in the absence of body force are

2(2µE − µT )u1,11 + µL(u1,22 + u2,12)− p,1 = ρü1, (4.11)

µL(u1,12 + u2,11) + 2µTu2,22 − p,2 = ρü2. (4.12)

Similarly, the equations of motion for the elastic waves in an incompressible fibre-

reinforced elastic half-space M ′ are

2(2µ′
E − µ′

T )u
′
1,11 + µ′

L(u
′
1,22 + u′2,12)− p′,1 = ρ′ü′1, (4.13)

µ′
L(u

′
1,12 + u′2,11) + 2µ′

Tu
′
2,22 − p′,2 = ρ′ü′2. (4.14)

Suppose an incident plane elastic wave propagating through the half-space, M with

the phase velocity v0 makes an angle θ0 with the normal. The incident plane wave

give rises two reflected waves in M and two refracted waves in the half-space M ′. The

displacement and pressure components in the half-space M may be denoted by

u
(α)
i = A(α)d

(α)
i exp{ıkα(x1p(α)1 + x2p

(α)
2 − cαt)}, (4.15)

p(α) = kαB
(α) exp{ıkα(x1p(α)1 + x2p

(α)
2 − cαt)}, i = 1, 2, (4.16)
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where d(α) denotes unit displacement vector, kα is the wavenumber, p(α) is a unit

vector which specifies the direction of the travelling waves in M , A(α) and B(α) are the

amplitudes of the elastic waves.

Similarly, the displacement and pressure components in the half-space M ′ may be

written as

u
′(β)
i = A′(β)d

′(β)
i exp{ık′β(x1p

′(β)
1 + x2p

′(β)
2 − c′βt)}, (4.17)

p′(β) = k′βB
′(β) exp{ık′β(x1p

′(β)
1 + x2p

′(β)
2 − c′βt)}, i = 1, 2, (4.18)

where d′(β) denotes unit displacement vector, k′β is the wavenumber, p′(β) is a unit

vector which specifies the direction of the travelling waves in M ′, A′(β) and B′(β) are

the amplitudes of the refracted waves. In the above equations, α = 0 denotes for the

incident wave, α = 1, 2 denote for the reflected waves and β = 1, 2 denote for the

refracted waves.

The Snell’s law, in this problem, may be written as (Singh, 2007)

k0p
(0)
1 = k1p

(1)
1 = k2p

(2)
1 = k′1p

′(1)
1 = k′2p

′(2)
1 , (4.19)

Using Equations (4.15)-(4.18) into the equations of motions, (4.11)-(4.14), the phase

speeds cα and c′β of the elastic waves at p = (p
(α)
1 , p

(α)
2 , 0) and p′ = (p

′(β)
1 , p

′(β)
2 , 0) are

given by

ρc2α = µL + 4(µE − µL)p
(α)2

1 p
(α)2

2 & ρ′c′2β = µ′
L + 4(µ′

E − µ′
L)p

′(β)2
1 p

′(β)2
2 . (4.20)

We have seen that the phase velocities of the elastic waves depend on the angle of propa-

gation and hence, they are Quasi-nature elastic waves in the incompressible transversely

isotropic fibre-reinforced elastic medium.

69



Chapter 4

4.4 Boundary Conditions

The boundary conditions are the continuities of the displacement components and

tractions at x2 = 0. Mathematically, these conditions may be represented as

(i) Continuity of displacements at x2 = 0:

2∑
α=0

u
(α)
1 =

2∑
β=1

u
′(β)
1 , (4.21)

2∑
α=0

u
(α)
2 =

2∑
β=1

u
′(β)
2 . (4.22)

(b) Continuity of tractions (Normal and Shear stresses) at x2 = 0:

2∑
α=0

(2µTu
(α)
2,2 − p(α)) =

2∑
β=1

(2µ′
Tu

′(β)
2,2 − p′(β)), (4.23)

2∑
α=0

µL(u
(α)
1,2 + u

(α)
2,1 ) =

2∑
β=1

µ′
L(u

′(β)
1,2 + u

′(β)
2,1 ). (4.24)

Making use of Equations (4.15)-(4.19) in the boundary conditions (4.21)-(4.24), we

obtain a system of four non-homogeneous equations as

4∑
j=1

aijzj = bi, (i = 1, 2, 3, 4) (4.25)

where

a11 = d
(1)
1 , a12 = d

(2)
1 , a13 = −d′(1)1 , a14 = −d′(2)1 , a21 = d

(1)
2 , a22 = d

(2)
2 ,

a23 = −d′(1)2 , a24 = −d′(2)2 , a31 =
k1
k0

{2µTd
(1)
2 p

(1)
2 − F (1)},

a32 =
k2
k0

{2µTd
(2)
2 p

(2)
2 − F (2)}, a33 = −k

′
1

k0
{2µ′

Td
′(1)
2 p

′(1)
2 − F ′(1)},

a34 = −k
′
2

k0
{2µ′

Td
′(2)
2 p

′(2)
2 − F ′(2)}, a41 = µL

k1
k0

{p(1)2 d
(1)
1 + p

(1)
1 d

(1)
2 },

a42 = µL
k2
k0

{p(2)2 d
(2)
1 + p

(2)
1 d

(2)
2 }, a43 = −µ′

L

k′1
k0

{p′(1)2 d
′(1)
1 + p

′(1)
1 d

′(1)
2 },
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a44 = −µ′
L

k′2
k0

{p′(2)2 d
′(2)
1 + p

′(2)
1 d

′(2)
2 }, z1 = A(1)/A(0),

z2 = A(2)/A(0), z3 = A′(1)/A(0), z4 = A′(2)/A(0),

b1 = −d(0)1 , b2 = −d(0)2 , b3 = −2µTd
(0)
2 p

(0)
2 + F (0), b4 = −µL{p(0)2 d

(0)
1 + p

(0)
1 d

(0)
2 },

F (α) = 2(2µE − µT )d
(α)
1 p

(α)3

1 + 2µLp
(α)
1 p

(α)
2 (d

(α)
1 p

(α)
2 + d

(α)
2 p

(α)
1 ) + 2µTd

(α)
2 p

(α)
2

3,

F ′(β) = 2(2µ′
E − µ′

T )d
′(β)
1 p

′(β)3
1 + 2µ′

Lp
′(β)
1 p

′(β)
2 (d

′(β)
1 p

′(β)
2 + d

′(β)
2 p

′(β)
1 ) + 2µ′

Td
′(β)
2 p

′(β)
2

3.

Equation (4.25) will give the reflection and refraction coefficients corresponding to the

reflected and refracted elastic waves. In the next section, we shall obtain the reflection

and refraction coefficients.

4.5 Reflection and refraction coefficients

The expressions of A(1)/A(0) and A(2)/A(0) correspond to the reflection coefficients of

the reflected waves, while the expressions of A′(1)/A(0) and A′(2)/A(0) correspond to the

refraction coefficients of the refracted waves. These coefficients are obtained by solving

Equation (4.25) as

R(1) ≡ A(1)

A(0)
=

∆A(1)

∆
, R(2) ≡ A(2)

A(0)
=

∆A(2)

∆
, (4.26)

R′(1) ≡ A′(1)

A(0)
=

∆′
A(1)

∆
, R′(2) ≡ A′(2)

A(0)
=

∆′
A(2)

∆
, (4.27)

where

∆ = (d
(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a33a44 − a34a43) + (d

(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a32a44 − a34a42)

+ (d
′(2)
1 d

(1)
2 − d

′(2)
2 d

(1)
1 )(a32a43 − a33a42) + (d

′(1)
1 d

(2)
2 − d

(2)
1 d

′(1)
2 )(a31a44 − a34a41)

+ (d
′(2)
2 d

(2)
1 − d

′(2)
1 d

(2)
2 )(a31a43 − a33a41) + (d

′(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a31a42 − a32a41),
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∆A(1) = (d
(2)
1 d

(0)
2 − d

(0)
1 d

(2)
2 )(a33a44 − a34a43) + (d

′(1)
1 d

(0)
2 − d

(0)
1 d

′(1)
2 )(a32a44 − a34a42)

+ (d
(0)
1 d

′(2)
2 − d

′(2)
1 d

(0)
2 )(a32a43 − a33a42) + (d

′(1)
1 d

(2)
2 − d

(2)
1 d

′(1)
2 )(a34b4 − a44b3)

+ (d
(2)
1 d

′(2)
2 − d

′(2)
1 d

(2)
2 )(a33b4 − a43b3) + (d

(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a32b4 − a42b3),

∆A(2) = (d
(0)
1 d

(1)
2 − d

(1)
1 d

(0)
2 )(a33a44 − a34a43) + (d

(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a34b4 − a44b3)

+ (d
′(2)
1 d

(1)
2 − d

(1)
1 d

′(2)
2 )(a33b4 − a43b3) + (d

(0)
1 d

′(1)
2 − d

′(1)
1 d

(0)
2 )(a31a44 − a34a41)

+ (d
′(2)
1 d

(0)
2 − d

(0)
1 d

′(2)
2 )(a31a43 − a33a41) + (d

′(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a41b3 − a31b4),

∆′
A(1) = (d

(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a34b4 − a44b3) + (d

(1)
1 d

(0)
2 − d

(0)
1 d

(1)
2 )(a32a44 − a34a42)

+ (d
′(2)
1 d

(1)
2 − d

(1)
1 d

′(2)
2 )(a42b3 − a32b4) + (d

(0)
1 d

(2)
2 − d

(2)
1 d

(0)
2 )(a31a44 − a34a41)

+ (d
(2)
1 d

′(2)
2 − d

′(2)
1 d

(2)
2 )(a41b3 − a31b4) + (d

(0)
1 d

′(2)
2 − d

′(2)
1 d

(0)
2 )(a31a42 − a32a41),

∆′
A(2) = (d

(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a43b3 − a33b4) + (d

(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a42b3 − a32b4)

+ (d
(0)
1 d

(1)
2 − d

(1)
1 d

(0)
2 )(a32a43 − a33a42) + (d

′(1)
1 d

(2)
2 − d

(2)
1 d

′(1)
2 )(a41b3 − a31b4)

+ (d
(2)
1 d

(0)
2 − d

(0)
1 d

(2)
2 )(a31a43 − a33a41) + (d

′(1)
1 d

(0)
2 − d

(0)
1 d

′(1)
2 )(a31a42 − a32a41).

We have observed that the reflection and refraction coefficients are functions of angle

of propagation, unit displacement vectors, slowness factors and elastic constants of the

media.

4.5.1 Particular case

If the half-space M ′ is neglected, the problem reduces to the reflection of elastic waves

from a plane free incompressible transversely isotropic fibre-reinforced elastic half-

space. With the help of the boundary conditions (4.23) and (4.24), the reflection

coefficients corresponding to reflected waves are given by Equation (4.26) with the
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following modified values

∆ = a31a42 − a32a41, ∆A(1) = a42b3 − a32b4, ∆A(2) = a31b4 − a41b3.

These results are exactly matched with those of Singh (2007) for the relevant problem.

4.6 Energy Equations

Let us consider the energy partition of incident, reflected and refracted waves at the

plane interface between the two half-spaces. The energy transmission per unit area

may be given (Achenbach, 1976) as

℘∗ = σ22u̇2 + σ21u̇1. (4.28)

Thus, the energy due to incident wave is given by

E0 = l0k
2
0v0A

(0)2 exp{2ık0(x1p(0)1 + x2p
(0)
2 − c0t)}, (4.29)

where

l0 = (2µTd
(0)
2 p

(0)
2 − F (0))d

(0)
2 + µL(p

(0)
1 d

(0)
2 + p

(0)
2 d

(0)
1 )d

(0)
1 .

The energy ratios of the reflected and refracted waves are defined as the ratios of the

energy of the reflected and refracted waves to that of the incident wave. These ratios

corresponding to the reflected and refracted waves may be represented as

Eα =
lαkαA

(α)2

l0k0A(0)2
, E ′

β =
l′βk

′
βA

′(β)2

l0k0A(0)2
, (4.30)

where

lα = (2µTd
(α)
2 p

(α)
2 − F (α))d

(α)
2 + µL(p

(α)
1 d

(α)
2 + p

(α)
2 d

(α)
1 )d

(α)
1 , (α = 1, 2)

l′β = (2µ′
Td

′(β)
2 p

′(β)
2 − F ′(β))d

′(β)
2 + µ′

L(p
′(β)
1 d

′(β)
2 + p

′(β)
2 d

′(β)
1 )d

′(β)
1 , (β = 1, 2)
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with Eα correspond to reflected waves and E ′
β correspond to refracted waves. We

have observed that these energy ratios are functions of angle of incidence, unit dis-

placement components, slowness factors and elastic constants of the incompressible

fibre-reinforced elastic half-spaces.

4.7 Slowness sections

Let us consider the slowness section associated with the reflected and refracted waves

in the x1x2-plane. For the reflected waves in the half-space M , the displacement

components corresponding to Equations (4.11) and (4.12) take the form

(u1, u2) = (Γ,Λ) exp{ıω(x1s1 + x2s2 − t)}, (4.31)

where s = (s1, s2) is the slowness vector and defined as sm = pmc
−1, (m = 1, 2). Using

(4.31), Equations (4.11) and (4.12) give the following equation of slowness as (Singh,

2007)

a1s
4
1 + a1s

4
2 + a2s

2
1s

2
2 − s21 − s22 = 0, (4.32)

where

a1 =
µL

ρ
, a2 =

4µE − 2µL

ρ
.

In order to establish the states of prestress associated for the case where outer section

is re-entrant, we examine the derivative

ds2
ds1

=
(1− a2s

2
2 − 2a1s

2
1)s1

(a2s21 + 2a1s22 − 1)s2
. (4.33)

74



Chapter 4

Figure 4.1: Slowness sections for the two half-spaces, M and M’.

For the case in which the outer section is re-entrant,
ds2
ds1

→ ∞ and s2 ̸= 0, then

2a1s
2
2 = 1− a2s

2
1. (4.34)

Equations (4.32) & (4.34) give a quadratic equation in s21 as

(4a31 − a1a
2
2)s

4
1 + (2a1a2 − 4a21)s

2
1 − a1 = 0. (4.35)

For real values of s1, we get 2a1 > a2 and if s2 = 0, then s21 = 1/a1.

Equation (4.32) will have two real roots for s22, provided 0 6 s21 6
1

a1
.

Similarly, for the case of refracted waves in M ′, we have

(u′1, u
′
2) = (Γ′,Λ′) exp{ıω(x1s′1 + x2s

′
2 − t)}, (4.36)

a′1s
′4
1 + a′1s

′4
2 + a′2s

′2
1 s

′2
2 − s′21 − s′22 = 0, (4.37)

where s′ = (s′1, s
′
2) with s

′
m = p′mc

′−1, (m = 1, 2), a′1 = µ′
L/ρ

′, and a′2 = (4µ′
E −2µ′

L)/ρ
′.

Consequently, we get 2a′1s
′2
2 = 1 − a′2s

′2
1 ; 2a

′
1 > a′2 for real values of s′1, and s

′2
1 = 1/a′1

if s′2 = 0.
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4.8 Numerical Results

For the numerical computations of the reflection and refraction coefficients correspond-

ing to the reflected and refracted waves, we have developed a FORTRAN program by

taking the relevant parameters of the two half-spaces.

For the half-space M : (Chattopadhyay and Venkateswarlu, 2007)

ρ = 1.6 gm/cm3, µT = 3.5 GPa, µL = 7.07 GPa, µE = 6.9 GPa.

For the half-space M ′: (Chattopadhyay and Venkateswarlu, 2007)

ρ′ = 7.8 gm/cm3, µ′
T = 2.46 GPa, µ′

L = 5.66 GPa, µ′
E = 4.5 GPa.

The slowness sections in the two half-spaces, M corresponding to Equation (4.32) and

M ′ corresponding to Equation (4.37) are shown in Figure 4.1. The variation of the

modulus of reflection and refraction coefficients with the angle of incidence, θ0 are

depicted through Figures 4.2-4.5 for different values of (s
(1)
2 , s

(2)
2 ) & (s

′(1)
2 , s

′(2)
2 ). In

these figures, the following representations are used (Singh, 2007)

Curve I: s
(1)
2 = −0.48, s

(2)
2 = 0.48, s

′(1)
2 = −0.08, s

′(2)
2 = 0.08;

Curve II: s
(1)
2 = −0.49, s

(2)
2 = 0.49, s

′(1)
2 = −0.09, s

′(2)
2 = 0.09;

Curve III: s
(1)
2 = −0.50, s

(2)
2 = 0.50, s

′(1)
2 = −0.10, s

′(2)
2 = 0.10 and

Curve IV: s
(1)
2 = −0.51, s

(2)
2 = 0.51, s

′(1)
2 = −0.11, s

′(2)
2 = 0.11.

The variation of reflection coefficients corresponding to reflected waves with angle

of incidence, θ0 are given in Figures 4.2 & 4.3, while that of refraction coefficients are

given in Figures 4.4 and 4.5. In Figure 4.2, Curves I, II, III & IV show that R(1) starts

from certain value at the normal angle of incidence which decreases with the increase of

θ0 attaining the minimum value at θ0 = 110 for Curve I, θ0 = 140 for Curve II, θ0 = 170

for Curve III and θ0 = 190 for Curve IV. Thereafter, R(1) increases with the increase

of θ0 attaining the maximum value at θ0 = 670 for Curves I, II & III and θ0 = 680 for

Curve IV. The effect of the slowness is minimum near the grazing angle of incidence.
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Figure 4.2: Variation of the modulus of reflection coefficient (R(1)) with θ0.

Figure 4.3: Variation of the modulus of reflection coefficient (R(2)) with θ0.
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Figure 4.4: Variation of the modulus of refraction coefficient (R′(1)) with θ0.

Figure 4.5: Variation of the modulus of refraction coefficient (R′(2)) with θ0.
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In Figure 4.3, Curves I, II, III and IV show that R(2) decreases with the increase

of θ0 attaining the minimum value at θ0 = 790 for Curves I & II and θ0 = 780 for

Curves III & IV and then, increases with the increase of θ0. The effect of slowness, in

this case is maximum at the normal angle of incidence and minimum at the grazing

angle of incidence. The values of R′(1) in Figure 4.4 starts from certain value which

decreases with the increase of θ0 and attains the minimum value at θ0 = 300 for Curve

I, θ0 = 520 for Curve II, θ0 = 590 for Curve III and θ0 = 630 for Curve IV. Thereafter,

R′(1) increases with the increase of θ0. The natures of R(2) and R′(1) are quite similar.

For R′(2) in Figure 4.5, all the curves show that R′(2) starts from certain value at the

normal angle of incidence attaining the maximum value and then, decreases with the

increase of θ0. With the increase of (s
(1)
2 , s

(2)
2 ) & (s

′(1)
2 , s

′(2)
2 ), the values of R′(2) increases.

4.9 Conclusion

The problem of reflection and refraction of elastic waves from a plane interface between

two dissimilar incompressible fibre-reinforced elastic half-spaces has been investigated.

We have obtained the reflection and refraction coefficients corresponding to the re-

flected and refracted waves with the help of appropriate boundary conditions. The

energy ratios corresponding to the reflected and refracted waves are also derived. Nu-

merical computation of these coefficients has been performed for a particular model.

We may conclude the following points

(i) the reflection and refraction coefficients and energy ratios are found to be the func-

tions of angle of incidence, unit displacement components, slowness factors and elastic

constants,

(ii) with the increase of the slowness factors, the values of R′(2) increases,

(iii) the effect of the slowness to the reflection and refraction coefficients is minimum

near the grazing angle of incidence and

(iv) the results of Singh (2007) are reduced from our problem.
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Chapter 5

SH-wave at a plane interface

between homogeneous and

inhomogeneous fibre-reinforced

elastic half-spaces4

5.1 Introduction

Fibres have an excellent potential to improve the mechanical properties of rapid-setting

materials and may be used effectively to improve the performance of repairs. The be-

havior of fibre-reinforced rapid-setting materials is similar to that of Portland cement

fibre-reinforced concrete. Chattopadhyay and Singh (2012) studied the problem of G-

type seismic waves in fibre-reinforced media and obtained the dispersion equation for

the propagation of G-type seismic wave in fibre-reinforced layer lying over an inhomo-

geneous fibre-reinforced elastic half space.

In this chapter, the problem of reflection and refraction of SH-waves in the ho-

mogeneous/inhomogeneous fibre-reinforced elastic half spaces has been studied. We

have obtained the amplitude and energy ratios corresponding to the reflected and re-

fracted SH-waves using appropriate boundary conditions. These ratios are computed

4Indian Journal of Materials Science, 2015, 1-8(article ID 532939)
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numerically for a particular model.

5.2 Basic Equations

The constitutive relation for a linearly fibre-reinforced elastic medium is given by

(Belfield et al., 1983)

τij = λekkδij + 2µT eij + α(akamekmδij + ekkaiaj) + 2(µL − µT )(aiakekj + ajakeki)

+ βakamekmaiaj, (i, j, k, m = 1, 2, 3) (5.1)

where τij is stress tensor, eij is strain tensor, λ, µT , α, β and µL are elastic constants

in which µT is identified as the shear modulus in transverse shear across the preferred

direction and µL as the shear modulus in longitudinal shear in the preferred direction, α

and β are specific stress components depending upon the concrete part of the composite

materials, δij is Kronecker delta, ai is the component of a unit vector a = (a1, a2, a3)

which gives the preferred direction of fibre-reinforcement and a21 + a22 + a23 = 1.

The equation of motion for the fibre-reinforced elastic material without body forces

may be written as

τij,j = ρ
∂2ui
∂t2

, (i, j = 1, 2, 3), (5.2)

where ui = (u1, u2, u3) and x1 = x, x2 = y, x3 = z.

Let us take two dimensional problem of SH-wave propagation in xz-plane and the

preferred direction of fibre-reinforcement is taken as (a1, 0, a3). We may take u1 = u3 =

0, u2 = u2(x, z, t). With the help of Equations (5.1) and (5.2), we have

∂τ12
∂x

+
∂τ23
∂z

= ρ
∂2u2
∂t2

, (5.3)
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where

τ12 = µT
∂u2
∂x

+ (µL − µT )a1(a1
∂u2
∂x

+ a3
∂u2
∂z

),

τ23 = µT
∂u2
∂z

+ (µL − µT )a3(a1
∂u2
∂x

+ a3
∂u2
∂z

).

It may be noted that the second term in the expression of the stress tensors (τ12 and

τ23) contributes due to the effect of direction of reinforcement, i.e., fibre orientation in

the self-reinforced material.

Using the stress tensors into Equation (5.3), we obtain the equation of motion for

SH-wave propagation in the fibre-reinforced elastic medium as

P
∂2u2
∂z2

+Q
∂2u2
∂x2

+R
∂2u2
∂x∂z

= ρ
∂2u2
∂t2

, (5.4)

where

P = µT + a23(µL − µT ), Q = µT + a21(µL − µT ), R = 2a1a3(µL − µT ).

5.3 Problem Formulation

Let x and y axes of the Cartesian coordinate system be on the horizontal plane and z

axis be pointing vertically downward. Consider a homogeneous fibre-reinforced elastic

half-space, {H; 0 ≤ z < ∞} with ρ as density and µL, µT as elastic constants and

a non-homogeneous fibre-reinforced elastic half-space, {H ′;−∞ < z ≤ 0} with ρ′ as

density and µ′
L, µ

′
T as elastic constants. The elastic constants and density in the non-

homogeneous fibre-reinforced elastic half-space H ′ are defined as (Chattopadhyay and

Singh, 2012)

µ′
L = µ

(0)
L (1− ε cos sz), µ′

T = µ
(0)
T (1− ε cos sz), ρ′ = ρ0(1− ε cos sz),

where ε is small positive constant and s is real depth parameter.
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The stress tensors in the non-homogeneous fibre-reinforced elastic half-space (H ′) are

τ ′12 = µ′
T

∂u′2
∂x

+ (µ′
L − µ′

T )a1(a1
∂u′2
∂x

+ a3
∂u′2
∂z

),

τ ′23 = µ′
T

∂u′2
∂z

+ (µ′
L − µ′

T )a3(a1
∂u′2
∂x

+ a3
∂u′2
∂z

).

The equation of motion for SH wave in the half-space, H ′ may be written as

P (0){(1− ε cos sz)
∂2u′2
∂z2

+ εs sin sz
∂u′2
∂z

}+Q(0)(1− ε cos sz)
∂2u′2
∂x2

+R(0){2(1− ε cos sz)
∂2u′2
∂x∂z

+ εs sin sz
∂u′2
∂x

} = ρ0(1− ε cos sz)
∂2u′2
∂t2

, (5.5)

where

P (0) = µ
(0)
T + a23(µ

(0)
L − µ

(0)
T ), Q(0) = µ

(0)
T + a21(µ

(0)
L − µ

(0)
T ), R(0) = a1a3(µ

(0)
L − µ

(0)
T ).

The displacement components in the half-spaces, H and H ′ may be represented by

< u2, u
′
2 > (x, z, t) =< A, B > exp[ı{ωt− k(xp1 + zp3)}], (5.6)

where < A, B > are amplitude constants, ω(= kc) is angular frequency and p =

(p1, 0, p3) is the unit propagation vector. Using Equation (5.6) into (5.4) and (5.5),

the phase velocities of SH-waves in the half-spaces, H and H ′ are respectively given

by

ρc22 = Pp23 +Qp21 +Rp1p3 (5.7)

and

ρ0c
′2
2 = P (0){p23 + ıεsp3 sin sz(1− ε cos sz)−1k−1}+Q(0)p21

+ R(0){2p1p3 + ıεsp1 sin sz(1− ε cos sz)−1k−1}. (5.8)

The expression of c′2 depending on the ε may be written as
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(i) zeroth order, O(ε0):

ρ0c
′2
2 = P (0)p23 +Q(0)p21 +R(0)2p1p3. (5.9)

(ii) first order, O(ε1):

ρ0c
′2
2 = P (0)[p23 + ıεsp3{sz −

(sz)3

3!
+

(sz)5

5!
− (sz)7

7!
+ ......}k−1] +Q(0)p21

+ R(0)[2p1p3 + ıεsp1{sz −
(sz)3

3!
+

(sz)5

5!
− (sz)7

7!
+ ......}k−1]. (5.10)

(iii) second order, O(ε2):

ρ0c
′2
2 = P (0)[p23 + ıεsp3{sz −

(sz)3

3!
+

(sz)5

5!
− (sz)7

7!
+ ......}k−1

+ ıε2sp3[{sz −
(sz)3

2!
+

(sz)5

4!
− ......}+ {−(sz)3

3!
+

(sz)5

3!2!
− (sz)7

3!4!
+ ......}

+ {(sz)
5

5!
− (sz)7

5!2!
+

(sz)9

5!4!
......}]k−1] +Q(0)p21

+ R(0)[2p1p3 + ıεsp1{sz −
(sz)3

3!
+

(sz)5

5!
− (sz)7

7!
+ ......}k−1

+ ıε2sp1[{sz −
(sz)3

2!
+

(sz)5

4!
− ......}+ {−(sz)3

3!
+

(sz)5

3!2!
− (sz)7

3!4!
+ ......}

+ {(sz)
5

5!
− (sz)7

5!2!
+

(sz)9

5!4!
......}]k−1] (5.11)

and so on. We will use the expression (5.9) of c′2 for the numerical computation.

5.4 Wave propagation

Suppose a plane SH-wave with amplitude, A0, making an angle θ0 with the normal

be incident at the plane interface (z = 0) between homogeneous and inhomogeneous

fibre-reinforced elastic half-spaces. Such incident SH-wave, due to the interface, give

rises reflected SH-wave in the half space, H, and refracted SH-wave in the half space,

H ′. The geometry of the problem is given in Figure 5.1.
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Figure 5.1: Geometry of the problem.

The total displacement due to incident and reflected SH-waves in the half space, H is

given by

u2 = A0 exp[ı{ωt− k0(x sin θ0 + z cos θ0)}] + A exp[ı{ωt− k2(x sin θ1 − z cos θ1)}],

(5.12)

where A is the amplitude constant of the reflected SH-wave at an angle θ1, ki =

ω/ci, (i = 0, 2) is the wavenumber, ω is angular frequency and ci is the phase speed.

The displacement due to refracted SH-wave in the half space, H ′ is given by

u′2 = B exp[ı{ωt− k′2(x sin θ2 + z cos θ2)}], (5.13)

where k′2 = ω/c′2 is the wavenumber with c′2 as the phase speed, B is the amplitude

constant of the refracted SH-wave at an angle θ2. Snell’s law of this problem is given
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by

k0 sin θ0 = k2 sin θ1 = k′2 sin θ2. (5.14)

We assume that the angle of incidence is equal to the angle of reflection.

5.5 Boundary conditions

The boundary conditions are the continuities of the displacements and stress tensors

at the interface. Mathematically, these conditions at z = 0 are

u2 = u′2 (5.15)

and

τ23 = τ ′23. (5.16)

Equation (5.16) may be written in terms of displacement as

µT
∂u2
∂z

+ (µL − µT )a3(a1
∂u2
∂x

+ a3
∂u2
∂z

) = µ′
T

∂u′2
∂z

+ (µ′
L − µ′

T )a3(a1
∂u′2
∂x

+ a3
∂u′2
∂z

).

(5.17)

Using Equations (5.12)-(5.14) into the boundary conditions (5.15) and (5.17), we have

A

A0

− B

A0

= −1, (5.18)

r1
A

A0

+ r2
B

A0

= r0, (5.19)

where

r0 = µTk0 cos θ0 + (µL − µT )a3(a3k0 cos θ0 + a1k0 sin θ0)

r1 = µTk2 cos θ1 + (µL − µT )a3(a3k2 cos θ1 − a1k0 sin θ0)

r2 = {µ(0)
T k′2 cos θ2 + (µ

(0)
L − µ

(0)
T )a3(a3k

′
2 cos θ2 + a1k0 sin θ0)}(1− ε)
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These equations will give the amplitude ratios corresponding to the reflected and re-

fracted SH-waves.

5.6 Amplitude and energy ratio

The amplitude ratios of the reflected and refracted SH-waves are defined as the ratio

of the amplitudes corresponding to the reflected and refracted waves to that of the

incident wave. Solving Equations (5.18) and (5.19), we have

A

A0

=
r0 − r2
r1 + r2

,
B

A0

=
r0 + r1
r1 + r2

, (5.20)

where A/A0 is the amplitude ratios corresponding to the reflected SH-wave and B/A0

is that of the refracted SH-wave. We have observed that these ratios depend on the

elastic constants, fibre orientation, inhomogeneity parameter and the angle of incidence.

Let us consider the energy partition of the reflected and refracted SH-waves due

the plane interface, z = 0. The energy transmission per unit area may be given as

(Achenbach, 1976)

℘∗ = τ23 · u̇2 + τ ′23 · u̇′2. (5.21)

The expression of the energy due to incident wave is given by

Einc = J0ωA
2
0 exp[2ı{ωt− k0(x sin θ0 + z cos θ0)}], (5.22)

where

J0 = k0{µT cos θ0 + (µL − µT )a3(a3 cos θ0 + a1 sin θ0)}.

The energy ratio of the reflected and refracted SH-wave may be defined as the ratios

of the energy corresponding to the reflected and refracted SH-waves to that of the

incident wave. The modulus of energy ratios of the reflected and refracted SH-waves
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are given as

E1 =

∣∣∣∣J1J0
∣∣∣∣ ∣∣∣∣ AA0

∣∣∣∣2 , E2 =

∣∣∣∣J2J0
∣∣∣∣ ∣∣∣∣ BA0

∣∣∣∣2 , (5.23)

where E1 is the energy ratio of the reflected SH-wave and E2 is that of refracted

SH-wave and the expressions of J1 and J2 are given by

J1 = −k2[µT cos θ1 + (µL − µT )a3(a3 cos θ1 − a1 sin θ1)],

J2 = k′2[µ
(0)
T cos θ2 + (µ

(0)
L − µ

(0)
T )a3(a3 cos θ2 + a1 sin θ2)](1− ε).

We come to know that the energy ratios are functions of the amplitude ratios, elastic

constants, fibre orientation, inhomogeneity parameter and the angle of incidence of the

incident SH-wave.

5.7 Particular Cases

Case I: When the inhomogeneous fibre-reinforced elastic half-space, H ′ reduces to

homogeneous fibre-reinforced elastic medium, the problem reduces to the reflection and

refraction of SH-waves at the plane interface between the two dissimilar homogeneous

fibre-reinforced elastic half-spaces. Under this condition, ε = 0 and Equation (5.8)

reduces to ρ0c
′2
2 = P (0)p23 +Q(0)p21 + 2R(0)p1p3.

The amplitude and energy ratios corresponding to the reflected and refracted SH-waves

are given by Equations (5.20) and (5.23) with the following modified values

r0 = µTk0 cos θ0 + (µL − µT )a3(a3k0 cos θ0 + a1k0 sin θ0),

r1 = µTk2 cos θ1 + (µL − µT )a3(a3k2 cos θ1 − a1k2 sin θ1),

r2 = µ
(0)
T k′2 cos θ2 + (µ

(0)
L − µ

(0)
T )a3(a3k

′
2 cos θ2 + a1k

′
2 sin θ2),

J1 = −k2[µT cos θ1 + (µL − µT )a3(a3 cos θ1 − a1 sin θ1)],

J2 = k′2[µ
(0)
T cos θ2 + (µ

(0)
L − µ

(0)
T )a3(a3 cos θ2 + a1 sin θ2)].
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These results are similar to those of Singh and Tomar (2007b).

Case II: When the two half-spaces H and H ′ reduce to homogeneous isotropic elastic

media, the problem reduces to the reflection and refraction of SH-waves between two

dissimilar isotropic elastic half-spaces. Under this condition,

P (0) = Q(0) = µ
(0)
T = µ

(0)
L = µ0, P = Q = µT = µL = µ,

R(0) = R = 0, c22 =
µ

ρ
, c′22 =

µ0

ρ0
.

The amplitude and energy ratios corresponding to the reflected and refracted SH-waves

are given by Equations (5.20) and (5.23) with the following modified values

r0 = µk0 cos θ0, r1 = µk2 cos θ1, r2 = µ0k
′
2 cos θ2, J1 = −k2µ cos θ1, J2 = k′2µ0 cos θ2.

These results exactly match with that of Achenbach (1976).

5.8 Numerical results and discussion

For the numerical computations, we take the following relevant parameters for fibre-

reinforced elastic half-space, H, and the non-homogeneous fibre-reinforced elastic half

space, H ′ (Chattopadhyay and Singh, 2012).

For the homogeneous half-space H:

µL = 7.07× 109N/m2, µT = 3.5× 109N/m2, ρ = 1600Kg/m3.

For the non-homogeneous half space H ′:

µ
(0)
L = 5.66×109N/m2, µ

(0)
T = 2.46×109N/m2, ρ0 = 7800Kg/m3, a1 = 0.00316227,

ε = 0.0, 0.1, 0.2.

The variation of the modulus of amplitude ratios corresponding to the reflected and

refracted SH-waves with the angle of incidence, θ0, is depicted in Figures 5.2 and 5.3

with and without fibre-reinforcement at different values of inhomogeneity parameter,

ε.
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Figure 5.2: Variation of the modulus of amplitude ratio, A/A0 with θ0.

Figure 5.3: Variation of the modulus of amplitude ratio, B/A0 with θ0.
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Figure 5.4: Variation of the modulus of energy ratio, E1 with θ0.

Figure 5.5: Variation of the modulus of energy ratio, E2 with θ0.
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In Figures 5.2(a) and 5.2(b), the amplitude ratio, A/A0 corresponding to the reflected

SH-wave starts from certain values and increases with the increase of θ0 which attains

the maximum value at the grazing angle of incidence. The values of A/A0 decrease

with the increase of ε. All the Curves I, II and III in Figures 5.3(a) and 5.3(b) show

that B/A0 corresponding to the refracted SH-wave decreases with the increase of θ0

and attains the minimum value at the grazing angle of incidence. The values of B/A0

increase with the increase of ε.

Figures 5.4 and 5.5 show the variation of the modulus of energy ratios corresponding

to the reflected and refracted SH-waves with θ0, with and without fibre-reinforcement

at different values of ε. In Figures 5.4(a) and 5.4(b), E1 corresponding to the reflected

SH-wave starts from certain values and increases upto θ0 = 880 and decreases to

θ0 = 890 which increases thereafter with the increase of θ0. E2 corresponding to the

refracted SH-wave in Figures 5.5(a) and 5.5(b) starts from certain values and decreases

with the increase of θ0 and attains the minimum value at the grazing angle of incidence.

We have observed that the sum of energy ratios is close to unity.

5.9 Conclusion

The problem of reflection and refraction of SH-waves at the plane interface between

the homogeneous fibre-reinforced half-space and the non-homogeneous fibre reinforced

half-space has been investigated. The amplitude and energy ratios corresponding to

the reflected and refracted SH-waves have been obtained and computed numerically.

We may conclude the following points:

(i) The amplitude and energy ratios corresponding to the reflected and refracted SH-

waves are functions of elastic constants, fibre orientation, inhomogeneity parameter

and angle of incidence.

(ii) The amplitude ratio, A/A0 and energy ratio, E1 attain the maximum value at

grazing angle of incidence.
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(iii) The values of A/A0 and E1 decrease with the increase of inhomogeneity parameter,

ε.

(iv) The values of A/A0 and E1 with fibre-reinforcement are greater than those values

without fibre-reinforcement.

(v) The values of B/A0 and E2 increase with the increase of ε.

(vi) The sum of energy ratios is close to unity.
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Chapter 6

Summary and Conclusion

In the present thesis, some problems of reflection and refraction of elastic waves from a

plane boundary have been discussed. Using appropriate boundary conditions, we have

obtained the amplitude and energy ratios corresponding to the reflected and refracted

waves. We have seen that these ratios are function of the elastic parameters and angle

of incidence. These ratios are computed numerically for a particular model and the

results are depicted graphically.

Chapter 1 is the general introduction which includes basic definitions, Cauchy’s first

law of motion, Helmholtz decomposition of a vector, Cardan’s method, Cramer’s rule,

Seismic waves, applications of wave propagation, fibre-reinforced composite materials,

thermoelastic saturated porous materials and review of literatures.

In chapter 2, the problem of reflection of elastic waves due to incident longitudinal

wave at the plane free boundary of thermally conducting fibre-reinforced composite

materials has been investigated. There can exist three waves which are two coupled

longitudinal waves and an uncoupled transverse wave in the linear thermoelastic com-

posite materials. We have obtained the amplitude and energy ratios of the reflected

waves analytically and numerically. All the amplitude and energy ratios are found to be

the functions of the elastic parameters, thermal parameters and angle of incidence. The

values of non-dimensional phase velocity corresponding to longitudinal wave increase
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with the increase in specific heat of the material medium, while the non-dimensional

phase velocity corresponding to thermal wave is not much affected with the change of

specific heat. We have seen that the sum of energy ratios of the reflected waves is close

to unity.

In chapter 3, the problem of the reflection of elastic waves due to incident longi-

tudinal and transverse waves at a plane free boundary of a thermoelastic saturated

porous material has been investigated. We have obtained the amplitude and energy

ratios corresponding to the reflected waves separately for the case of incident longitu-

dinal wave and for the case of incident transverse wave. We have observed that all the

amplitude and energy ratios are functions of the angle of incidence, Biot’s parameter,

porosity, elastic parameters and the coefficients of thermal stress. It is found that all

the amplitude and energy ratios have critical angles for the incident transverse wave.

We also observed that the critical angles of the amplitude and energy ratios for the

incident transverse wave may be different for different values of Biot’s parameter but

same critical angle is observed for different values of porosity. The sum of energy ratios

is also found to be close to unity in this problem.

In chapter 4, the problem of reflection and refraction of elastic waves from a plane

interface between two dissimilar incompressible fibre-reinforced elastic half-spaces has

been investigated. With the help of boundary conditions, i.e., continuities of stress

tensors and displacements at the interface, the reflection and refraction coefficients

corresponding to the reflected and refracted waves are obtained analytically and nu-

merically. The energy ratios corresponding to the reflected and refracted waves are also

presented. It is found that the reflection and refraction coefficients and energy ratios

are functions of angle of incidence, unit displacement components, slowness factors

and elastic constants. We have seen that the effect of slowness on the reflection and

refraction coefficients is minimum near the grazing angle of incidence.

In chapter 5, the problem of reflection and refraction of SH-waves due to plane in-
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terface between the homogeneous and the non-homogeneous fibre-reinforced half-spaces

has been investigated. The amplitude and energy ratios corresponding to the reflected

and refracted SH-waves have been obtained analytically and numerically. The am-

plitude and energy ratios corresponding to the reflected and refracted SH-waves are

found to be the functions of elastic constants, fibre orientation, inhomogeneity param-

eter and angle of incidence. We have observed that the sum of energy ratios is close to

unity.
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Article

Incident longitudinal wave at a
fibre-reinforced thermoelastic half-space

SS Singh and C Zorammuana

Abstract

The problem of reflection of plane waves due to an incident longitudinal wave at a plane free fibre-reinforced thermo-

elastic half-space has been investigated. There exist three types of plane waves which are longitudinal, transverse and

thermal waves in the thermoelastic medium. The analytical expressions of their velocities are obtained and it is observed

that they depend on the angle of propagation. Using appropriate boundary conditions, the amplitude and energy ratios

for the reflected waves are derived and computed numerically.

Keywords

Fibre-reinforced thermoelastic materials, longitudinal wave, transverse wave, thermal wave, amplitude ratio, energy ratio

1. Introduction

The analysis of stress and strain in fibre-reinforced
composite materials is an important area of research
in solid mechanics. Structures made up of fibre-
reinforced materials are very useful due to their low
weight and high strength. The characteristic property
of a reinforced composite material is that its compo-
nents act together as a single anisotropic unit as long as
they remain in the elastic condition. This means that
the components in the reinforced composite material
are bound together so that there is no relative displace-
ment between them. Spencer (1941) explained the con-
cept of deformation in fibre-reinforced materials.
Nayfeh and Nasser (1971) discussed the problem of
thermoelastic waves in solids with thermal relaxation.
They used the Maxwell’s modified heat conduction
equation to explain plane harmonic waves in
unbounded media as well as Rayleigh’s surface waves
propagating along a half-space consisting of linearly
elastic materials that conduct heat. Dhaliwal and
Sherief (1980) discussed the problem of generalized
thermoelasticity for anisotropic media. They proved
the uniqueness theorem of the governing equation of
generalized thermoelasticity for an anisotropic media
and explained the variation principle for the equation
of motion. Belfield et al. (1983) investigated the aniso-
tropic characters of fibre-reinforced composite mater-
ials and presented the equation of motion in such a
medium. Sharma and Singh (1985) studied the problem

of thermoelastic surface waves in a transversely iso-
tropic half-space with thermal relaxations and derived
the dispersion relation.

Sengupta and Nath (2001) discussed the problem of
surface waves in fibre-reinforced anisotropic elastic
media. They derived the frequency equation for the
surface waves. Chattopadhyay et al. (2002) studied
the problem of reflection of quasi- P and quasi- SV
waves at the free and rigid boundaries of a fibre-
reinforced medium. They obtained the expressions of
phase velocities of quasi- P and quasi- SV waves. Singh
and Khurana (2002) attempted the problem of reflec-
tion of P and SV waves at the free surface of a mono-
clinic elastic half-space. They obtained a method to
obtain the angles of propagation of reflected waves in
the anisotropic medium and derived the reflection coef-
ficients of the reflected waves. Singh (2006) investigated
the problem of propagation of plane waves in a fibre-
reinforced, anisotropic, generalized thermoelastic
media and derived the frequency equation.
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Ponnusamy (2007) studied the problem of wave propa-
gation in a generalized thermoelastic solid cylinder of
arbitrary cross-section using Fourier expansion collo-
cation method and derived the frequency equation.
Aouadi (2008) discussed the problem of generalized
theory of thermoelastic diffusion for anisotropic
media and presented the governing equation for gener-
alized thermoelastic diffusion media with one relax-
ation time. Abbas and Abd-alla (2011) studied the
problem of generalized thermoelastic interaction in an
infinite fibre-reinforced anisotropic plate containing a
circular hole using the Lord and Shulman (1967)
theory. They investigated the effects of the presence
and absence of reinforcement on temperature, stress
and displacement using a finite-element method.
Abbas (2011) discussed a two-dimensional problem
for a fibre-reinforced anisotropic thermoelastic half-
space with energy dissipation using the Green and
Naghdi (1993) theory and the results with energy dissi-
pation and without energy dissipation are compared.
Ponnusamy and Rajagopal (2011) investigated the
problem of wave propagation in a transversely
isotropic thermoelastic solid cylinder of arbitrary
cross-section. They obtained the frequency equations
for longitudinal and flexural (symmetric and antisym-
metric) modes of vibration and computed numerically
for elliptic and parabolic cross-sectional zinc cylinders.
Some problems of wave propagation in the thermoelas-
tic materials have been discussed by Anderson (1961),
Singh and Sharma (1985), Sharma et al. (2000), Singh
(2003, 2004), Singh and Singh (2004), Tomar and Singh
(2006), Singh and Tomar (2007), Tian et al. (2007),
Kumar and Kansal (2008), Kumar and Devi (2010),
Sharma (2008, 2010) and Verma (2011a,b).

In this paper, the problem of incident longitudinal
wave at a plane free boundary of thermally conducting
linear fibre-reinforced composite half-space has been
attempted within the context of Lord–Shulman
theory. Using appropriate boundary conditions, we
have obtained the amplitude and energy ratios of the
reflected waves. These ratios are computed numerically
for a particular model and the results are depicted
graphically.

2. Basic equations

The linear equations governing thermoelastic inter-
actions in homogeneous anisotropic solid may be writ-
ten as (Singh, 2006):

(i) strain and displacement relation

eij ¼
ui,j þ uj,i

2
; ði, j ¼ 1, 2, 3Þ ð1Þ

(ii) stress, strain and temperature relation

tij ¼ Cijklekl � �ijT; ði, j, k, l ¼ 1, 2, 3Þ ð2Þ

(iii) equation of motion

tij,j þ �Fi ¼ � €ui; ði, j ¼ 1, 2, 3Þ ð3Þ

(iv) heat conduction equation

KijT, ij ¼ T0�ij _ui,j þ �Ce
_T; ði, j ¼ 1, 2, 3Þ ð4Þ

where � is density, ui ¼ ðu1, u2, u3Þ, T is the temperature
change of a material particle, T0 is the reference uni-
form temperature of the body, Kij is the thermal con-
ductivity tensor, Cijkl are the elastic parameters, �ij is
the thermal elastic coupling tensor, Ce is the specific
heat at constant strain and the superimposed dot
denotes the differentiation with respect to time, while
comma is used for spatial derivatives.

Let us consider a two-dimensional xy-plane so that
the displacement u ¼ ðu1, u2, 0Þ and

@
@z � 0. Consider the

Cartesian coordinate system in which the x- and z-axes
are perpendicular to one another and laying horizon-
tally, while the y-axis is vertical with the positive direc-
tion pointing vertically downward. The requisite
components of stress tensor are given (see Singh,
2006) as

t11 ¼ c11u1,1 þ c12u2,2 � �1T, t12 ¼ c0ðu1,2 þ u2,1Þ,

t22 ¼ c13u1,1 þ c33u2,2 � �2T

where

c11 ¼ �þ 2�þ 4�L � 2�T þ �, c12 ¼ c13 ¼ �þ �,

c22 ¼ c33 ¼ �þ 2�T

c55 ¼ 2�T, c0 ¼ �L, �1 ¼ ðc11 þ c12Þ�1 þ c12�2,

�2 ¼ ðc12 þ c22 � c55Þ�1 þ c22�2

�,�,�, �L,�T are material constants and �1,�2 are
coefficients of linear thermal expansion.

Inserting these stress components into (3), the equa-
tions of motion without body force and heat source
densities for a generalized thermoelastic fibre-rein-
forced elastic material are given by

c11u1,11 þ ðc12 þ c0Þu2,12 þ c0u1,22 � �1T,1 ¼ � €u1 ð5Þ

c22u2,22 þ ðc12 þ c0Þu1,12 þ c0u2,11 � �2T,2 ¼ � €u2 ð6Þ

K1T,11 þ K2T,22 � �Ceð _Tþ �0 €TÞ

¼ T0½�1ð _u1,1 þ �0 €u1,1Þ þ �2ð _u2,2 þ �0 €u2,2Þ� ð7Þ
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where K1,K2 are coefficients of thermal conductivity,
and �0 is thermal relaxation time. In the equations of
motion given by (5)–(7), the displacement components
u1, u2 and the thermal variable T are coupled with one
another.

In the absence of thermal effect, i.e., �1 ¼ �2 ¼ 0,
K1 ¼ K2 ¼ 0, Ce ¼ 0 and the above equations of
motion reduce to

c11u1,11 þ ðc12 þ c0Þu2,12 þ c0u1,22 ¼ � €u1 ð8Þ

c22u2,22 þ ðc12 þ c0Þu1,12 þ c0u2,11 ¼ � €u2 ð9Þ

There is coupling between the displacement components
u1 and u2 and these equations correspond to the equa-
tions of motion in the fibre-reinforced elastic medium.

3. Propagation speed of plane waves

Suppose that the displacement components of the inci-
dent waves due to longitudinal wave, transverse wave
and thermal wave are represented by

u1 ¼ A expð{PÞ, u2 ¼ B expð{PÞ, T ¼ C expð{PÞ

ð10Þ

where A, B and C are the amplitude constants, P ¼ !t�
kðx sin � � y cos �Þ is the phase factor and !ð¼ kcÞ is the
angular frequency.

In the case of reflection from a plane free boundary,
the displacements are given by

u1 ¼Aexpð{P0Þ, u2 ¼Bexpð{P0Þ, T¼Cexpð{P0Þ ð11Þ

where P0 ¼ !t� kðx sin � þ y cos �Þ is the phase factor.
Using Equations (10) and (11) into (5)–(7), we have

�ðD1 � �c
2ÞA� ðc12 þ c0Þ sin � cos �Bþ

i

k
�1 sin �C ¼ 0

ð12Þ

�ðc12 þ c0Þ sin � cos �A� ðD2 � �c
2ÞB�

i

k
�2 cos �C ¼ 0

ð13Þ

��T0�1c
2 sin �A� ��T0�2c

2 cos �B

�
i

k
ðD3 � �c

2��CeÞC ¼ 0 ð14Þ

where the upper sign corresponds to the incident waves
while the lower sign corresponds to the reflected waves,
the expressions of D1, D2, D3 and �

� are given by

D1ð�Þ ¼ c11 sin
2 �þ c0 cos

2 �, D2ð�Þ ¼ c0 sin
2 �þ c22 cos

2 �

D3ð�Þ ¼K1 sin
2 �þK2 cos

2 �, �� ¼ �0� {=ðkcÞ

For the non-trivial solutions in Equations (12)–(14), the
determinant of the coefficient matrix must vanish which
gives

�0	
3 þ�1	

2 þ�2	 þ�3 ¼ 0 ð15Þ

where

	 ¼ �c2

�0 ¼ �
�

�1 ¼�D1�
� �D2�

� �D4�
��T0�

2
2 cos

2 �

�Ce
�
��T0�

2
1 sin

2 �

�Ce

�2 ¼D1D2�
� þD1D4þD2D4þ

��T0�
2
2 cos

2 �

�Ce
D1

þ
��T0�

2
1 sin

2 �

�Ce
D2� �

�ðc12þ c0Þ
2 sin2 � cos2 �

� 2
c12þ c0
�Ce

� �
��T0�1�2 sin

2 � cos2 �

�3 ¼�D1D2D4þðc12þ c0Þ
2 sin2 � cos2 �D4 & D4 ¼

D3

Ce

Applying Cardan’s method in Equation (15), we get


3 þ 3H
 þ G ¼ 0 ð16Þ

where


 ¼ ��	 þ�1=3, H ¼ ð3���2 ��2
1Þ=9,

G ¼ ð27��2�3 � 9���1�2 þ 2�3
1Þ=27

The three roots of Equation (16) are given by


1 ¼ h1 þ h2, 
2 ¼ h1gþ h2g
2, 
3 ¼ h1g

2 þ h2g

where

h31 ¼ �Gþ ðG
2 þ 4H3Þ

1=2
� �

=2,

h32 ¼ �G� ðG
2 þ 4H3Þ

1=2
� �

=2, g ¼ ð�1�
ffiffiffiffiffiffiffi
�3
p
Þ=2

is the cube root of unity.
Thus, we get the three roots of Equation (15) as

	1 ¼ ð
1 ��1=3Þ=�
�, 	2 ¼ ð
2 ��1=3Þ=�

�,

	3 ¼ ð
3 ��1=3Þ=�
� ð17Þ

These roots 	1, 	2 and 	3 give the propagation speeds
of three waves. The modulus of these speeds of propa-
gation have been depicted graphically through
Figures 1–3. We have observed that these velocities
depend on the angle of propagation, material constants
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Figure 2. Variation of the modulus of the non-dimensional velocity 	2 with �0.

Figure 1. Variation of the modulus of the non-dimensional velocity 	1 with �0.
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and thermal parameters of the medium. These values
are complex, i.e. they have attenuation parts, and these
attenuation parts will be depicted graphically.

a. When the medium is in the absence of a thermal
effect, the following quantities reduce to zero:

�1¼ �2¼ 0, K1¼K2¼K¼ 0, �0¼ 0, D4¼ 0, �3¼ 0

and Equation (15) reduces to

	2 þ B1	 þ B2 ¼ 0 ð18Þ

where B1 ¼ �ðD1 þD2Þ and B2 ¼ D1D2�

ðc12 þ c0Þ
2 sin2 � cos2 �:

This equation gives the expression for velocity of
longitudinal (qP-wave) and transverse waves (qSV-
wave) in fibre-reinforced elastic medium as

2�c2 ¼ D1 þD2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD1 �D2Þ

2
þ 4ð�þ �þ �LÞ

2 sin2 � cos2 �

q
:

ð19Þ

These results are the same results as those of Singh
and Singh (2004) for fibre-reinforced materials.

b. When the medium reduces to isotropic medium, we
have

�L ¼ �T ¼ �, � ¼ � ¼ 0, c11 ¼ c22 ¼ �þ 2�,

c0 ¼ �, c12 ¼ �

Under this condition, the Equation (15) reduces to

	2 þ B1	 þ B2 ¼ 0 ð20Þ

so that

B1 ¼ �ðD1 þD2Þ, B2 ¼ D1D2 � ð�þ �Þ
2 sin2 � cos2 �

D1 ¼ ð�þ 2�Þ sin2 � þ � cos2 �,

D2 ¼ ð�þ 2�Þ cos2 � þ � sin2 �

This equation gives respectively the phase speeds of
longitudinal (P-wave) and transverse waves (SV-
wave) as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�þ 2�Þ=�

p
and

ffiffiffiffiffiffiffiffiffi
�=�
p

for the isotropic
elastic solid.

4. Reflection phenomena

Consider a homogeneous thermally conducting
transversely isotropic fibre-reinforced medium

Figure 3. Variation of the modulus of the non-dimensional velocity 	3 with �0.
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(M : 0 � y51) in the undeformed state at a uniform
temperature T0. The direction of the fibre is assumed to
be parallel to x-axis. If a plane wave of longitudinal
nature making an angle �0 with the y-axis is incident
at the stress free boundary, y¼ 0 there are reflected
waves which are a longitudinal wave, transverse wave
and thermal wave in the half-space M. The geometry of
the problem is given by Figure 4.

The total displacement due to incident and reflected
waves in the half-space M may be given (see Singh,
2006) as

u1 ¼ A0 expð{P0Þ þ
X3
j¼1

Aj expð{Pj Þ ð21Þ

u2 ¼ a0A0 expð{P0Þ þ
X3
j¼1

ajAj expð{Pj Þ ð22Þ

T ¼ b0A0 expð{P0Þ þ
X3
j¼1

bjAj expð{Pj Þ ð23Þ

where P0 ¼ !t� k0ðx sin �0 � y cos �0Þ is the phase
factor of the incident longitudinal wave at angle �0

with A0 as amplitude constant, Pj ¼ !t� kj ðx sin �jþ
y cos �j Þ ð j ¼ 1, 2, 3Þ are the phase factors of the
reflected waves corresponding to amplitude constants
Aj at angles �j and expressions of the coupling constants
a0, b0, aj and bj are given as

a0 ¼
ð�2M0 � L1�1 sin

2 �0Þ cos �0
ðL1�2 cos2 �0 � �1N0Þ sin �0

,

b0 ¼ �{k0
ðM0N0 � L2

1 sin
2 �0 cos

2 �0Þ

ðN0�1 � L1�2 cos2 �0Þ sin �0

aj ¼
ðL1�1 sin

2 �j � �2Mj Þ cos �j
ðL1�2 cos2 �j � �1Nj Þ sin �j

,

bj ¼ �{kj
ðMjNj � L2

1 sin
2 �j cos

2 �j Þ

ðNj�1 � L1�2 cos2 �j Þ sin �j

L1 ¼ c12 þ c0, M0 ¼ D0
1 � 	1, N0 ¼ D0

2 � 	1,

D0
1 ¼ c11 sin

2 �0 þ c0 cos
2 �0

D0
2 ¼ c0 sin

2 �0þ c22 cos
2 �0, Mj ¼Dj

1� 	j, Nj ¼Dj
2� 	j

Dj
1 ¼ c11 sin

2 �jþ c0 cos
2 �j, Dj

2 ¼ c0 sin
2 �jþ c22 cos

2 �j

ð j¼ 1,2,3Þ

Figure 4. Geometry of the problem.
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We have seen that longitudinal, thermal and transverse
waves are coupled with one another. The Snell’s law of
this problem which gives the relation of the angles of
incident and reflected waves is given by

k0 sin �0 ¼ k1 sin �1 ¼ k2 sin �2 ¼ k3 sin �3 ð24Þ

5. Boundary conditions

The boundary of the half-space y¼ 0 is free from mech-
anical stresses, i.e. all components of stress tensor must
vanish at y¼ 0. Mathematically, these conditions may
be expressed as: at y¼ 0

c12u1,1 þ c22u2,2 � �2T ¼ 0 ð25Þ

u1,2 þ u2,1 ¼ 0 ð26Þ

T,y ¼ 0 ð27Þ

Here, Equations (25) and (26) are due to vanishing of
normal and shear components of stress tensor, while
Equation (27) is due to vanishing of temperature gra-
dient on the free boundary surface.

Substituting the expressions of u1, u2 and T from
Equations (21)–(24) into the boundary conditions
(25)–(27), we have

r1
A1

A0
þ r2

A2

A0
þ r3

A3

A0
þ r0 ¼ 0 ð28Þ

s1
A1

A0
þ s2

A2

A0
þ s3

A3

A0
þ s0 ¼ 0 ð29Þ

q1
A1

A0
þ q2

A2

A0
þ q3

A3

A0
þ q0 ¼ 0 ð30Þ

where

r0 ¼ �{c12 sin �0 þ {c22a0 cos �0 � �2b0=k0,

s0 ¼ cos �0 � a0 sin �0, q0 ¼ b0 cos �0=k0

rj ¼ �{c12 sin �0 � {c22ajkj cos �j=k0 � �2bj=k0,

sj ¼ �kj cos �j=k0 � aj sin �0

qj ¼ �bjkj cos �j=k
2
0 ð j ¼ 1, 2, 3Þ

These equations will give the amplitude ratios corres-
ponding to the reflected waves.

6. Amplitudes and energy

The amplitudes and energy corresponding to the inci-
dent and reflected waves are given by solving the
boundary conditions.

6.1. Amplitude ratios

Solving Equations (28)–(30), we have

A1

A0
¼

r0ðs3q2 � s2q3Þ þ r2ðs0q3 � s3q0Þ þ r3ðs2q0 � s0q2Þ

r1ðs2q3 � s3q2Þ þ r2ðs3q1 � s1q3Þ þ r3ðs1q2 � s2q1Þ

ð31Þ

A2

A0
¼

r1ðs3q0 � s0q3Þ þ r0ðs1q3 � s3q1Þ þ r3ðs0q1 � s1q0Þ

r1ðs2q3 � s3q2Þ þ r2ðs3q1 � s1q3Þ þ r3ðs1q2 � s2q1Þ

ð32Þ

A3

A0
¼

r1ðs0q2 � s2q0Þ þ r2ðs1q0 � s0q1Þ þ r0ðs2q1 � s1q2Þ

r1ðs2q3 � s3q2Þ þ r2ðs3q1 � s1q3Þ þ r3ðs1q2 � s2q1Þ

ð33Þ

These equations give the amplitude ratios of the
reflected coupled waves. We have observed that these
ratios depend on the thermal parameters, material con-
stants and the angle of incidence of the incident wave.

In the absence of thermal effect, i.e. �1 ¼ �2 ¼ 0,
K1 ¼ K2 ¼ 0, �0 ¼ 0,D4 ¼ 0 and Ce ¼ 0, the equations
of motion reduce to Equations (8) and (9). There is no
more thermal wave. Using the first two boundary con-
ditions given in Equations (25) and (26), the expression
of the amplitude ratios are given by

A1

A0
¼

r2s1 � r1s2
r1s2 þ s1r2

,
A2

A0
¼

2r1s1
r1s2 þ s1r2

where

s0 ¼ �s1 ¼ cos �1 þ a1 sin �1,

s2 ¼ �c1 cos �2=c2 � a2 sin �1

r0 ¼ r1 ¼ �c12 sin �1 � c22a1 cos �1,

r2 ¼ c12 sin �1 þ c22a2c1 cos �2=c2

These results are the same results as those of Singh and
Singh (2004) for the relevant problem.

6.2. Energy ratios

Consider the energy partition of the various reflected
waves due to incident longitudinal wave at the plane
free surface y ¼ 0: The rate of energy transmission is
given by Achenbach (1976) as

p� ¼ t22 _u2 þ t21 _u1 ð34Þ

The energy equation due to incident wave is given by

Einc ¼ J0!A
2
0 exp½2{f!t� k0ðx sin �0 � y cos �0Þg� ð35Þ

where J0 ¼ {k0r0a0 � k0c0s0:
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The energy ratios of the various reflected waves are
defined as the ratios of energy corresponding to the
reflected waves to the energy of the incident wave.
The modulus of energy ratios of the coupled reflected
waves are given as

E1 ¼
J1
J0

����
���� A1

A0

����
����
2

, E2 ¼
J2
J0

����
���� A2

A0

����
����
2

, E3 ¼
J3
J0

����
���� A3

A0

����
����
2

ð36Þ

where J1 ¼ �{k0r1a0 � k0c0s1, J2 ¼ {k0r2a2 � k0c0s2
and J3 ¼ {k0r3a3 � k0c0s3.

These energy ratios of the reflected waves are the
functions of the amplitude ratios, thermal parameters,
material constants and the angle of incidence of the
incident wave.

7. Discussion of numerical computation

For the numerical computations, we take the following
values of the relevant parameters for fibre-reinforced
thermoelastic materials M (modified values of Singh,
2006) as

� ¼ 1:65	 1010 N=m2, �T ¼ 2:46	 1010 N=m2,

�L ¼ 6:66	 1010 N=m2

� ¼ �1:18	 1010 N=m2, � ¼ 10:09	 1010 N=m2,

K1 ¼ 2:45	 103 Jm�1 deg�1 s�1

K2 ¼ 2:63	 103 Jm�1 deg�1 s�1,

�1 ¼ 0:017	 104 deg�1, �2 ¼ 0:015	 104 deg�1

Ce ¼ 0:154	 103 J kg�1 deg�1, T0 ¼ 293K,

�0 ¼ 10 s, � ¼ 2660 kg=m3, ! ¼ 5 s�1

The variation of the non-dimensional velocity 	1, 	2 and
	3 with angle of incidence are depicted in Figure 1–3
and 5–7 for different values of specific heat Ce. In
Figure 1, the modulus of non-dimensional velocity,
	1, corresponding to the reflected longitudinal wave
increases with the increase of angle of incidence up to
certain value of �0 and then it decreases thereafter. We
have observed that the values of 	1 increases with the
increase of Ce. In Figure 5, the non-dimensional attenu-
ation part of 	1 shows similar behaviour with the vari-
ation of modulus of 	1, but here in this condition with
the increase of Ce, the attenuation values decrease.
Figures 2 and 6 show that the variation of the modulus
of the values of 	2 and its attenuation part decreases

Figure 5. Variation of the attenuation part of non-dimensional 	1 with �0.
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Figure 6. Variation of the attenuation part of non-dimensional 	2 with �0.

Figure 7. Variation of the attenuation part of non-dimensional 	3 with �0.
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with the increase of �0 and it is obtained that the non-
dimensional velocity corresponding to thermal waves is
not affected much with the change of Ce. The variation
of the non-dimensional velocity, 	3 corresponding to
transverse waves is shown in Figures 3 and 7. We
have observed that the modulus of 	3 starts from cer-
tain value which decreases until �0 ¼ 24
 and thereafter
increases with the increase of �0. The value of 	3 is not
affected much by the change of Ce near �0 ¼ 24
 but its
effect increases after this value of angle of incidence. It
may be noted that the attenuation part of 	3 decreases
with the increase of �0 and make a parabolic region in
26
 � �0 � 90
. Figure 8 depicts the variation of amp-
litude ratios A1=A0, A2=A0 	 10 and A3=A0 of the
reflected waves with the angle of incidence. Curve I
shows that the variation of A1=A0 starts from certain
value and decreases sharply to �0 ¼ 2
 and, then,
increases to �0 ¼ 28
 which decreases thereafter attain-
ing the minimum value at �0 ¼ 74
 and then increases
sharply. Curve II shows the variation of A2=A0 	 10
has two parabolic regions, i.e. 0 � �0 � 33
 and
33
 � �0 � 90
. In curve III, the values of A3=A0

increase sharply in the region 0
 � �0 � 2
 and then
decreases to �0 ¼ 30
 which then increases again to
� ¼ 50
, thereby decreasing the values of A3=A0 with

the increase of �0. Figure 9 shows the variation of
modulus of energy ratios, E1, E2 and E3 of the reflected
waves with angle of incidence. In curve I, E1 starts from
certain value and then decreases sharply to �0 ¼ 2
.
It increases to �0 ¼ 28
 and then decreases again to
�0 ¼ 74
 and thereafter E1 increases with the increase
of �0. Curve II shows that E2 increases to �0 ¼ 20
 from
certain value and then, decreases to �0 ¼ 33
. It
increases again to �0 ¼ 64
 and thereafter E2 decreases
with the increase of �0. In Curve III, the modulus of E3

increases sharply in the region 0
 � �0 � 2
 and then
decreases to �0 ¼ 42
. Again it increases with the
increase of �0 to 66
, and decreases thereafter with the
increase of �0. We have observed that the sum of energy
ratios is close to unity.

8. Conclusion

The problem of reflection of elastic waves for the inci-
dent longitudinal wave at the plane free boundary of
thermally conducting fibre-reinforced composite mater-
ials has been investigated. We have observed that there
are three coupled waves, i.e. longitudinal waves, ther-
mal waves and transverse waves can exist in the linear
thermoelastic composite materials. The amplitude and

Figure 8. Variation of the modulus of amplitude ratios of the reflected waves with �0.
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energy ratios corresponding to the reflected waves have
been obtained and computed numerically. We may con-
clude that:

(i) all of the amplitude and energy ratios are functions
of the elastic parameters, thermal parameters and
angle of incidence;

(ii) the values of non-dimensional velocity correspond-
ing to a longitudinal wave increase with the
increase in specific heat Ce;

(iii) the non-dimensional velocity corresponding to a
thermal wave is not affected much with the
change of specific heat Ce;

(iv) the results of Singh and Singh (2004) are recovered
from our analysis; and

(v) the sum of energy ratios is found to be close to
unity at free surface during reflection at each
angle of incidence.
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Abstract

The phenomena of reflection and refraction of elastic waves due to incident plane
wave at an interface between two dissimilar incompressible transversely isotropic
fibre-reinforced elastic half-spaces has been investigated. The expressions of the
reflection and refraction coefficients corresponding to the reflected and refracted
waves are derived by using appropriate boundary conditions. These coefficients and
energy ratios are found to be the functions of angle of incidence, elastic constants
and unit displacement vectors. These coefficients are also computed numerically
for a particular model.
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1. Introduction

The subject of elastic wave propagation and their phenomena of reflection and refraction
is an interesting area of research. This study is very common in the field of seismology,
geophysics and earthquake engineering. Elastic waves carry lots of information about
the characteristics of the medium through which they travel and thus, it becomes a very
reliable tool to the exploration cites. The technique of elastic wave propagation is being
used in the exploration of hydrocarbons by oil companies and for detection of valuable
materials buried beneath the Earth surface. In this problem, a continuum model is used to
explain the mechanical properties of fibre-reinforced composite materials with the help
of wave propagation. In the composite material, the Fibres are assumed to be an inherent
material property, rather than some form of inclusion as described by Spencer (1972).
The characteristic property of reinforced composites is that its components act together
as a single anisotropic unit as long as they remain in the elastic condition. Composite
materials are widely used in many structural components of various engineering fields
due to their high strength, low weight and excellent durability. Belfield et al.(1983)
explained the anisotropic characters of fibre-reinforced composite materials. Chadwick
(1985) investigated the problem of general analysis of transonic states in an anisotropic
elastic body explaining that the basic characteristics of surface waves in an anisotropic
elastic body depend crucially on the transonic states, defined by the sets of the parallel
tangents to a centred section of the slowness surface. Baylis and Green (1986) studied the
problem of flexural waves in fibre-reinforced laminated plates. Researchers attempted
various problems in the composite materials and notable among them are Chadwick
(1989), Chattopadhyay and Choudhury (1990, 1995), Rogerson (1991, 1992), Green
(1991), Hart and Shi (1994), Ogden and Sotiropoulos (1997), Pradhan et al. (2003),
Singh and Singh (2004), Chattopadhyay (2004), Tomar and Co-worker (2006, 2007a,
2007b), Sevostianov et al. (2006), Chattopadhyay and Rajneesh (2006), Chattopadhyay
and Venkateswarlu (2007), Chen et al. (2011) and Horgan and Murphy (2011).

Green (1982) investigated the problem of bending waves in strongly anisotropic
elastic plates and obtained the dispersion relations for flexural waves (Lamb waves).
Dowaikh and Ogden (1990) studied the problem on surface waves and deformations in
a pre-stressed incompressible elastic solid. They derived the secular equation and anal-
ysed for particular deformations explaining the specific forms of strain-energy function.
Rogerson and Sandiford (2000) discussed asymptotic representations of the dispersion
relation for a two layers, pre-stressed incompressible elastic laminate. Chattopadhyay
and Rogerson (2001) investigated the problem of the reflection of waves in slightly
compressible, finitely deformed elastic media. They showed two distinct cases exist
which dependent on the underlying primary deformation. Sengupta and Nath (2001)
studied the problem of Rayleigh wave, Love wave and Stoneley wave in anisotropic
fibre-reinforced solid elastic media. Itskov and Aksel (2002) discussed the problem
of elastic constants and their admissible values for incompressible and slightly com-
pressible anisotropic materials. They derived the constitutive (stress-strain) relations
for incompressible anisotropic materials which cannot be obtained through the direct
inversion of the generalized Hooke’s law. Kossovich et al. (2002) studied the analy-
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sis of the dispersion relation for an incompressible transversely isotropic elastic plate.
They obtained the dispersion relation and derived asymptotic expansions, giving phase
speed and frequency as functions of wave number in both the long and short wave
regimes. Kumar et al. (2007) investigated the problem of surface wave propagation
in a fluid-saturated incompressible porous medium and derived the dispersion relation
connecting the phase velocity with wavenumber. Singh (2007) discussed the problem
of wave propagation in an incompressible transversely isotropic fiber-reinforced elastic
medium and obtained the reflection coefficients for the case of outer slowness section is
re-entrant. Othman and Song (2008) established the model equations for the generalized
magneto-thermoelasticity with two relaxation times in an isotropic elastic medium under
the effect of reference temperature on the modulus of elasticity. Recently, Singh and Zo-
rammuana (2014) solved the problem of incident longitudinal wave at a fibre-reinforced
thermoelastic half-space and obtained the amplitude and energy ratios of the reflected
waves.

In this paper, the problem of the reflection and refraction of elastic waves from
a plane interface between two dissimilar incompressible fibre-reinforced elastic half-
spaces has been discussed. The reflection and refraction coefficients corresponding to
the reflected and refracted waves along with their energy ratios are obtained. These
coefficients are computed numerically for a particular model and the results have been
depicted graphically.

2. Constitutive Relations

The constitutive relation for an incompressible transversely isotropic fibre-reinforced
elastic medium is given in Singh (2007) as

σ = −pI + 2µT ε + 2(µL − µT ){e ⊗ (εe) + (εe) ⊗ e} + 4(µE − µL){e(εe)}e ⊗ e, (1)

where ε is the infinitesimal strain, σ is the stress tensor, e is a unit vector defining the
axis of transversely isotropy, I denotes 3 × 3 identity tensor, µL is the longitudinal shear
modulus, µT is the transverse shear modulus and µE is a weighted shear modulus defined
as

µE = EL

ET

µT , (2)

where EL and ET are longitudinal and transverse Young’s moduli respectively. In such
materials, p is the pressure required to maintain the incompressibility constraint

tr ε = 0. (3)

Let us consider the Cartesian co-ordinate system Ox1x2x3, such that Ox1 is parallel
to the direction of transversely isotropy. Equation (1) in terms of the displacement
components, 2εij = ui,j + uj,i may be written as

σij = −pδij + 2µT εij + 2(µL − µT ){δi1εj1 + εi1δj1} + 4(µE − µL)ε11δi1δj1. (4)
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In particular, these stress tensors are given by

σ11 = 2(2µE − µT )u1,1 − p, σ22 = 2µT u2,2 − p, σ33 = 2µT u3,3 − p, (5)

σ12 = µL(u1,2 + u2,1), σ13 = µL(u1,3 + u3,1), σ23 = µT (u2,3 + u3,2).

The equation of motion for the elastic waves in an incompressible fibre-reinforced elastic
medium in the absence of body force is

σij,j = ρüi, (i, j = 1, 2, 3), (6)

where ρ denotes density of the medium and superimposed dot denotes the derivative
with respect to time. Inserting Equation (5) into (6), we get

2(2µE − µT )u1,11 + µL(u1,22 + u2,12) + µL(u1,33 + u3,13) − p,1 = ρü1, (7)

µL(u1,12 + u2,11) + 2µT u2,22 + µT (u2,33 + u3,23) − p,2 = ρü2, (8)

µL(u1,13 + u3,11) + µT (u2,23 + u3,22) + 2µT u3,33 − p,3 = ρü3. (9)

By the incompressibility condition, we get the following relation

u1,1 + u2,2 + u3,3 = 0. (10)

Equations (7)-(9) represent the equations of motion of the elastic waves in the incom-
pressible transversely isotropic fibre-reinforced elastic medium.

3. Problem Formulation

Let us consider two dimensional Cartesian co-ordinates system in x1x2-plane with x2-
axis vertically upward and the two dissimilar incompressible transversely isotropic elastic
half-spaces M : −∞ < x2 ≤ 0 and M ′ : 0 ≤ x2 < ∞ are separated by x2 = 0. The
parameters corresponding to the half-space M are denoted without prime, while the
parameters corresponding to the half-space M ′ are denoted with prime. We have the
following points

u1 ≡ u1(x1, x2, t), u2 ≡ u2(x1, x2, t), u3 ≡ 0,
∂

∂x3
≡ 0,

u′
1 ≡ u′

1(x1, x2, t), u′
2 ≡ u′

2(x1, x2, t), u′
3 ≡ 0,

∂

∂x′
3

≡ 0.

The equations of motion for the elastic waves in an incompressible fibre-reinforced
elastic half-space M in the absence of body force are

2(2µE − µT )u1,11 + µL(u1,22 + u2,12) − p,1 = ρü1, (11)
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µL(u1,12 + u2,11) + 2µT u2,22 − p,2 = ρü2. (12)

Similarly, the equations of motion for the elastic waves in an incompressible fibre-
reinforced elastic half-space M ′ are

2(2µ′
E − µ′

T )u′
1,11 + µ′

L(u′
1,22 + u′

2,12) − p′
,1 = ρ′ü′

1, (13)

µ′
L(u′

1,12 + u′
2,11) + 2µ′

T u′
2,22 − p′

,2 = ρ′ü′
2. (14)

Suppose an incident plane elastic wave propagating through the half-space, M with the
phase velocity v0 makes an angle θ0 with the normal. The incident plane wave give rises
two reflected waves in M and two refracted waves in the half-space M ′ because of our
assumption that u3 = 0, and u′

3 = 0. The displacement and pressure components in the
half-space M may be denoted by

u
(α)
i = A(α)d

(α)
i exp{ıkα(x1p

(α)
1 + x2p

(α)
2 − vαt)}, (15)

p(α) = kαB(α) exp{ıkα(x1p
(α)
1 + x2p

(α)
2 − vαt)}, i = 1, 2, (16)

where d(α) denotes unit displacement vector, kα is the wavenumber, p(α) is a unit vec-
tor which specifies the direction of the travelling waves in M , A(α) and B(α) are the
amplitudes of the elastic waves.

Similarly, the displacement and pressure components in the half-space M ′ may be
written as

u
′(β)
i = A′(β)d

′(β)
i exp{ık′

β(x1p
′(β)

1 + x2p
′(β)

2 − v′
βt)}, (17)

p′(β) = k′
βB ′(β) exp{ık′

β(x1p
′(β)

1 + x2p
′(β)

2 − v′
βt)}, i = 1, 2, (18)

where d′(β) denotes unit displacement vector, k′
β is the wavenumber, p′(β) is a unit

vector which specifies the direction of the travelling waves in M ′, A′(β) and B ′(β) are
the amplitudes of the refracted waves. In the above equations, α = 0 denotes for the
incident wave, α = 1, 2 denote for the reflected waves and β = 1, 2 denote for the
refracted waves.

The Snell’s law, in this problem, may be written as (see Singh, 2007)

k0p
(0)
1 = k1p

(1)
1 = k2p

(2)
1 = k′

1p
′(1)
1 = k′

2p
′(2)
1 , (19)

Using equations (15)-(18) into the equations of motions, (11)-(14), the phase speeds vα

and v′
β of the elastic waves at p = (p

(α)
1 , p

(α)
2 , 0) and p′ = (p

′(β)

1 , p
′(β)

2 , 0) are given
by

ρv2
α = µL + 4(µE − µL)p

(α)2

1 p
(α)2

2 & ρ′v′2
β = µ′

L + 4(µ′
E − µ′

L)p
′(β)2

1 p
′(β)2

2 . (20)

We have seen that the phase velocities of the elastic waves depend on the angle of propa-
gation and hence, they are Quasi-nature elastic waves in the incompressible transversely
isotropic fibre-reinforced elastic medium.
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4. Boundary Conditions

The boundary conditions are the continuities of the displacement components and trac-
tions at x2 = 0. Mathematically, these conditions may be represented as

(i) Continuity of displacements at x2 = 0:

2∑

α=0

u
(α)
1 =

2∑

β=1

u
′(β)

1 , (21)

2∑

α=0

u
(α)
2 =

2∑

β=1

u
′(β)

2 . (22)

(b) Continuity of tractions (Normal and Shear stresses) at x2 = 0:

2∑

α=0

(2µT u
(α)
2,2 − p(α)) =

2∑

β=1

(2µ′
T u

′(β)

2,2 − p′(β)), (23)

2∑

α=0

µL(u
(α)
1,2 + u

(α)
2,1) =

2∑

β=1

µ′
L(u

′(β)

1,2 + u
′(β)

2,1 ). (24)

Making use of equations (15)-(19) in the boundary conditions (21)-(24), we obtain a
system of four non-homogeneous equations as

4∑

j=1

aij zj = bi, (i = 1, 2, 3, 4) (25)

where

a11 = d
(1)
1 , a12 = d

(2)
1 , a13 = −d

′(1)
1 , a14 = −d

′(2)
1 , a21 = d

(1)
2 , a22 = d

(2)
2 ,

a23 = −d
′(1)
2 , a24 = −d

′(2)
2 , a31 = k1

k0
{2µT d

(1)
2 p

(1)
2 − F (1)},

a32 = k2

k0
{2µT d

(2)
2 p

(2)
2 − F (2)}, a33 = −k′

1

k0
{2µ′

T d
′(1)
2 p

′(1)
2 − F ′(1)},

a34 = −k′
2

k0
{2µ′

T d
′(2)
2 p

′(2)
2 − F ′(2)},
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a41 = µL

k1

k0
{p(1)

2 d
(1)
1 + p

(1)
1 d

(1)
2 }, a42 = µL

k2

k0
{p(2)

2 d
(2)
1 + p

(2)
1 d

(2)
2 },

a43 = −µ′
L

k′
1

k0
{p′(1)

2 d
′(1)
1 + p

′(1)
1 d

′(1)
2 }, a44 = −µ′

L

k′
2

k0
{p′(2)

2 d
′(2)
1 + p

′(2)
1 d

′(2)
2 },

z1 = A(1)/A(0), z2 = A(2)/A(0), z3 = A′(1)/A(0), z4 = A′(2)/A(0),

b1 = −d
(0)
1 , b2 = −d

(0)
2 , b3 = −2µT d

(0)
2 p

(0)
2 + F (0),

b4 = −µL{p(0)
2 d

(0)
1 + p

(0)
1 d

(0)
2 },

F (α) = 2(2µE − µT )d
(α)
1 p

(α)3

1 + 2µLp
(α)
1 p

(α)
2 (d

(α)
1 p

(α)
2 + d

(α)
2 p

(α)
1 ) + 2µT d

(α)
2 p

(α)
2

3,

F ′(β) = 2(2µ′
E − µ′

T )d
′(β)

1 p
′(β)3

1 + 2µ′
Lp

′(β)

1 p
′(β)

2 (d
′(β)

1 p
′(β)

2 + d
′(β)

2 p
′(β)

1 )

+ 2µ′
T d

′(β)

2 p
′(β)

2
3.

Equation (25) will give the reflection and refraction coefficients corresponding to the
reflected and refracted elastic waves. In the next section, we shall obtain the reflection
and refraction coefficients.

5. Reflection and refraction coefficients

The expressions of A(1)/A(0) and A(2)/A(0) correspond to the reflection coefficients of
the reflected waves, while the expressions of A′(1)/A(0) and A′(2)/A(0) correspond to the
refraction coefficients of the refracted waves. These coefficients are obtained by solving
Equation (25) as

R(1) ≡ A(1)

A(0)
= 	A(1)

	
, R(2) ≡ A(2)

A(0)
= 	A(2)

	
, (26)

R′(1) ≡ A′(1)

A(0)
= 	′

A(1)

	
, R′(2) ≡ A′(2)

A(0)
= 	′

A(2)

	
, (27)

where

	 = (d
(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a33a44 − a34a43) + (d

(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a32a44 − a34a42)

+ (d
′(2)
1 d

(1)
2 − d

′(2)
2 d

(1)
1 )(a32a43 − a33a42) + (d

′(1)
1 d

(2)
2

− d
(2)
1 d

′(1)
2 )(a31a44 − a34a41) + (d

′(2)
2 d

(2)
1 − d

′(2)
1 d

(2)
2 )(a31a43 − a33a41)

+ (d
′(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a31a42 − a32a41),
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	A(1) = (d
(2)
1 d

(0)
2 − d

(0)
1 d

(2)
2 )(a33a44 − a34a43) + (d

′(1)
1 d

(0)
2

− d
(0)
1 d

′(1)
2 )(a32a44 − a34a42)

+ (d
(0)
1 d

′(2)
2 − d

′(2)
1 d

(0)
2 )(a32a43 − a33a42)

+ (d
′(1)
1 d

(2)
2 − d

(2)
1 d

′(1)
2 )(a34b4 − a44b3)

+ (d
(2)
1 d

′(2)
2 − d

′(2)
1 d

(2)
2 )(a33b4 − a43b3)

+ (d
(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a32b4 − a42b3),

	A(2) = (d
(0)
1 d

(1)
2 − d

(1)
1 d

(0)
2 )(a33a44 − a34a43)

+ (d
(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a34b4 − a44b3)

+ (d
′(2)
1 d

(1)
2 − d

(1)
1 d

′(2)
2 )(a33b4 − a43b3)

+ (d
(0)
1 d

′(1)
2 − d

′(1)
1 d

(0)
2 )(a31a44 − a34a41)

+ (d
′(2)
1 d

(0)
2 − d

(0)
1 d

′(2)
2 )(a31a43 − a33a41)

+ (d
′(1)
1 d

′(2)
2 − d

′(2)
1 d

′(1)
2 )(a41b3 − a31b4),

	′
A(1) = (d

(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a34b4 − a44b3)

+ (d
(1)
1 d

(0)
2 − d

(0)
1 d

(1)
2 )(a32a44 − a34a42)

+ (d
′(2)
1 d

(1)
2 − d

(1)
1 d

′(2)
2 )(a42b3 − a32b4)

+ (d
(0)
1 d

(2)
2 − d

(2)
1 d

(0)
2 )(a31a44 − a34a41)

+ (d
(2)
1 d

′(2)
2 − d

′(2)
1 d

(2)
2 )(a41b3 − a31b4)

+ (d
(0)
1 d

′(2)
2 − d

′(2)
1 d

(0)
2 )(a31a42 − a32a41),

	′
A(2) = (d

(1)
1 d

(2)
2 − d

(2)
1 d

(1)
2 )(a43b3 − a33b4)

+ (d
(1)
1 d

′(1)
2 − d

′(1)
1 d

(1)
2 )(a42b3 − a32b4)

+ (d
(0)
1 d

(1)
2 − d

(1)
1 d

(0)
2 )(a32a43 − a33a42)

+ (d
′(1)
1 d

(2)
2 − d

(2)
1 d

′(1)
2 )(a41b3 − a31b4)

+ (d
(2)
1 d

(0)
2 − d

(0)
1 d

(2)
2 )(a31a43 − a33a41)

+ (d
′(1)
1 d

(0)
2 − d

(0)
1 d

′(1)
2 )(a31a42 − a32a41).

We have observed that the reflection and refraction coefficients are functions of angle
of propagation, unit displacement vectors, slowness factors and elastic constants of the
media.
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5.1. Particular case

If the half-space M ′ is neglected, the problem reduces to the reflection of elastic waves
from a plane free incompressible transversely isotropic fibre-reinforced elastic half-
space. With the help of the boundary conditions (23) and (24), the reflection coefficients
corresponding to reflected waves are given by Equation (26) with the following modified
values

	 = a31a42 − a32a41, 	A(1) = a42b3 − a32b4, 	A(2) = a31b4 − a41b3.

These results are exactly matched with those of Singh (2007) for the relevant problem.

6. Energy Equations

Let us consider the energy partition of incident, reflected and refracted waves at the plane
interface between the two half-spaces. The energy transmission per unit area may be
given (see Achenbach, 1976) as

℘∗ = σ22u̇2 + σ21u̇1. (28)

Thus, the energy due to incident wave is given by

E0 = l0k
2
0v0A

(0)2
exp{2ık0(x1p

(0)
1 + x2p

(0)
2 − v0t)}, (29)

where

l0 = (2µT d
(0)
2 p

(0)
2 − F (0))d

(0)
2 + µL(p

(0)
1 d

(0)
2 + p

(0)
2 d

(0)
1 )d

(0)
1 .

The energy ratios of the reflected and refracted waves are defined as the ratios of the
energy of the reflected and refracted waves to that of the incident wave. These ratios
corresponding to the reflected and refracted waves may be represented as

Eα = lαkαA(α)2

l0k0A(0)2 ,

E′
β = l′βk′

βA′(β)2

l0k0A(0)2 , (30)

where

lα = (2µT d
(α)
2 p

(α)
2 − F (α))d

(α)
2 + µL(p

(α)
1 d

(α)
2 + p

(α)
2 d

(α)
1 )d

(α)
1 , (α = 1, 2)

l′β = (2µ′
T d

′(β)

2 p
′(β)

2 − F ′(β))d
′(β)

2 + µ′
L(p

′(β)

1 d
′(β)

2 + p
′(β)

2 d
′(β)

1 )d
′(β)

1 , (β = 1, 2)

with Eα correspond to reflected waves and E′
β correspond to refracted waves. We have

observed that these energy ratios are functions of angle of incidence, unit displacement
components, slowness factors and elastic constants of the incompressible fibre-reinforced
elastic half-spaces.
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7. Slowness sections

Let us consider the slowness section associated with the reflected and refracted waves
in the x1x2-plane. For the reflected waves in the half-space M , the displacement com-
ponents corresponding to Equations (11) and (12) take the form

(u1, u2) = (�, �) exp{ıω(x1s1 + x2s2 − t)}, (31)

where s = (s1, s2) is the slowness vector and defined as sm = pmv−1, (m = 1, 2).

Figure 1: Slowness sections for the two half-spaces, M and M’.

Using Eq. (31), Equations (11) and (12) give the following equation of slowness as
(see Singh, 2007)

a1s
4
1 + a1s

4
2 + a2s

2
1s2

2 − s2
1 − s2

2 = 0, (32)

where a1 = µL/ρ, a2 = (4µE − 2µL)/ρ. For the case in which the outer section is
re-entrant, we have

ds2

ds1
= (1 − a2s

2
2 − 2a1s

2
1)s1

(a2s
2
1 + 2a1s

2
2 − 1)s2

. (33)

If
ds2

ds1
→ ∞ and s2 �= 0, then

2a1s
2
2 = 1 − a2s

2
1 . (34)

Equations (32) & (34) give a quadratic equation in s2
1 as

(4a3
1 − a1a

2
2)s

4
1 + (2a1a2 − 4a2

1)s
2
1 − a1 = 0. (35)
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For real values of s1, we get 2a1 � a2 and if s2 = 0, then s2
1 = 1/a1. Equation (32) will

have two real roots for s2
2 , provided 0 � s2

1 � 1

a1
.

Similarly, for the case of refracted waves in M ′, we have

(u′
1, u

′
2) = (�′, �′) exp{ıω(x1s

′
1 + x2s

′
2 − t)}, (36)

a′
1s

′4
1 + a′

1s
′4
2 + a′

2s
′2
1 s′2

2 − s′2
1 − s′2

2 = 0, (37)

where s′ = (s′
1, s

′
2) with s′

m = p′
mv′−1, (m = 1, 2), a′

1 = µ′
L/ρ′, and a′

2 = (4µ′
E −

2µ′
L)/ρ′. Consequently, we get 2a′

1s
′2
2 = 1 − a′

2s
′2
1 ; 2a′

1 � a′
2 for real values of s′

1, and
s′2

1 = 1/a′
1 if s′

2 = 0.

8. Numerical Results

For the numerical computations of the reflection and refraction coefficients correspond-
ing to the reflected and refracted waves, we have developed a FORTRAN program by
taking the relevant parameters of the two half-spaces.

For the half-space M(see Chattopadhyay, 2007):

ρ = 1.6 gm/cm3, µT = 3.5 GPa, µL = 7.07 GPa, µE = 6.9 GPa.

For the half-space M ′(see Chattopadhyay, 2007):

ρ′ = 7.8 gm/cm3, µ′
T = 2.46 GPa, µ′

L = 5.66 GPa, µ′
E = 4.5 GPa.

The slowness sections in the two half-spaces, M corresponding to Equation (32) and
M ′ corresponding to Equation (37) are shown in Figure 1. The variation of the modu-
lus of reflection and refraction coefficients with the angle of incidence, θ0 are depicted
through Figures 2-5 for different values of (s(1)

2 , s(2)
2 ) & (s′(1)

2 , s′(2)
2 ). In these figures, the

following representations are used (see Singh, 2007)

Curve I: s
(1)
2 = −0.48, s

(2)
2 = 0.48, s

′(1)
2 = −0.08, s

′(2)
2 = 0.08;

Curve II: s
(1)
2 = −0.49, s

(2)
2 = 0.49, s

′(1)
2 = −0.09, s

′(2)
2 = 0.09;

Curve III: s
(1)
2 = −0.50, s

(2)
2 = 0.50, s

′(1)
2 = −0.10, s

′(2)
2 = 0.10 and

Curve IV: s
(1)
2 = −0.51, s

(2)
2 = 0.51, s

′(1)
2 = −0.11, s

′(2)
2 = 0.11.

The variation of reflection coefficients corresponding to reflected waves with angle
of incidence, θ0 are given in Figures 2 & 3, while that of refraction coefficients are given
in Figures 4 & 5. In Figure 2, Curves I, II, III and IV show that R(1) starts from certain
value at the normal angle of incidence which decreases with the increase of angle of
incidence attaining the minimum value at θ0 = 110 for Curve I, θ0 = 140 for Curve
II, θ0 = 170 for Curve III and θ0 = 190 for Curve IV. Thereafter, R(1) increases with
the increase of θ0 attaining the maximum value at θ0 = 670 for Curves I, II & III and
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Figure 2: Variation of the modulus of reflection coefficient (R(1)) with θ0

Figure 3: Variation of the modulus of reflection coefficient (R(2)) with θ0.

θ0 = 680 for Curve IV. The effect of the slowness is minimum near the grazing angle of
incidence. In Figure 3, Curves I, II, III and IV show that R(2) decreases with the increase
of θ0 attaining the minimum value at θ0 = 790 for Curves I & II and θ0 = 780 for Curves
III & IV and then, increases with the increase of θ0. The effect of slowness, in this
case is maximum at the normal angle of incidence and minimum at the grazing angle of
incidence. The values of R′(1) in Figure 4 starts from certain value which decreases with
the increase of θ0 and attains the minimum value at θ0 = 300 for Curve I, θ0 = 520 for
Curve II, θ0 = 590 for Curve III and θ0 = 630 for Curve IV. Thereafter, R′(1) increases
with the increase of θ0. The natures of R(2) and R′(1) are quite similar. For R′(2) in
Figure 5, all the curves show that R′(2) starts from certain value at the normal angle of
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Figure 4: Variation of the modulus of refraction coefficient (R′(1)) with θ0.

Figure 5: Variation of the modulus of refraction coefficient (R′(2)) with θ0.

incidence attaining the maximum value and then, decreases with the increase of θ0. With
the increase of (s(1)

2 , s
(2)
2 ) & (s′(1)

2 , s
′(2)
2 ), the values of R′(2) increases.

9. Conclusion

The problem of reflection and refraction of elastic waves from a plane interface between
two dissimilar incompressible fibre-reinforced elastic half-spaces has been investigated.
We have obtained the reflection and refraction coefficients corresponding to the reflected
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and refracted waves with the help of appropriate boundary conditions. The energy
ratios corresponding to the reflected and refracted waves are also derived. Numerical
computation of these coefficients has been performed for a particular model. We may
conclude the following points

(i) the reflection and refraction coefficients and energy ratios are found to be the
functions of angle of incidence, unit displacement components, slowness factors
and elastic constants,

(ii) with the increase of the slowness factors, the values of R′(2) increases,

(iii) the effect of the slowness to the reflection and refraction coefficients is minimum
near the grazing angle of incidence and

(iv) the results of Singh (2007) are recovered from our analysis.
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The problem of reflection and refraction of SH-waves at a plane interface between the homogeneous and inhomogeneous fibre-
reinforced elastic half-spaces has been investigated. Amplitude and energy ratios corresponding to the reflected and refracted SH-
waves are derived using appropriate boundary conditions. These ratios are computed numerically for a particular model and the
results are depicted graphically.

1. Introduction

Fibre-reinforced composite material with the reinforcement
distributed continuously in concentric circles is a locally
transversely isotropic material, with the circumferential
direction as the preferred direction coinciding with fibres
directions. The fibres may be continuous, in which each fibre
extends through a body from one boundary to another, or
discontinuous, but in the discontinuous case the length of the
fibremust be large compared to its diameter.The elastic fibre-
reinforced composite materials, for example, typical carbon
fibre-epoxy resin composites, are not just anisotropic but
also strongly anisotropic in the sense that the modulus for
extension in the fibre direction greatly exceeds themoduli for
extension in the transverse direction and for shear in the fibre
or transverse direction. Fibres have an excellent potential to
improve the mechanical properties of rapid-setting materials
and could be used effectively to improve the performance of
repairs. The behavior of fibre-reinforced rapid-setting mate-
rials is similar to that of Portland cement fibre-reinforced
concrete. Spencer [1] gave the concept of deformation in
fibre-reinforced elastic materials. Belfield et al. [2] discussed
the problemof stress in elastic plates reinforced by fibers lying
in concentric circles and explained the anisotropic characters
of fibre-reinforced materials. Sengupta and Nath [3] studied
the problem of surface waves in fibre-reinforced anisotropic

elastic media and derived the frequency equation for surface
wave. Chattopadhyay et al. [4] investigated the problem of
reflection of quasi-𝑃 and quasi-𝑆𝑉 waves at the plane-free
and rigid boundaries of a fibre-reinforced elastic medium
and obtained the phase velocity of quasi-𝑃 and quasi-𝑆𝑉
waves. B. Singh and S. J. Singh [5] discussed the problem
of reflection of plane waves at the free surface of a fibre-
reinforced elastic half-space and obtained the closed form
expression of the amplitude ratios for reflected 𝑞𝑆𝑉 and 𝑞𝑃
waves at the free surface of a fibre-reinforced, anisotropic,
homogeneous, elastic half-space. Singh [6] studied the prob-
lem of propagation of plane waves in thermally conducting
linear fibre-reinforced composite materials and derived the
frequency equation. Abbas [7] discussed a two-dimensional
problem for a fibre-reinforced anisotropic thermoelastic half-
space with energy dissipation and the results with energy
dissipation and without energy dissipation are compared.
Singh and Zorammuana [8] solved the problem of incident
longitudinal wave at a fibre-reinforced thermoelastic half-
space and obtained the amplitude and energy ratios of the
reflected waves.

A number of researchers have attempted the problem of
SH-waves in elastic media. Gutenberg [9, 10] explored the
existence of low velocity layer in the earth mantle. Chat-
topadhyay and Keshri [11] discussed the propagation of shear
waves along the plane surface between two different elastic
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media with initial stress. Singh and Tomar [12] investi-
gated the problem of shear waves at a corrugated interface
between two dissimilar fiber-reinforced elastic half-spaces
using Rayleigh’s method of approximation. Chattopadhyay
and Singh [13] studied the problemof𝐺-type seismicwaves in
fibre-reinforced media and obtained the dispersion equation
for the propagation of𝐺-type seismicwave in fibre-reinforced
layer lying over an inhomogeneous fibre-reinforced elastic
half-space. Literatures showed many problems of propaga-
tion of SH-waves and notable among them are Bath and
Arroyo [14], Gupta [15], Tomar et al. [16], Kumar et al. [17],
Chaudhary et al. [18, 19], Emets et al. [20], Chattopadhyay and
Michel [21], Tomar and Singh [22], Tomar and Kaur [23, 24],
Abd-Alla and Alsheikh [25], Chattopadhyay et al. [26], Singh
[27], Wang and Zhao [28], and Sahu et al. [29].

Fibre-reinforced composite materials are very attractive
in many engineering applications due to their high strength
and low weight. In this paper, the problem of reflection and
refraction of SH-waves in the homogeneous/inhomogeneous
fibre-reinforced elastic half-spaces has been studied.We have
obtained the amplitude and energy ratios corresponding
to the reflected and refracted SH-waves using appropriate
boundary conditions.These ratios are computed numerically
for a particular model.

2. Basic Equations

The constitutive relation for a linearly fibre-reinforced elastic
medium is given by Belfield et al. [2] as

𝜏
𝑖𝑗
= 𝜆𝑒
𝑘𝑘
𝛿
𝑖𝑗
+ 2𝜇
𝑇
𝑒
𝑖𝑗
+𝛼 (𝑎

𝑘
𝑎
𝑚
𝑒
𝑘𝑚
𝛿
𝑖𝑗
+ 𝑒
𝑘𝑘
𝑎
𝑖
𝑎
𝑗
)

+ 2 (𝜇
𝐿
−𝜇
𝑇
) (𝑎
𝑖
𝑎
𝑘
𝑒
𝑘𝑗
+ 𝑎
𝑗
𝑎
𝑘
𝑒
𝑘𝑖
)

+ 𝛽𝑎
𝑘
𝑎
𝑚
𝑒
𝑘𝑚
𝑎
𝑖
𝑎
𝑗
, (𝑖, 𝑗, 𝑘, 𝑚 = 1, 2, 3) ,

(1)

where 𝜏
𝑖𝑗
is stress tensor, 𝑒

𝑖𝑗
is strain tensor and is defined by

𝑒
𝑖𝑗
=
1
2
(𝑢
𝑖,𝑗
+𝑢
𝑗,𝑖
) , (2)

𝜆, 𝜇
𝑇
, 𝛼, 𝛽, and 𝜇

𝐿
are elastic constants in which 𝜇

𝑇
is

identified as the shear modulus in transverse shear across
the preferred direction and 𝜇

𝐿
as the shear modulus in

longitudinal shear in the preferred direction, 𝛼 and 𝛽 are
specific stress components depending upon the concrete part
of the composite materials, 𝛿

𝑖𝑗
is Kronecker delta, and 𝑎

𝑖
is

the component of a unit vector a = (𝑎1, 𝑎2, 𝑎3)which gives the
preferred direction of fibre-reinforcement and 𝑎21+𝑎

2
2+𝑎

2
3 = 1.

The equation of motion for the fibre-reinforced elastic
material without body forces may be written as

𝜏
𝑖𝑗,𝑗
= 𝜌

𝜕
2
𝑢
𝑖

𝜕𝑡2
, (𝑖, 𝑗 = 1, 2, 3) , (3)

where 𝑢
𝑖
= (𝑢1, 𝑢2, 𝑢3) and 𝑥1 = 𝑥, 𝑥2 = 𝑦, 𝑥3 = 𝑧.

Let us take two-dimensional problem of SH-wave propa-
gation in 𝑥𝑧-plane and the preferred direction of fibre-rein-
forcement is taken as (𝑎1, 0, 𝑎3). We may take 𝑢1 = 𝑢3 = 0,
𝑢2 = 𝑢2(𝑥, 𝑧, 𝑡). With the help of (1) and (3), we have

𝜕𝜏12
𝜕𝑥

+
𝜕𝜏23
𝜕𝑧

= 𝜌
𝜕
2
𝑢2
𝜕𝑡2

, (4)

where

𝜏12 = 𝜇𝑇
𝜕𝑢2
𝜕𝑥

+ (𝜇
𝐿
−𝜇
𝑇
) 𝑎1 (𝑎1

𝜕𝑢2
𝜕𝑥

+ 𝑎3
𝜕𝑢2
𝜕𝑧
) ,

𝜏23 = 𝜇𝑇
𝜕𝑢2
𝜕𝑧

+ (𝜇
𝐿
−𝜇
𝑇
) 𝑎3 (𝑎1

𝜕𝑢2
𝜕𝑥

+ 𝑎3
𝜕𝑢2
𝜕𝑧
) .

(5)

It may be noted that the second term in the expression of the
stress tensors (𝜏12 and 𝜏23) contributes due to the effect of
direction of reinforcement, that is, fibre orientation in the
self-reinforced material.

Using the stress tensors into (4), we obtain the equation
of motion for SH-wave propagation in the fibre-reinforced
elastic medium as

𝑃
𝜕
2
𝑢2
𝜕𝑧2

+𝑄
𝜕
2
𝑢2
𝜕𝑥2

+𝑅
𝜕
2
𝑢2

𝜕𝑥𝜕𝑧
= 𝜌

𝜕
2
𝑢2
𝜕𝑡2

, (6)

where

𝑃 = 𝜇
𝑇
+ 𝑎

2
3 (𝜇𝐿 −𝜇𝑇) ,

𝑄 = 𝜇
𝑇
+ 𝑎

2
1 (𝜇𝐿 −𝜇𝑇) ,

𝑅 = 2𝑎1𝑎3 (𝜇𝐿 −𝜇𝑇) .

(7)

3. Problem Formulation

Let 𝑥- and 𝑦-axes of the Cartesian coordinate system be
on the horizontal plane and let 𝑧-axis be pointing vertically
downward. Consider a homogeneous fibre-reinforced elastic
half-space, {𝐻; 0 ≤ 𝑧 < ∞} with 𝜌 as density and 𝜇

𝐿
, 𝜇
𝑇

as elastic constants and a nonhomogeneous fibre-reinforced
elastic half-space, {𝐻; −∞ < 𝑧 ≤ 0} with 𝜌 as density and
𝜇


𝐿
, 𝜇
𝑇
as elastic constants.The elastic constants and density in

the nonhomogeneous fibre-reinforced elastic half-space 𝐻
are defined as (see [13])

𝜇


𝐿
= 𝜇
(0)
𝐿
(1− 𝜀 cos 𝑠𝑧) ,

𝜇


𝑇
= 𝜇
(0)
𝑇
(1− 𝜀 cos 𝑠𝑧) ,

𝜌

= 𝜌0 (1− 𝜀 cos 𝑠𝑧) ,

(8)

where 𝜀 is small positive constant and 𝑠 is real depth param-
eter.

The stress tensors in the nonhomogeneous fibre-rein-
forced elastic half-space (𝐻) are

𝜏


12 = 𝜇


𝑇

𝜕𝑢


2
𝜕𝑥

+ (𝜇


𝐿
−𝜇


𝑇
) 𝑎1 (𝑎1

𝜕𝑢


2
𝜕𝑥

+ 𝑎3
𝜕𝑢


2
𝜕𝑧
) ,

𝜏


23 = 𝜇


𝑇

𝜕𝑢


2
𝜕𝑧

+ (𝜇


𝐿
−𝜇


𝑇
) 𝑎3 (𝑎1

𝜕𝑢


2
𝜕𝑥

+ 𝑎3
𝜕𝑢


2
𝜕𝑧
) .

(9)
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The equation of motion for SH-wave in the half-space, 𝐻,
may be written as

𝑃
(0)
{(1− 𝜀 cos 𝑠𝑧)

𝜕
2
𝑢


2
𝜕𝑧2

+ 𝜀𝑠 sin 𝑠𝑧
𝜕𝑢


2
𝜕𝑧
}

+𝑄
(0)
(1− 𝜀 cos 𝑠𝑧)

𝜕
2
𝑢


2
𝜕𝑥2

+𝑅
(0)
{2 (1− 𝜀 cos 𝑠𝑧)

𝜕
2
𝑢


2
𝜕𝑥𝜕𝑧

+ 𝜀𝑠 sin 𝑠𝑧
𝜕𝑢


2
𝜕𝑥
}

= 𝜌0 (1− 𝜀 cos 𝑠𝑧)
𝜕
2
𝑢


2
𝜕𝑡2

,

(10)

where

𝑃
(0)
= 𝜇
(0)
𝑇
+ 𝑎

2
3 (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) ,

𝑄
(0)
= 𝜇
(0)
𝑇
+ 𝑎

2
1 (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) ,

𝑅
(0)
= 𝑎1𝑎3 (𝜇

(0)
𝐿
−𝜇
(0)
𝑇
) .

(11)

The displacement components in the half-spaces,𝐻 and𝐻,
may be represented by

⟨𝑢2, 𝑢


2⟩ (𝑥, 𝑧, 𝑡)

= ⟨𝐴, 𝐵⟩ exp [𝚤 {𝜔𝑡 − 𝑘 (𝑥𝑝1 + 𝑧𝑝3)}] ,
(12)

where ⟨𝐴, 𝐵⟩ are amplitude constants, 𝜔(= 𝑘𝑐) is angular
frequency, and p = (𝑝1, 0, 𝑝3) is the unit propagation vector.

Using (12) into (6) and (10), the phase velocities of SH-
waves in the half-spaces, 𝐻 and 𝐻, are, respectively, given
by

𝜌𝑐
2
2 = 𝑃𝑝

2
3 +𝑄𝑝

2
1 +𝑅𝑝1𝑝3, (13)

𝜌0𝑐
2
2

= 𝑃
(0)
{𝑝

2
3 + 𝚤𝜀𝑠𝑝3 sin 𝑠𝑧 (1− 𝜀 cos 𝑠𝑧)

−1
𝑘
−1
}

+𝑄
(0)
𝑝
2
1

+𝑅
(0)
{2𝑝1𝑝3 + 𝚤𝜀𝑠𝑝1 sin 𝑠𝑧 (1− 𝜀 cos 𝑠𝑧)

−1
𝑘
−1
} .

(14)

The expression of 𝑐2 depending on 𝜀may be written as

(i) zeroth order, 𝑂(𝜀0):

𝜌0𝑐
2
2 = 𝑃

(0)
𝑝
2
3 +𝑄
(0)
𝑝
2
1 +𝑅
(0)2𝑝1𝑝3, (15)

(ii) first order, 𝑂(𝜀1):

𝜌0𝑐
2
2 = 𝑃

(0)
[𝑝

2
3

+ 𝚤𝜀𝑠𝑝3 {𝑠𝑧 −
(𝑠𝑧)

3

3!
+
(𝑠𝑧)

5

5!
−
(𝑠𝑧)

7

7!
+ ⋅ ⋅ ⋅} 𝑘

−1
]

+𝑄
(0)
𝑝
2
1 +𝑅
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[2𝑝1𝑝3
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5
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7
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−1
] ,

(16)

(iii) second order, 𝑂(𝜀2):

𝜌0𝑐
2
2 = 𝑃

(0)
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2
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2
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3
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3
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5
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−
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7

7!
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−1
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3
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7
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⋅ ⋅ ⋅}] 𝑘

−1
] ,

(17)

and so on. We will use expression (15) of 𝑐2 for the numerical
computation.

4. Wave Propagation

Suppose a plane SH-wave with amplitude, 𝐴0, making an
angle 𝜃0 with the normal be incident at the plane interface
(𝑧 = 0) between homogeneous and inhomogeneous fibre-
reinforced elastic half-spaces. Such an incident SH-wave, due
to the interface, give rises a reflected SH-wave in the half-
space,𝐻, and a refracted SH-wave in the half-space,𝐻. The
geometry of the problem is given in Figure 1.

The total displacement due to incident and reflected SH-
waves in the half-space,𝐻, is given by

𝑢2 = 𝐴0 exp [𝚤 {𝜔𝑡 − 𝑘0 (𝑥 sin 𝜃0 + 𝑧 cos 𝜃0)}]

+𝐴 exp [𝚤 {𝜔𝑡 − 𝑘2 (𝑥 sin 𝜃1 − 𝑧 cos 𝜃1)}] ,
(18)
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Figure 1: Geometry of the problem.

where 𝐴 is the amplitude constant of the reflected SH-wave
at an angle 𝜃1, 𝑘𝑖 = 𝜔/𝑐𝑖 (𝑖 = 0, 2) is the wavenumber, 𝜔 is
angular frequency, and 𝑐

𝑖
is the phase speed.

The displacement due to refracted SH-wave in the half-
space,𝐻, is given by

𝑢


2 = 𝐵 exp [𝚤 {𝜔𝑡 − 𝑘


2
(𝑥 sin 𝜃2 + 𝑧 cos 𝜃2)}] , (19)

where 𝑘
2
= 𝜔/𝑐



2 is thewavenumberwith 𝑐2 as the phase speed
and 𝐵 is the amplitude constant of the refracted SH-wave at
an angle 𝜃2. Snell’s law of this problem is given by

𝑘0 sin 𝜃0 = 𝑘2 sin 𝜃1 = 𝑘


2
sin 𝜃2. (20)

We assume that the angle of incidence is equal to the angle of
reflection.

5. Boundary Conditions

The boundary conditions are the continuities of the displace-
ments and stress tensors at the interface. Mathematically,
these conditions at 𝑧 = 0 are

𝑢2 = 𝑢


2, (21)

𝜏23 = 𝜏


23. (22)

Equation (22) may be written in terms of displacement as

𝜇
𝑇

𝜕𝑢2
𝜕𝑧

+ (𝜇
𝐿
−𝜇
𝑇
) 𝑎3 (𝑎1

𝜕𝑢2
𝜕𝑥

+ 𝑎3
𝜕𝑢2
𝜕𝑧
)

= 𝜇


𝑇

𝜕𝑢


2
𝜕𝑧

+ (𝜇


𝐿
−𝜇


𝑇
) 𝑎3 (𝑎1

𝜕𝑢


2
𝜕𝑥

+ 𝑎3
𝑢


2
𝜕𝑧
) .

(23)

Using (18)–(20) into boundary conditions (21) and (23), we
have

𝐴

𝐴0
−
𝐵

𝐴0
= − 1,

𝑟1
𝐴

𝐴0
+ 𝑟2

𝐵

𝐴0
= 𝑟0,

(24)

where

𝑟0 = 𝜇𝑇𝑘0 cos 𝜃0 + (𝜇𝐿 −𝜇𝑇) 𝑎3 (𝑎3𝑘0 cos 𝜃0

+ 𝑎1𝑘0 sin 𝜃0) ,

𝑟1 = 𝜇𝑇𝑘2 cos 𝜃1 + (𝜇𝐿 −𝜇𝑇) 𝑎3 (𝑎3𝑘2 cos 𝜃1

− 𝑎1𝑘0 sin 𝜃0) ,

𝑟2 = {𝜇
(0)
𝑇
𝑘


2 cos 𝜃2

+ (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) 𝑎3 (𝑎3𝑘



2 cos 𝜃2 + 𝑎1𝑘0 sin 𝜃0)} (1

− 𝜀) .

(25)

These equations will give the amplitude ratios corresponding
to the reflected and refracted SH-waves.

6. Amplitude and Energy Ratio

The amplitude ratios of the reflected and refracted SH-waves
are defined as the ratio of the amplitudes corresponding to
the reflected and refracted waves to that of the incident wave.
Solving (24), we have

𝐴

𝐴0
=
𝑟0 − 𝑟2
𝑟1 + 𝑟2

,

𝐵

𝐴0
=
𝑟0 + 𝑟1
𝑟1 + 𝑟2

,

(26)

where 𝐴/𝐴0 is the amplitude ratios corresponding to the
reflected SH-wave and 𝐵/𝐴0 is that of the refracted SH-wave.
We have observed that these ratios depend on the elastic
constants, fibre orientation, inhomogeneity parameter, and
the angle of incidence.

Let us consider the energy partition of the reflected and
refracted SH-waves due to the plane interface, 𝑧 = 0. The
energy transmission per unit area may be given as (see [30])

℘
∗
= 𝜏23 ⋅ �̇�2 + 𝜏



23 ⋅
̇
𝑢


2. (27)

The expression of the energy due to incident wave is given by

𝐸inc = 𝐽0𝜔𝐴
2
0 exp [2𝚤 {𝜔𝑡 − 𝑘0 (𝑥 sin 𝜃0 + 𝑧 cos 𝜃0)}] , (28)

where 𝐽0 = 𝑘0{𝜇𝑇 cos 𝜃0 + (𝜇𝐿 − 𝜇𝑇)𝑎3(𝑎3 cos 𝜃0 + 𝑎1 sin 𝜃0)}.
The energy ratio of the reflected and refracted SH-waves

may be defined as the ratios of the energy corresponding to
the reflected and refracted SH-waves to that of the incident
wave. The modulus of energy ratios of the reflected and
refracted SH-waves is given as

𝐸1 =


𝐽1
𝐽0





𝐴

𝐴0



2
,

𝐸2 =


𝐽2
𝐽0





𝐵

𝐴0



2
,

(29)
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where 𝐸1 is the energy ratio of the reflected SH-wave and 𝐸2
is that of refracted SH-wave and the expressions of 𝐽1 and 𝐽2
are given by

𝐽1 = − 𝑘2 [𝜇𝑇 cos 𝜃1

+ (𝜇
𝐿
−𝜇
𝑇
) 𝑎3 (𝑎3 cos 𝜃1 − 𝑎1 sin 𝜃1)] ,

𝐽2 = 𝑘


2 [𝜇
(0)
𝑇

cos 𝜃2

+ (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) 𝑎3 (𝑎3 cos 𝜃2 + 𝑎1 sin 𝜃2)] (1− 𝜀) .

(30)

We come to know that the energy ratios are functions
of the amplitude ratios, elastic constants, fibre orientation,
inhomogeneity parameter, and the angle of incidence of the
incident SH-wave.

7. Particular Cases

7.1. Case I. When the inhomogeneous fibre-reinforced elastic
half-space, 𝐻, reduces to homogeneous fibre-reinforced
elastic medium, the problem reduces to the reflection and
refraction of SH-waves at the plane interface between the two
dissimilar homogeneous fibre-reinforced elastic half-spaces.
Under this condition, 𝜀 = 0 and (14) reduces to

𝜌0𝑐
2
2 = 𝑃

(0)
𝑝
2
3 +𝑄
(0)
𝑝
2
1 + 2𝑅

(0)
𝑝1𝑝3. (31)

The amplitude and energy ratios corresponding to the re-
flected and refracted SH-waves are given by (26) and (29)
with the following modified values:

𝑟0 = 𝜇𝑇𝑘0 cos 𝜃0 + (𝜇𝐿 −𝜇𝑇) 𝑎3 (𝑎3𝑘0 cos 𝜃0

+ 𝑎1𝑘0 sin 𝜃0) ,

𝑟1 = 𝜇𝑇𝑘2 cos 𝜃1 + (𝜇𝐿 −𝜇𝑇) 𝑎3 (𝑎3𝑘2 cos 𝜃1

− 𝑎1𝑘2 sin 𝜃1) ,

𝑟2 = 𝜇
(0)
𝑇
𝑘


2 cos 𝜃2 + (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) 𝑎3 (𝑎3𝑘



2 cos 𝜃2

+ 𝑎1𝑘


2 sin 𝜃2) ,

𝐽1 = − 𝑘2 [𝜇𝑇 cos 𝜃1

+ (𝜇
𝐿
−𝜇
𝑇
) 𝑎3 (𝑎3 cos 𝜃1 − 𝑎1 sin 𝜃1)] ,

𝐽2 = 𝑘


2 [𝜇
(0)
𝑇

cos 𝜃2

+ (𝜇
(0)
𝐿
−𝜇
(0)
𝑇
) 𝑎3 (𝑎3 cos 𝜃2 + 𝑎1 sin 𝜃2)] .

(32)

These results are similar to those of Singh and Tomar [12].

7.2. Case II. When the two half-spaces 𝐻 and 𝐻 reduce to
homogeneous isotropic elastic media, the problem reduces

to the reflection and refraction of SH-waves between two
dissimilar isotropic elastic half-spaces. Under this condition,

𝑃
(0)
= 𝑄
(0)
= 𝜇
(0)
𝑇
= 𝜇
(0)
𝐿
= 𝜇0,

𝑃 = 𝑄 = 𝜇
𝑇
= 𝜇
𝐿
= 𝜇,

𝑅
(0)
= 𝑅 = 0,

𝑐
2
2 =

𝜇

𝜌
,

𝑐
2
2 =

𝜇0
𝜌0
.

(33)

The amplitude and energy ratios corresponding to the re-
flected and refracted SH-waves are given by (26) and (29)
with the following modified values:

𝑟0 = 𝜇𝑘0 cos 𝜃0,

𝑟1 = 𝜇𝑘2 cos 𝜃1,

𝑟2 = 𝜇0𝑘


2
cos 𝜃2,

𝐽1 = − 𝑘2𝜇 cos 𝜃1,

𝐽2 = 𝑘


2
𝜇0 cos 𝜃2.

(34)

These results exactly match with that of Achenbach [30].

8. Numerical Results and Discussion

For the numerical computations, we take the following rel-
evant parameters for fibre-reinforced elastic half-space, 𝐻,
and the nonhomogeneous fibre-reinforced elastic half-space,
𝐻
 [13].
For the homogeneous half-space𝐻,

𝜇
𝐿
= 7.07× 109 N/m2

,

𝜇
𝑇
= 3.5× 109 N/m2

,

𝜌 = 1600Kg/m3
.

(35)

For the nonhomogeneous half-space𝐻,

𝜇
(0)
𝐿
= 5.66× 109 N/m2

,

𝜇
(0)
𝑇
= 2.46× 109 N/m2

,

𝜌0 = 7800Kg/m3
,

𝑎1 = 0.00316227,

𝜀 = 0.0, 0.1, 0.2.

(36)

The variation of themodulus of amplitude ratios correspond-
ing to the reflected and refracted SH-waves with the angle
of incidence, 𝜃0, is depicted in Figures 2 and 3 with and
without fibre-reinforcement at different values of inhomo-
geneity parameter, 𝜀. In Figures 2(a) and 2(b), the amplitude
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Figure 2: Variation of the modulus of amplitude ratio, 𝐴/𝐴0 with
𝜃0.

ratio, 𝐴/𝐴0, corresponding to the reflected SH-wave starts
from certain values and increases with the increase of 𝜃0
which attains the maximum value at the grazing angle of
incidence. The values of 𝐴/𝐴0 decrease with the increase of
inhomogeneity parameter.

All Curves I, II, and III in Figures 3(a) and 3(b) show
that 𝐵/𝐴0 corresponding to the refracted SH-wave decreases
with the increase of 𝜃0 and attains the minimum value at
the grazing angle of incidence. The values of 𝐵/𝐴0 increase
with the increase of inhomogeneity parameter. Figures 4
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Figure 3: Variation of the modulus of amplitude ratio, 𝐵/𝐴0 with
𝜃0.

and 5 show the variation of the modulus of energy ratios
corresponding to the reflected and refracted SH-waves with
the angle of incidence with and without fibre-reinforcement
at different values of inhomogeneity parameter, 𝜀. In Figures
4(a) and 4(b), 𝐸1 corresponding to the reflected SH-wave
starts from certain values and increases up to 𝜃0 = 88∘ and
decreases to 𝜃0 = 89∘ which increases thereafter with the
increase of 𝜃0.

The modulus of energy ratio, 𝐸2, corresponding to the
refracted SH-wave in Figures 5(a) and 5(b) starts from certain
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Figure 4: Variation of the modulus of energy ratio, 𝐸1 with 𝜃0.

values and decreases with the increase of 𝜃0 and attains the
minimum value at the grazing angle of incidence. We have
observed that the sum of energy ratios is close to unity.

9. Conclusion

The problem of reflection and refraction of SH-waves at the
plane interface between the homogeneous fibre-reinforced
half-space and the nonhomogeneous fibre-reinforced half-
space has been investigated.The amplitude and energy ratios
corresponding to the reflected and refracted SH-waves have
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Figure 5: Variation of the modulus of energy ratio, 𝐸2 with 𝜃0.

been obtained and computed numerically. We may conclude
the following points:

(i) The amplitude and energy ratios corresponding to the
reflected and refracted SH-waves are functions of
elastic constants, fibre orientation, inhomogeneity
parameter, and angle of incidence.

(ii) The amplitude ratio, 𝐴/𝐴0, and energy ratio, 𝐸1, at-
tain themaximumvalue at grazing angle of incidence.

(iii) The values of𝐴/𝐴0 and 𝐸1 decrease with the increase
of 𝜀.
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(iv) The values of 𝐴/𝐴0 and 𝐸1 with fibre-reinforcement
are greater than those values without fibre-reinforce-
ment.

(v) The values of 𝐵/𝐴0 and 𝐸2 increase with the increase
of 𝜀.

(vi) The sum of energy ratios is close to unity.
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Abstract The problem of reflection of elastic waves

at a plane free boundary of thermoelastic saturated

porous half space has been investigated. There exist

four types of plane waves in thermoelastic saturated

porous medium which are three attenuating coupled

longitudinal waves and one non-attenuating transverse

wave. The amplitude and energy ratios corresponding

to the reflected waves due to incident longitudinal as

well as transverse waves are derived and computed

numerically. Critical angles are observed for the

incident transverse wave.

Keywords Longitudinal and transverse waves �
Thermoelastic saturated porous half-space �
Amplitude ratio � Energy ratio

1 Introduction

Thermoelastic saturated porous material is a thermally

conducting porous solid with fluid-filled pores. Such

materials are commonly found in crustal and reservoir

rocks in the earth. The phenomena of co-existence of

porosity and thermoelasticity play an important role in

non-destructive evaluation (NDE) of composite mate-

rials and structures. It was Biot [3] who derived the

heat conduction equation with dilatation term based on

the thermodynamics of irreversible process. Bear

et al. [2] discussed the displacement waves in satu-

rated thermoelastic porous media and presented a

complete set of macroscopic equations evolving from

an excitation of a saturated porous medium domain in

the form of an abrupt pressure and temperature

changes applied at the domain’s boundary. Dhaliwal

and Sherief [10] proved the uniqueness theorem of the

governing equation and explained the variation prin-

ciple for a generalized thermoelasticity of an aniso-

tropic medium. Green and Lindsay [11] proposed the

second couple theory of thermoelasticity by introduc-

ing two parameters of relaxation time. Levy et al. [20]

developed a mathematical model for saturated flow of

a Newtonian fluid in a thermoelastic, homogeneous,

isotropic porous medium under non-isothermal con-

ditions. Lord and Shulman [21] studied the theory of

generalised thermoelasticity using a modified Four-

ier’s law of heat conduction with a thermal relaxation

time.

The subject of wave propagation is very common in

the field of seismology, geophysics, soil mechanics

and earthquake engineering. Biot [4–7] developed the

theory of dynamic poroelasticity and demonstrated the

existence of two longitudinal waves and a shear wave
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in fluid saturated porous media. Dai et al. [9] studied

the reflection and transmission of elastic waves from

an interface of a fluid-saturated porous solid and a

double porosity solid. They discussed the effects of

the angle of incidence and frequency on amplitude

ratios of the reflected and transmitted waves.

Gupta [12] investigated the problem of the reflection

of plane waves on the free surface of transversely

isotropic, thermoelastic half-space using Green–

Naghdi (GN) theory of type-II and III. This theory

may be used to describe the type of thermoelastic

materials. Gurevich et al. [13] showed the fact that

Biot’s theory of poroelasticity, adequately describes

the behaviour of the porous materials. Haibing

et al. [14] derived wave equation for fluid saturated

thermoelastic medium and also obtained the disper-

sion equations of four kinds of waves. Norris [24]

discussed the connection between the parameters in

the static equations of the theories of poroelasticity

and thermoelasticity. Pride et al. [25] studied the

problem of seismic attenuation due to wave-induced

flow and obtained the analytical expressions of the

three P-waves attenuation mechanism in sedimentary

rocks. Sharma [30] investigated the wave propagation

in thermoelastic saturated porous medium using

modified Biot’s theory. He obtained the phase veloc-

ities corresponding to the three attenuated coupled

longitudinal waves and a non-attenuated transverse

wave. Singh [33, 34] investigated the problem of

wave propagation in thermo-elastic materials with

voids due to incident longitudinal and transverse

waves. Singh and Zorammuana [35] discussed the

problem of incident longitudinal wave at a fibre-

reinforced thermoelastic half-space and obtained the

amplitude and energy ratios of the reflected waves.

Some problems of wave propagation in saturated

porous materials and thermoelastic materials are also

presented by Chadwick [8], Kumar and Co-work-

ers [15–19], Markov [22, 23], Sharma et al. [26],

Sharma [27–29], Silvin et al. [31], Singh [32], Tajud-

din and Reddy [36], Tomar and Arora [37].

In this paper, the problem of reflection of plane

waves at the free surface of thermoelastic saturated

porous medium due to incident longitudinal and

transverse waves has been attempted. The analytical

expressions of the amplitude and energy ratios are

derived using appropriate boundary conditions. These

ratios are computed numerically for a particular model

and the results are presented.

2 Basic equations

The stress tensors in a thermally conducting porous

solid saturated with a non-viscous fluid are given

by [5]

sij ¼ rij þ að�pf Þdij; ð1Þ

where rij is the stress tensor in solid, pf is the fluid

pressure, dij is the Kronecker delta and a is Biot’s

parameter which represents bulk coupling between

fluid and solid phases.

The constitutive relations for effective stress ten-

sors in the solid and fluid of an isotropic thermally

conducting fluid-saturated porous medium are

derived [2, 20] as

rij ¼ kuk;kdij þ lðui;j þ uj;iÞ � bsðT � T0Þdij; ð2Þ

� pf ¼ aMuk;k þMwk;k � bf ðT � T0Þdij;
i; j; k ¼ 1; 2; 3ð Þ

ð3Þ

where k; l are isothermal Lame’s constants, M is an

elastic parameter for isotropic bulk coupling of fluid

and solid particles, wi ¼ f ðUi � uiÞ is the component

of the averaged fluid motion relative to solid frame, f is

the porosity of solid, Ui and ui are the displacement

components corresponding to the fluid and solid

phases respectively with bf and bs as their coefficients
of thermal stress. The superimposed dot represents

partial time derivative and the comma is used for

spatial derivative. It is assumed that the two con-

stituents of porous aggregate have same temperature,

T0 in the undisturbed state.

The equations of motion in the thermally conduct-

ing isotropic porous solid saturated with a non-viscous

fluid are given by [30]

sij;j ¼ q €ui þ qf €wi; ð4Þ

ð�pf Þ;i ¼ qf €ui þ q €wi; ð5Þ

KT;jj � qCe
_T þ s0 €T
� �

¼ T0b s0 €uj;j þ €wj;j

� ��

þ _uj;j þ _wj;jg;
ð6Þ

where b ¼ bs þ abf ; q and qf are the densities of

porous aggregate and pore fluid respectively, q is the

parameter representing the inertial coupling between

pore-fluid and solid matrix of porous aggregate.

Using (1)–(3), Eqs. (4)–(6) may be written in

vector form as
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kþ lþ a2M
� �

r r � uð Þ þ lr2u� q€u

þ aMr r � wð Þ � qf €w� brT ¼ 0;
ð7Þ

aMr r � uð Þ � qf €uþMr r � wð Þ � q €w� bfrT ¼ 0;

ð8Þ

bT0 r � _uþ s0r � €uð Þ þ r � _wþ s0r � €wð Þ½ �
� Kr2T � qCe

_T þ s0 €T
� �� �

¼ 0;
ð9Þ

where u and w are the displacements in the solid and

pore fluid phases.

With the help of Helmholtz’s Theorem, u and w

may be written as

u ¼ r/s þr� ws; r � ws ¼ 0;

w ¼ r/f þr� wf ; r � wf ¼ 0:
ð10Þ

where /s;ws are potential functions corresponding to

the solid phase, while /f ;wf correspond to that of the

flow of the pore fluid relative to the solid.

Using Eq. (10) into (7)–(9), we get the following

set of equations

kþ lþ a2M
� �

r2/s þ lr2/s � q €/s

þ aMr2/f � qf €/f � bT ¼ 0;
ð11Þ

lr2ws � q €ws � qf €wf ¼ 0; ð12Þ

aMr2/s � qf €/s þMr2/f � q €/f � bf T ¼ 0;

ð13Þ

qf €ws þ q €wf ¼ 0; ð14Þ

bT0 r2 _/s þ s0r2 €/s þr2 _/f þ s0r2 €/f

� �

� Kr2T � qCeð _T þ s0 €TÞ
� �

¼ 0:
ð15Þ

We come to know that Eqs. (11), (13) and (15) show

the coupling nature of the longitudinal waves corre-

sponding to the potentials/s;/f and the thermal wave,

while Eqs. (12) and (14) show the coupling nature of

the transverse waves corresponding to potentials, ws

and wf .

3 Wave propagation

Let us take the Cartesian co-ordinates system with x

and z-axis lying horizontally and y-axis is vertical with

the positive direction pointing downward. Consider

two dimensional problem of wave propagation (xy-

plane) in the thermally conducting isotropic fluid-

saturated porous half-space, ðH : y� 0Þ at a uniform

temperature (T0). Suppose a train of longitudi-

nal/transverse wave with an amplitude of A0=B0 is

incident at the plane free boundary, y ¼ 0 of thermoe-

lastic saturated porous half-space, H making an angle

h0 with the normal. The incident wave give rises four

reflected plane waves which are three coupled longi-

tudinal waves and one transverse wave (see

Sharma [30]). The geometry of the problem is shown

in Fig. 1.

The total displacement potentials due to incident

and reflected waves in the half-space, H are given

by

X
H

( , )

( , )

( , )

( , )

          Y                

Fig. 1 Geometry of the

problem
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/s ¼
X3

j¼0

Aj expðıPjÞ; ð16Þ

/f ¼
X3

j¼0

ajAj expðıPjÞ; ð17Þ

T � T0 ¼
X3

j¼0

bjAj expðıPjÞ; ð18Þ

ws ¼ B0 expðıP0Þ þ B expðıPsÞ; ð19Þ

wf ¼ d0B0 expðıP0Þ þ dB expðıPsÞ; ð20Þ

where ws and wf are the z-components of ws and wf

respectively, P0 ¼ k0ðxsinh0þ ycosh0Þ�xt; Pj ¼ kj
ðxsinhj� ycoshjÞ�xt; Ps ¼ ksðxsinhs� ycos hsÞ�
xt; A1; A2;&A3 are the amplitudes of the reflected

coupled longitudinal waves at angles h1; h2;&h3
respectively, B is the amplitude of the reflected

transverse wave at an angle hs; kj and ks are corre-

sponding wavenumbers. The expressions of the cou-

pling constants a0;b0;aj;bj;d0 and d are given as

a0 ¼
D1�qc20
� �

bf =b� aM�qf c
2
0

� �

M� qc20
� �

� aM�qf c
2
0

� �
bf =b

;

b0 ¼
M� qc20
� �

D1�qc20
� �

� aM�qf c
2
0

� �2n o
k20

aM�qf c
2
0

� �
bf =b� M� qc20

� �� 	
b

;

aj ¼
D1�qc2j

� �
bf =b� aM�qf c

2
j

� �

M� qc2j

� �
� aM�qf c

2
j

� �
bf =b

;

bj ¼
M� qc2j

� �
D1�qc2j

� �
� aM�qf c

2
j

� �2
 �
k2j

aM�qf c
2
j

� �
bf =b� M� qc2j

� �n o
b

;

d0 ¼ d¼ l�qc2s
qf c2s

; D1 ¼ kþ 2lþ a2M; ðj¼ 1;2;3Þ

where c0 and cj are phase velocities of the incident and

coupled longitudinal waves, while cs is phase velocity

of the transverse wave. The expressions of their phase

velocities are given in ‘‘Appendix’’.

The Snell’s law which gives the relation between

the angles of the incident and reflected waves is

k0 sin h0 ¼ k1 sin h1 ¼ k2 sin h2 ¼ k3 sin h3 ¼ ks sin hs:

ð21Þ

4 Boundary conditions

The stress tensors (normal and shear tensors), temper-

ature gradient and fluid flux vanish at the free

boundary surface. Mathematical form of these condi-

tions at y ¼ 0 are

1. Normal stress tensor, s22 ¼ 0:

kþ a2M
� �

r2/s þ 2l
o2/s

oy2
þ o2ws

oxoy

� 

þ aMr2/f � bðT � T0Þ ¼ 0;

ð22Þ

2. Shear stress tensor, s21 ¼ 0:

2
o2/s

oxoy
þ o2ws

ox2
� o2ws

oy2
¼ 0; ð23Þ

3. Temperature gradient/radiative heat flux emis-

sion, T;2 ¼ 0:

oT

oy
¼ 0; ð24Þ

and 4. Fluid flux, _w2 ¼ 0:

o _/f

oy
þ
o _wf

ox
¼ 0; ð25Þ

where s22 and s21 are given in Eq. (1), w2 is the y

component of w and the suffices 1 � x; 2 � y.

Using Eqs. (16)–(21) into the boundary conditions

(22)–(25), we have a system of equation

X4

j¼1

aijXj ¼ �ai0; ði ¼ 1; 2; 3; 4Þ ð26Þ

where

a10 ¼ ðkþ a2MÞ þ 2l cos2 h0 þ a0aM þ bb0=k
2
0

� 	
A0

þ 2l sin h0 cos h0B0;

a1j ¼ ðkþ a2MÞ þ 2l cos2 hj þ ajaM þ bbj=k
2
j

n o
k2j =k

2
0;

a14 ¼ �2l sin h0 cos hsks=k0;

a20 ¼ 2 sin h0 cos h0A0 þ sin2 h0 � cos2 h0
� �

B0;

a2j ¼ �2 sin h0 cos hjkj=k0;

a24 ¼ sin2 h0 � cos2 hsk
2
s =k

2
0;

a30 ¼ b0 cos h0A0; a3j ¼ �bj cos hjkj=k0;

a34 ¼ 0; a40 ¼ �a0 cos h0A0 � d0 sin h0B0;

a4j ¼ aj cos hjkj=k0;

a44 ¼ �d sin h0;

X1 X2 X3 X4½ � ¼ A1 A2 A3 B½ �; ðj ¼ 1; 2; 3Þ:
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This equation will be used to find out the amplitude

ratios of the reflected waves for both the cases of

incident longitudinal and transverse waves.

5 Amplitude ratios and energy partition

The amplitude and energy ratios of the reflected waves

are defined as the ratios of amplitudes and energy

corresponding to the reflected waves to that of the

incident wave. If we consider the energy partitions of

the various reflected waves at the free surface (y ¼ 0),

the rate of energy transmission per unit area is given by

(see Achenbach [1], Tomar and Arora [37])

}� ¼ r22 _u2 þ r21 _u1 þ að�pf Þ _x2: ð27Þ

The energy expression due to incident wave may be

written as

Einc ¼ J0x exp 2ı k0ðx sin h0 þ y cos h0Þ � xtf g½ �;
ð28Þ

where

J0 ¼ � kþ 2lþ a0a
2M þ a20aM þ bsb0

k20

��

þ
abf a0b0

k20


cos h0k

3
0A

2
0 þ l cos h0k

3
0B

2
0

�
:

This incident wave is either a longitudinal wave or a

transverse wave. In the next section, we will discuss

the reflection phenomena of elastic waves separately,

for the cases of incident longitudinal and transverse

waves.

5.1 For incident longitudinal wave

The amplitude ratios corresponding to the reflected

three coupled longitudinal and a transverse waves due

to the incident longitudinal wave are obtained by

solving Eq. (26) as

Zi ¼
Ri

R0

; i ¼ 1; 2; 3; 4ð Þ ð29Þ

where

R0 ¼ a22a33 a11a44 � a14a41ð Þ þ a23a32 a14a41 � a11a44ð Þ
þ a24a32 a11a43 � a13a41ð Þ þ a24a33 a12a41 � a11a42ð Þ
þ a21a33 a14a42 � a12a44ð Þ

þ a23a31 a12a44 � a14a42ð Þ
þ a24a31 a13a42 � a12a43ð Þ
þ a21a32 a13a44 � a14a43ð Þ
þ a22a31 a14a43 � a13a44ð Þ;

R1 ¼ a22a33 a14a40 � a10a44ð Þ þ a23a32 a10a44 � a14a40ð Þ
þ a24a32 a13a40 � a10a43ð Þ
þ a24a33 a10a42 � a12a40ð Þ þ a20a33 a12a44 � a14a42ð Þ
þ a23a30 a14a42 � a12a44ð Þ
þ a24a30 a12a43 � a13a42ð Þ þ a20a32 a14a43 � a13a44ð Þ
þ a22a30 a13a44 � a14a43ð Þ;

R2 ¼ a20a33 a14a41 � a11a44ð Þ þ a23a30 a11a44 � a14a41ð Þ
þ a24a30 a13a41 � a11a43ð Þ
þ a24a33 a11a40 � a10a41ð Þ þ a21a33 a10a44 � a14a40ð Þ
þ a23a31 a14a40 � a10a44ð Þ
þ a24a31 a10a43 � a13a40ð Þ þ a21a30 a14a43 � a13a44ð Þ
þ a20a31 a13a44 � a14a43ð Þ;

R3 ¼ a22a30 a14a41 � a11a44ð Þ þ a20a32 a11a44 � a14a41ð Þ
þ a24a32 a10a41 � a11a40ð Þ
þ a24a30 a11a42 � a12a41ð Þ þ a21a30 a12a44 � a14a42ð Þ
þ a20a31 a14a42 � a12a44ð Þ
þ a24a31 a12a40 � a10a42ð Þ þ a21a32 a14a40 � a10a44ð Þ
þ a22a31 a10a44 � a14a40ð Þ;

R4 ¼ a22a33 a10a41 � a11a40ð Þ þ a22a30 a11a43 � a13a41ð Þ
þ a23a32 a11a40 � a10a41ð Þ
þ a23a30 a12a41 � a11a42ð Þ þ a20a32 a13a41 � a11a43ð Þ
þ a20a33 a11a42 � a12a41ð Þ
þ a21a33 a12a40 � a10a42ð Þ þ a21a30 a13a42 � a12a43ð Þ
þ a23a31 a10a42 � a12a40ð Þ
þ a20a31 a12a43 � a13a42ð Þ þ a21a32 a10a43 � a13a40ð Þ
þ a22a31 a13a40 � a10a43ð Þ;

aij; ði; j¼ 1;2;3;4Þ are given in Eq. (26) with the

following modified expressions

a10 ¼ kþ a2M
� �

þ 2l cos2 h1 þ a0aM þ bb0=k
2
0;

a14 ¼ �2l sin h1 cos hsks=k0;

a20 ¼ 2 sin h1 cos h1; a2j ¼ �2 sin h1 cos hjkj=k0;

a24 ¼ sin2 h1 � cos2 hsk
2
s =k

2
0;

a30 ¼ b0 cos h1; a40 ¼ �a0 cos h1; a44 ¼ �d sin h1:

In this case, B0 ¼ 0 and h0 ¼ h1. It may be noted that

Z1 ¼ A1=A0; Z2 ¼ A2=A0 & Z3 ¼ A3=A0 correspond

to the amplitude ratios of the reflected three coupled

longitudinal waves, while Z4 ¼ B=A0 corresponds to
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the amplitude ratio of the reflected transverse wave.

We have observed that these amplitude ratios are

functions of angle of incidence, Biot’s parameter,

elastic parameters, porosity and coefficients of thermal

stress.

The energy ratios of the reflected three coupled

longitudinal and a transverse waves due to incident

longitudinal wave are

Ei ¼
Ji

J0
Z2
i ; ði ¼ 1; 2; 3; 4Þ ð30Þ

where

J0 ¼ � kþ 2lþ aþ a0ð Þa0aM þ bsðf
þ abf a0

�
b0=k

2
0

	
cos h1k

3
0;

Ji ¼ kþ 2lþ aja
2M þ a2j aM þ bsbj

k2j
þ
abf ajbj

k2j

 !

� cos hjk
3
j ;

J4 ¼ l cos hsk
3
s :

Here, E1; E2 and E3 correspond to the energy ratios of

the reflected three coupled longitudinal waves and E4

corresponds to that of the reflected transverse wave.

We have observed that the energy ratios are the

functions of angle of incidence, Biot’s parameter,

elastic parameters, porosity, coefficients of thermal

stress and amplitude ratios. The energy partition

relation is given by

E1 þ E2 þ E3 þ E4 ¼ 1: ð31Þ

This means that the sum of energy ratios correspond-

ing to reflected three coupled longitudinal waves and a

transverse wave is unity which indicates the conser-

vation of energy.

5.2 For incident transverse wave

The amplitude and energy ratios corresponding to the

reflected three coupled longitudinal and a transverse

waves due to incident transverse wave are given by

Z 0
i ¼

Ri

R0

; E0
i ¼

Ji

J0
Z 0
i
2
; i ¼ 1; 2; 3; 4ð Þ ð32Þ

where Ri; Ji; and R0 are given in Eqs. (29) and (30)

with the following changes

a10¼2lsinhs coshs; a14¼�2lsinhscoshsks=k0;

a20¼ sin2h0�cos2h0;

a2j¼�2sinhs coshjkj=k0; a24¼ sin2hs�cos2hsk
2
s =k

2
0;

a30¼0; a3j¼bjcoshjkj=k0;

a40¼�d0 sinhs; a44¼�dsinhs; J0¼�lcoshsk
3
0:

In this case, A0 ¼ 0 and h0 ¼ hs. It may also be noted

that Z 0
1 ¼ A1=B0; Z

0
2 ¼ A2=B0 & Z 0

3 ¼ A3=B0 corre-

spond to the amplitude ratios of the reflected coupled

longitudinal waves, while Z 0
4 ¼ B=B0 corresponds to

that of the reflected transverse wave. We have

observed that these amplitude ratios are functions of

angle of incidence, Biot’s parameter, elastic parame-

ters, porosity and coefficients of thermal stress. The

energy ratios are found to be the functions of angle of

incidence, Biot’s parameter, elastic parameters, poros-

ity, coefficients of thermal stress and amplitude ratios.

The conservation of energy which is given by Eq. (31)

is also satisfied under this case.

6 Particular case

In the absence of thermal effect, the problem reduces

to the wave propagation in the homogeneous isotropic

poroelastic solids. Under this condition

bs ¼ bf ¼ s0 ¼ K ¼ Ce ¼ 0:

With these values, the phase velocities corresponding

to the two coupled longitudinal and a transverse waves

are

c1 ¼ �G1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

1 � 4G2

p

2
;

c2 ¼ �G1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

1 � 4G2

p

2
;

cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l

q� q2f =q
� �

s
;

G1 ¼
X1

X0

; G2 ¼
X2

X1

; X0 ¼ qq� q2f ;

X1 ¼ 2aMqf � qM � D1q; X2 ¼ D1M � a2M2:

Using the boundary conditions given by Eqs. (22), (23)

and (25), the amplitude and energy ratios correspond-

ing to the reflected two coupled longitudinal and
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transverse waves due to the incident longitudinal wave

are given by Eqs. (29) and (30) with the following

modified values

R0 ¼ a11 a22a44 � a24a42ð Þ þ a12 a24a41 � a21a44ð Þ
þ a14 a21a42 � a22a41ð Þ;

R1 ¼ a10 a24a42 � a22a44ð Þ þ a12 a20a44 � a24a40ð Þ
þ a14 a22a40 � a20a42ð Þ;

R2 ¼ a11 a24a40 � a20a44ð Þ þ a10 a21a44 � a24a41ð Þ
þ a14 a20a41 � a21a40ð Þ;

R4 ¼ a11 a20a42 � a22a40ð Þ þ a12 a21a40 � a20a41ð Þ
þ a10 a22a41 � a21a42ð Þ;

a10 ¼ kþ a2M
� �

þ 2l cos2 h1 þ a0aM;

a1j ¼ kþ a2M
� �

þ 2l cos2 hj þ ajaM
� 	

k2j =k
2
0;

J0 ¼ � kþ 2lþ a0a
2M þ a20aM

� �
cos h1k

3
0;

Jj ¼ kþ 2lþ aja
2M þ a2j aM

� �
cos hjk

3
j ;

a0 ¼
� aM � qf c

2
0

� �

M � qc20
� � ; aj ¼

� aM � qf c
2
j

� �

M � qc2j

� � ;

j ¼ 1; 2ð Þ:

Similarly, the amplitude and energy ratios of the

reflected waves for the incident transverse wave are

given by Eq. (32) with the modified values of a1j; Jj
and aj which are same as in the case of incident

longitudinal wave. These amplitude and energy ratios

are functions of angle of incidence, Biot’s parameter,

porosity and elastic parameters.

7 Numerical results

For the numerical computation of amplitude and

energy ratios of the reflected waves, we have used the

following relevant parameters (see Sharma [30])

k¼3:7Gpa;l¼7:9Gpa;M¼6GPa;q¼ 2216kg=m3;

qf¼950kg=m3;q¼ 1:05qf =f ;Ce¼ 1040Jkg�1=K;K¼
170Wm�1=K;bf¼2:37�10�3Gpa/K; bs¼2bf ;x¼
2s�1;T0¼300	K, and s0¼10�10s.

The variation of the modulus of amplitude and

energy ratios corresponding to the reflected coupled

longitudinal waves and reflected transverse wave with

the angle of incidence ðh0Þ are depicted in

Figs. 2, 3, 4, 5, 6, 7, 8 and 9 for the incident longitu-

dinal wave and Figs. 10, 11, 12, 13, 14, 15, 16 and

17 for the incident transverse wave at different values

of Biot’s parameter ðaÞ and porosity (f). In all these

figures, we use

(a) Curve I: a ¼ 0:3; Curve II: a ¼ 0:4; Curve III:

a ¼ 0:5 and f ¼ 0:16

(b) Curve I: f ¼ 0:20; Curve II: f ¼ 0:30; Curve

III: f ¼ 0:40 and a ¼ 0:3
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7.1 For the case of incident longitudinal wave

In Fig. 2, the modulus of amplitude ratio, Z1 corre-

sponding to the reflected coupled longitudinal wave at

angle h1 starts from certain values which decreases

initially and makes a parabolic region, which increases

thereafter with the increase of h0. In the parabolic

region, Z1 decreases with the increase of a and

increases with the increase of f. Figures 3 and 4 show

that the values of the modulus of Z2 and Z3
corresponding to the reflected coupled longitudinal

waves at angles h2 and h3, decrease with the increase

of h0 attaining zero value at the grazing angle of

incidence. We come to know that all the values of Z2
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increases with the increase of a and Z3 decreases with

the increase of f. The values of the modulus of

amplitude ratio Z4 corresponding to reflected trans-

verse wave in Fig. 5 increases initially with the

increase of h0 and attains a maximum value, thereafter

it decreases to zero value at the grazing angle of

incidence. With the increase of f, the values of Z4
decrease. We have observed in this case that the

amplitude ratios depend on a; f and h0.
In Fig. 6, the modulus of energy ratio E1 corre-

sponding to reflected coupled longitudinal wave at

angle h1 decreases initially with the increase of h0 to
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the minimum value, 0 and makes a parabolic region

which increases sharply, thereafter with the increase of

h0. The decreasing nature of the modulus of the energy

ratio, E2 corresponding to reflected coupled longitu-

dinal wave at angle h2 may be seen in Fig. 7. The

values of E2 increase with the increase of a and f. In

Fig. 8, the modulus of E3 corresponding to reflected

coupled longitudinal wave at angle h3 starts from

certain value which decreases with the increase of h0
upto h0 ¼ 78	 and increases to certain value, there-

after it decreases to zero value at the grazing angle of

incidence. The variation of the modulus of energy

ratio, E4 corresponding to reflected transverse wave at

angle hs with angle of incidence is shown in Figure 9.
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The value of E4 has minimum value at the normal and

grazing angle of incidence. The value of E4 increases

with the increase of a, while it decreases with the

increase of f. Thus, we have seen that the energy ratios

depend on a; f and h0. Moreover, the sum of energy

ratios is close to unity.

7.2 For the case of incident transverse wave

In the case of incident transversewave, the amplitude and

energy ratios of the reflected coupled longitudinal waves

and reflected transverse wave have critical values for the

angle of incidence. These critical angles can be obtained
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from the Snell’s law in Eq. (21). The critical angle of

incidence for the amplitude and energy ratios is h0 ¼ 40	

for a ¼ 0:3 and 0.4, while this angle is 39	 for a ¼ 0:5.

But all the amplitude and energy ratios have h0 ¼ 40	

as the critical angle for f ¼ 0:20; 0:30 and 0.40. This

means that the critical angles of the amplitude and

energy ratios may be different for different values of a,
but it is same for different values of f.

In Fig. 10, the modulus of Z 0
1 corresponding to

the reflected coupled longitudinal wave at angle h1
increases with the increase of h0 upto critical angles,

which decreases to zero and makes a parabolic region
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thereafter. This amplitude ratio is maximum near the

critical angle of incidence and minimum at normal and

grazing angle of incidence and around h0 ¼ 45	. The
similar nature of the modulus of amplitude ratios, Z 0

2

and Z 0
3 can be seen in Figs. 11 and 12. These

amplitude ratios increase initially with the increase

of h0 and then decrease upto critical angles. Here, we

have seen sharp increase of Z 0
2 and Z

0
3 after the critical

angles and then decrease to zero. These amplitude

ratios have minimum value at the normal and grazing

angle of incidence. In Fig. 13, the modulus of Z 0
4 starts

from the maximum value which decreases to
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Fig. 13 Variation of the modulus of amplitude ratio, Z 0
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minimum value with the increase of h0 and increases

and decreases upto the critical angles. There are

asymptotically increasing in Z 0
4 just after these angles

and then increases with the increase of h0. This

amplitude ratio has maximum value at the normal and

grazing angle of incidence with minimum value near

h0 ¼ 28	. We come to know that amplitude ratios

depend on a; f and h0.
In Fig. 14, the modulus of E0

1 increases with the

increase of h0 upto h0 ¼ 280 and decreases upto
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Fig. 16 Variation of the modulus of energy ratio, E0
3 with h0 for different values of a and f. a Different values of a ¼ 0.3, 0.4, 0.5,
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critical angles. There is a parabolic region after these

angles which is 45	 
 h0 
 90	. The value of E0
1 is

minimum at the normal and grazing angle of incidence

and near h0 ¼ 45	. We come to know that the modulus

of E0
2 in Fig. 15 and Z

0
2 have similar nature and that of

E0
3 in Fig. 16 with Z 0

3. In Fig. 17, the modulus of E0
4

decreases initially with the increase of h0 to the

minimum value and increases upto the critical angles.

This energy ratio increases asymptotically just after

critical angles and then increases with the increase of

h0. It has minimum value near h0 ¼ 29	 and maximum

value at the normal and grazing angle of incidence.

Thus, energy ratios also depend on a; f and h0.
Moreover, we have observed that the sum of energy

ratios is close to unity. All the amplitude and energy

ratios have critical angles for the incident transverse

wave.

8 Conclusion

The reflection of elastic waves due to incident

longitudinal and transverse waves at a plane free

boundary of a thermoelastic saturated porous material

has been investigated. We have observed that there are

four plane waves in thermoelastic saturated porous

medium, which are three attenuated coupled longitu-

dinal waves and a non-attenuated transverse wave.

The amplitude and energy ratios corresponding to the

reflected waves are obtained separately for the inci-

dent longitudinal wave and for the incident transverse

wave. These ratios are computed numerically and the

results are depicted graphically. We may conclude

with the following remarks:

1. All the amplitude and energy ratios are functions

of the angle of incidence, Biot’s parameter,

porosity, elastic parameters and the coefficients

of thermal stress.

2. The modulus of the amplitude ratios Z2 and Z3
decrease with the increase of h0.

3. The value of Z2 increases with the increase of

Biot’s parameter and Z3 decreases with the

increase of porosity.

4. The values of the modulus of amplitude ratios

ðZ4; Z 0
2; Z

0
3Þ and energy ratios ðE4; E

0
2; E

0
3Þ are

minimum at the normal and grazing angle of

incidence.

5. With the increase of the values of f, the values of

Z4 decreases.

6. The value of E2 increases with the increase of a
and f.

7. The value of E4 increases with the increase of a,
while it decreases with the increase of f.

8. All the amplitude and energy ratios have

critical angles for the incident transverse

wave.
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9. The critical angles of the amplitude and energy

ratios for the incident transverse wave may be

different for different values of a but same

critical angle is observed for different values

of f.

10. The sum of energy ratios is close to unity.
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